Section 5.2 The Definite Integral

As a reminder, in section 5.1 we talked about calculating the area under a curve by adding up the areas
of little rectangles, equally spaced, that we made by cutting up an interval into N equal pieces. We
determined that the area could be estimated as a limit:

N
A~ lim ) (xl.*)Ax on x € |a, b]

N-oowij=1

—a * . . .
where Ax = and f (xl. ) was the function value at left, right, or midpoints, X; .

N

Now, we are going to be a bit more general in the sense that these rectangles no longer need to be
equally spaced.
So think of the x-line like this:

Iy Ia L3 Iy Iy

a ra — I b

Now, each A x is different: A X; = x; — X;_
Example: 4 Xx; = X; =X

But our sum is still handled essentially the same way:
N

A~ Z f(xi*)A x, on X € la, b] = [Xo ) XN] (no limit yet!)
i=1

*
Where AX; = X; — X, _; and f (xl. ) is the function evaluated at the left, right, or midpoint as
necessary.

This particular version of calculating area is called the Riemann Sum.



Definition of Definite Integral p. 263 Key Concept

If f is a function defined on [a , b], the definite integral of f from a to b is the number:

b N
ff(x) dx = lim f(xl.*)A X;
a maxAx—0|j=1

provided that this limit exists. If it does exist, we say that fis integrable on [a , b].

Notation and Language:

Indicates the differential of

(x)integratinn (what variable we
Limits of integrate with respect to)
Integration a

integrand
Theorem:  If fis continuous on [a , b|, orif f has only a finite number of jump discontinuities,
b

then fis integrable on |a , b|. That means ff (x) dx exists.
a

N
Example:  Write lim ). X, sin(x )A x, on [0, 1| as a definite integral. (DO NOT SOLVE)

N-owij=1 !

N—-wij=1 ! 0

N g
lim Y, xl.sin(x )Axi = flxsin(x))dx
Evaluating a Riemann Sum

Need to Know:

N
N(N+1
1. > k= NN+1)
k=1 2
5

For Example: ), k= 1+2+3+4+5 = 15
k=1

= = — =15
2 2 2

or ik= 5(5+1) 5(6) 30
k=1



N
2 32 NINFDEN+Y
k=1 6

5
For Example: Y, k% = 124224324+ 4%45% = 14449+ 16+25 = 55
k=1

or Y K= 5(5+1)(2:5+1) _ 5(6)(11)

k=1 6 6

55

s o[

2

k=1

5
For Example: Y, k> = 13+ 23433443453 = 148+ 27+64+125 = 225

k=1
5 2 2
or: Y k3= (S(SH) = (5(6)) = 15% = 225
k=1 2 2
N
4. §Z<:=.NC
k=1

5

For Example: Y. 3 =3+3+3+3+3=5(3) = 15
k=1

N N
5. ani=cZai
k=1 k=1

5
For Example: 22 3k

3(1)+3(2)+3(3)+3(4)+3(5) =3(14+2+3+4+5) = 45

k=1
N N N
6 E:(ai+bJ =2 a+ 2 b
k=1 k=1 k=1
N N N
7 E:(al—b) =2 a-2b
k=1 k=1 k=1



4

to evaluate f(x2+2x—5 dx
1

évl f(xl.*)Axi

i=1

b
Example pg. 273 #20) Use f f(x)dx = lim
a N-0

Think of f(x) = xX’+2x—5 and [a , b] =[1, 4]

b—a _ 4-1
i Ax = = — = =
Now, find A x N N N (because we do not know N)
x;=a+iAx
We need to generalize X; assuming an evenly space partition. So: Lt 3
X, =1+i|—
1
At this point, we just stuff everything we know into the form:
b N
_ff(x)dx= lim Zf(xl. )Axi
a N—-0 i=1
4 N
So: f(x2+2x—5)dx= lim Z(xl.z+2xi—5)Ax
N 2
= lim Y |[1+i|=>|| +2(1+i i))—5 (i)
N-owij=1 N N N
N .2
Expand = lim =3 (142,20 45 81 ¢
N —>w Ni:l N ]\[2
N
12
Combine like terms = lim 3 > %12-1——1'—2
N-w N/Z1| N N
N N N
Distribute the sum = lim 3 % > (i%) + 12 >) - D (2)
N-w N | N2i=1 N =1 i=1
N(N+1)(2N+1 12 N(N+1
Use your rules = lim EAR ( I ) + —- ( ) — 2N
Now N | n2 6 N 2
N(N+1)(2N+1 N(N+1
Distribute = lim 27 ( I ) + 36 ( ) _ SN
N - o ]\[3 6 2 2 N
N+1)2N+1 18(N+1
Algebra = lim il I ) 8( ) - 6
N—w ZNZ N
2
Reorganize = lim (2N"+3N+1) + 18(N+1) - 6
N— o ZNZ N




