Math373 Test 3 Fri. Apr. 14, 2023

Name: Sb { d'l'lMS

Directions: Show all work. No credit for answers without work.

M, 23 a0 paier. M= 701123

1. [12 points]| Solve the following system of congruences.

3z =5 (mod 7) x=6 (mod 11) x =10 (mod 23) =177
7= () + (—2)(3>:)-: -(0 é«-’;) l]< (@) +4 74400
= 7+(06E) Lxzq wadd 7z ) +3 =4 4 () (74 D)
x= 4 () Y- (D 1 2 (DM 4 (-NG)

= Q[N +0G) ] +#=)

W vt i (OB s | T O )

o | Se x=(293) (@) + 161(=3) () + (76

1 1 g
37 b :)424 ws) 177\
2 54A 16
ne 3= | (W-m) 2,3
2. [12 points] Note that 73 is prime. Solve for x in 24 = 50 (mod 73?;{1 .
b Powec i 73
EEA(#, 89 - EEM(19,72). | - (@44 HDED |+ 03) 2 - K
- +(- ) Ny 2
72 = (0(H4) + 23 @ea) + 17'{(13 - 8 = (n*= 32
49 - (2)(23) + 3 ’(Z)CL/(”H-D) 724 5 = G =12
23 - (NS 2 = (25)(#0)+ (-N72). T
_ -l 9
3= (D) +1 So 4 '“7472 €% 25 =16 +9 + |
| = 3+(-02) ' - o <
=2 4+ (-] (Z3+L~7)(3)> (xlﬁ) 56’0)?'§ Q,._“) 73) = g@z = %0 % SO
= (D) + (-DN(z3) Y = (5—0)71 (Ma 73) = 4250 = 400 E@

3. [6 points] True or False: Let a,b,mi,my € Z. If my # my, then the system
x=a (mod my) x=b (mod ms)

has a unique solution modulo M, where M = mymo. If True, then explain why, citing a
theorem from class if appropriate. If False, then give a counter-example.
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4. [2 parts, 15 points each| Bob generates an RSA key pair with N = pg = 37 - 131 = 4847
and e = 17.

(a) What is Bob’s private key?

(oo g-l) - Bel30 =4y | 175 D@
Ve ) = T+ [17 +639) ]

o = (5 +(-D(1)
A =L m ZN’
= (7)[q£i;a +(-2 75’)({7)] +(=2)(r7)

= (D) + (~1927)017).
Se dz 1927 = 2753 wel N’

7 = (3NG) +2 §
5 @D + | W B prink by | (4947, 2753)

EEA(W/ 1:80)"
4186 = (272507) +5

(b) Alice wishes to encrypt and send Bob the message m = 90. What should he send?

- m® ) N) (20)"" = (3o = 4952

-(10)7 wa) 4997 |
) - C-—@o)'7 = 90 ¢
Q0)2 - 3253 :[ilé
QoYY = (3253 =108¥
90)* = (608)% = 30f

90 = (94¢2) (40)
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5. [6 points] What is the main advantage of the Miller—Rabin primality test over the Fermat
primality test? Be specific.

e Mlbr — Raoin Tedt con debek Nt T Garmichan] nusmbors
anre CWOSM/ Whereay The Fermast- JM‘} Wv/{ ?robabﬁ Wurf&#? Sey

Those  numbers or an.

6. [6 points] Suppose we try to generate a roughly 1525-bit prime by selecting random numbers
from the set {1,...,2!%25} until we happen to pick a prime number. On average, how many
numbers will we need to pick before we find a prime? Q,IS’ 2$

. |52
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!
- (529 Un)

S oweray # i s 1' ~ (1625) (bn 2) = ilOSH

1525°4n)

7. [6 points] Alice claims to know the private key associated with public RSA key (N,e). To
prove her claim, Alice offers to decrypt ciphertexts, so long as the corresponding plaintexts
are random. So Bob may select a random mg € Zy and use Alice’s public key to compute the
corresponding ciphertext cg, which he sends to Alice. Alice uses her private key to decrypt
co to recover myg, and as long as mg looks random, she completes the challenge by sending m
to Bob.

Explain how Eve can exploit this system to decrypt a ciphertext c¢ that she previously inter-
cepted.
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8. Samantha uses ElGamal digital signatures, and her private signing key is given by (p, g,a) =
(269, 18,73). The following powers of ¢ in Z, may be helpful.

| | | 4 | 8 |16 ] 32 | 64 | 128 | 256
| 18 [ 55 | 66 | 52 | 14 | 196 | 218 | 180 | 120

(a) [7 points] What is Samantha’s public verification key?

hegt (@7 = (5)T 0 e - ) G21es 2y 018 = 19
7304 +%+ | Se T QDULJ{R, \/wrfiwc{'wﬂ lQ’j s (F/_CJ)A): (Zéq) IY/ Hé?

(b) [15 points] Samantha wishes to sign a document D = 134, and she picks random
element k£ = 37. What is the signature Dg;, corresponding to D?

Ta Ao T 2y
T et ) S 1 (D-aS,) ) p-)
(2)" () 26 i 2y EEAGT, 28)
- 239-(N(z7) +9 1= 37 +HQ®
37% 32+ 4t 37- () - | =37 4 (D[ 2 3 +-7)37))
S, (3)°" - (40) (66) (13) < (237 +(-4)23)
= lbj = \[‘ :?j n Zr-|
S, = @a) (134 - 73.183)
= (@0(-)1ws) - Qi) (27) = U7
So Doy (S,,5,)= (163, 297)

J



