Math373 Test 1 Feb. 3, 2023

Name: goz U‘}“G/LS

Directions: Show all work. No credit for answers without work.

1. [6 points] An adversary’s sensitive plaintext message is encrypted with a substitution cipher,
and the resulting ciphertext has been intercepted. You are asked to break the encryption and
recover the plaintext message. What is the first thing you should do? Be specific.
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2. [6 points] Encrypt the message “spy found” using the shift cipher with key k = 3.
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3. [4 parts, 4 points each] For the given pairs (a, b), find the quotient ¢ and remainder r when
a is divided by b.

(a) a=0,b=5 (c) a=35b=—4

/

0=0 +0 35 = (-)C4) + 3
ﬁ:of =0 ‘%;-?) =3

(b) a=23,b=8 (d) a=-50,b=7

23 = (D) +7 -~ = (2)0) +6
%;z/ = %:/‘Z/ (=6
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4. [6 points]| Suppose that a and b are integers, a | b, and b | a. What can we conclude about
a and b?

We  have [al:l\a] o a=Tbh,

5. [6 points| Let a, b, and ¢ be positive integers. One of the following statements is true and
the other is false. Identify the false statement and give examples of integers a,b, and ¢ which
show the statement is false.

(a) Ifab\c,thena\candb|c.‘/TNL ‘ (b) If a|be, thena|boralec @ Falee

(&) s Fdse . ﬁ Q:bj b’»zl a) =3 then albe (swe élé)

b atl (e GF2) o akc (sea 6F3)

2
L1%63 . _
40267 6. [10 points] Let a = 61903, b = 40267, and d = gcd(a,b). Use the extended Euclidean
_ﬁ@ algorithm to find d and integers u, v such that ua + vb = d.
A
o 0l105: (D(90267) + 21630L Lol = 18 63] + (¢)(Gess)
w - _ (0 (18631
UE o207 = (230 v 1963) - 1seal ¢ (0 [2163 (0 (w2 ]
2 b3b = () (18b31) + 300§ - (2)(18631) + (- 0) (21630)
206
gLs!l 1863) = () (3005) + 6O = (N[4027 -0) (239 | +(-6) (21036)
—
005
3
3005 = E)leol) + © = () (Ho2e7) + (-13) (206 3¢)
aed (a,b)~ ged (ol 0) = 0! - (7)(46267) + (~13)] 61463 +C)(4027) |

= (20) (40267) + (~13)((,1903)

OIS (ol "3,20) o)

(G0l C(61903) +eo) (Ho247) |
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7. [2 parts, 6 points each| EEA analysis. Suppose a > b.

(a) How many arithmetic operations does the extended Euclidean algorithm perform when
called on inputs a and b7

/H most OWMS,

(b) In what sense does the extended Euclidean algorithm perform a linear number of arith-
metic operations?
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8. [2 parts, B points each] Give the following tables.

(a) The addition table for Zs. (b) The multiplication table for Zs.
+ | ol 1 213 . [O Il] Z| 3‘ o
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9. [6 points] List all the members of the ring Zs; that do not have inverses.

f s zzﬂ (Lé'ZZ) Such 'ﬁ,\‘;[r 354(4/2)5;[]/ Se 3!4 zr7[ﬂf

o, 3, 6 7/ Q\/ (Z/ 4, 157, 1%
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10. [6 points] Suppose that a = a
(mod m).

= a (mod m) and b = b (mod m). Prove that a +b=da + ¥

Sue a=a QM) r/m\/ we nay V"I)Q—a) ad So a-a’zkwm dgf

Some k %7[ . S(m't[a/f(j/

b soms e/ Sozwj Troar
oz o Hem b= b +lu

ad g Thser gt

Suww L)’—il')J CW@)M)/
7()5:5,%"/15 Oélr 143 a~> é) 5/\120

o+ = o lewm +-b)+£hf\ )

we have b L =l

Rwﬂavy ij )

1,‘,1'5
oy we have  latb)~(a'+b) = (e Dw. We m| ) @eb?) whih s

(= 5 +C(R)

W&A (373/ ($23);

o (323 - (4)(373) + 23 = 1s)(s) + CDG7)

\33 373 = (O@E3) + 42 = (15) (g +H-067) ) D7)
13%‘\ = Og) QLQ/) £ (- '[-7)(37)

%ﬂ 33] = (N (42) + 37
47 = OB7) + 5

37 = (D5) +2

= (D@ + \

2= Wh +o
12. glpoints] Solve for x in 782z = 32 (mod 1125).

= 4 +)(03)

= 1 0 L4 )]
(304 + (=N (41)

([s5 +0l) Y #0040

= (a) (%) +(4)(41)

=(3)(55) +(-4) (9% -5%)

LeA (73 125)!

126 = (O(732) + 343
79 = @D(3493) + %

393 = (23)(96) + 56

N

1

fes (00) + 4] (&) + () (%0)
=(N(s5) +(-9) (%
- D+ | i
g5 EM“*\* - () (343 ~(%0)) +F)
41= @d) + 13 = (343) +(-25)(46)
= (O(13) + | = (N(343) +(-25) [ 782 —(27(3?3)]

=(5N343) +(25)(732)

-
%J Qﬂbﬁ k?)oints] Let m = 1823. Find the inverse of 373 in Z,, if it exists.

c 5+ (37 +NE) ]

ath = o4 we) W),

- (39)(373) + CIs)ES)
= (34)(373) + (1) (w -+
= (134 +4+157) (373) +(-5D)m

= (733)(373) +(1s0(1523)

<(15)(42) + (-17)(=3) + LN¢2) )
= (1349)(42) +(- IT)(331)

= (139) [373 *[—:)(33))] +HEm)33) w7
Se st = (1349(373) +(-151)(33) "

Se A muers 4 373
5 /38

1= G128 -722) +(-26)(7%2)
= (eD(h2s) +(-g2) (7%2)

Se e mm% 732 is —82.
We hare
732 = 32 ) 1n5)
(7820 = (-82)(32)  (ed ¥

1x = (r0(0+2)
= - (2400 +0+ lo +)

2 -
S0 = (mz4) 4 BT
2etd

751 = @