27 9 18
Simplify = lim|94+—+4+ —+184+ — -6
N0 2N o N? N
Evaluate Limit =9+0+0+18+0—6
=21

Theorem Midpoint Rule (pg. 268) A particular Riemann Sum

b N

[fx)dx~ > f(x|Ax = Ax{f(x_l) +f(%) + f(xg) + o+ f(m”
a i=1

where Ax = i (a regularly spaced partition)

1
and X; = E(xi—1+xi) which is the midpoint of [Xl-_l ) Xl-] any sub-interval

1

Example pg. 273 #13) Use Mid Point Rule to approximate f sin (xz) dx with N =5.

0
5

So, you need to calculate Y f (Yl) Ax
i=1




x_1 = %(X0+X1) = %04—% = %% = 1—10 = 0.1
R B o B A
%= bl =l = als) ==
%= b = lErg) =l = owom e

A~ glf(x_i)Ax = AXZS:f(x_l)

i=1

A~ é(sin(0.12)+sin(0.32)+sin(0.52)+sin(0.72)+sin(0.92))

Then smash into calculator to get A ~ 0.3084

Now, just handling the integral notation without all the summing (short-cut methods)

b a
Jrx)de=—[f(x)dx
a b

|

d

No area under a single point

b
. Ifa=b,then Ax =0, so ff(x)dx=0

a

b
fcdx = c¢(b—a) where cis a constant
a

b

b
f cf(x)dx = cf f (x)dx constants move out
a a

b b b
flf(x)-i—g(x))dx = ff(x)dx + fg(X) dx  splitting sums

a



b b b
6. f(f(x)—g(x))dx = ff(x)dx - fg(x)dx and differences

a

Sometimes, even if we just know these simple properties we can quickly evaluate an integral, or at least
break it into smaller chunks.

1 1 1
Example f(5—4x3)dx = dex — 4f X3 dx
0 0 0

More Properties

c b b
7. ff(x) dx + ff(x)dx = f f(x)dx Intervals

a

a C b
[a,c]+][c,bl=][a,b]

b
8. If f(x)=0 on x € [a, b]| then ff(x)dxz 0
a
If you have a positive value function, you will have a positive valued area under the curve.
b b
9. If f(x)=g(x) on x € [a, b]| then ff(x)dx > fg(x)dx
a

a
If fis always bigger then g, then the area under f is always bigger than the area under g.

b
10.If m<f(x) <M on x € [a, b] then m(b—a) < ff(x)dxs M (b—a)
b b ¢

b
Same as fmdx < ff(x)dx < fde
a a a

(same as #9, it's just now you are bounding with constants)



Example pg. 274 #32) Evaluate the integral by interpreting it in terms of areas.

2

f 4—x? dx You want the area under the curve between -2 and +2
-2
f(x)=V4-—
y 4-x* So, we have circle center at (0, 0) with R = 2.
y = 4-
2
x +y =4

Recall: (X—X0)2+(y—y0)2 = R?

Center: (XO ) )’0)

radius: R
So, I need % the area of this circle
AC = 7Tr2
1 1
-2 2 —A ==mr?
2 ¢ 2
1 2
= =m(2
m(2)
= l7T4
2
=21
Notation Exercise:
Example If ff( dx = 24 and fg Jdx = 3, find I(Zf 5¢(x)/dx.
0 0 0

5

5
[2f(x)=5g(x)|dx =2 [ f(x)dx — sfg
0 0

= 2(24)-5(3)
= 48—-15
=33

Find: f 4g(x)dx



