Math374 Test #2 2011 March 21

Name: :<Q/(:’}

Directions: This test has 6 pages, each worth 10 points. The test is scored out of 50 points. Your

iowest scoring page is dropped. Unless explicitly stated, answers to counting problems do not need
to be simplified.

1. [5 points] When x is a string over {a,b}, let x” be the string obtained from z by doubling
each character in z. For example, if © = abaa, then z” = aabbacaa. Give a recursive
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definition for z*.
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2. [5 points| Define a set of strings § by the following rules.

l.AeSandbe S
2. ifze 8, thenagre 8
3. ifx e S, then bax € §

Give an equivalent, non-recursive definition of 9.
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3. Let T{1) = -2, 7(2) =3, and T'{n) = 2T {n ~ 1) + 37 (n — 2) for n > 3.
(a) 12 points] Find 7'(3) and T'(4).
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{b) 5 points] Solve the recurrence relation.
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4. [3 points| In the following algorithm, the work unit is the write statement, which produces

some text on the screen. Determine exactly how many times the algorithm executes the write
gtatement. You may assume that n is even.

DoSomething{n):
for k= 1tondo
t=n
while ¢ > 2 do
write ¢
t=1-2
end while
end for
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5. {6 parts, 1 point each] Let A = {1,2,{3},{4,5},3}, B = {2,3,{4}}, and C = {1,{2},{3}}.
(a) @or false: 2 € B. (¢} True or false] B C A.

{(b) True 0@4 e B. {d} True 01“@{3} CC.

{e) Find ANC.

AoC=1{1, 5332
V(f@ §63

6. [4 points] Let S be the set of infinite sequences of zeros and ones. For example, both the
sequence (000 ... consisting of all zeros and the sequence 010101 ... of alternating zeros and
ones are members of 5. Is § denumerable/countable? Explain why your answer is correct.
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7. [2 parts, 3 points each] An ice cream store has 10 different flavors. John plans to visit the
store each day for the next 4 days and buy an ice cream cone each time.

{(a) How many ways are there for John to buy ice cream?

0-10-10-10 =

(b} John’s favorite flavor is chocolate. How many ways can he buy ice cream if he wanis to
buy chocolate at least once?

Never ?;&7 chocolele Cﬁ‘
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8. [4 points] Let S be the set of ordered arrangements of {1,...,6} in which at least one of the
following happens: 1 is in the first position, 2 ig in the second position, or 3 is in the third
position. For example, 423165 and 165432 are in S, but 312456 is not. Find the size of §.

[Hint: Let A; be the set of arrangements where 1 is in the first position, let Ay be the set of
arrangements where 2 is in the second position, and let A3 be the set of arrangements where
3 is in the third position. How are S and A, A, A3 related?]
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9. [3 points] Find the numerical value of C(7,3).

L | | TS G Tk
C(73)= /. L =

"

=) 57 3l BT -
3Gl - B
= SL
10. A group of 8 men and 10 women gather to form a committee.

(a) [3 points] How many ways are there to form a committee of 6 people from the group?
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(b) [4 points] How many ways are there to form a committee of 6 people, if the committee
must have at least one man and at least one woman?
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11. [3 points] An unbalanced 6-sided die has the following probability distribution:

Ty

L1 2 [ 38 ] 4] 5 |6

1/12 03/12 ] 3/12 | 2/12 | 1/12 | 2/12

Find the probability that an even number is rolled.

: 3 ?

12. A family has 4 children; each child is as likely to be a boy as a girl.

(a) [3 points] What is the probability that at least 3 of the children are boys?

. !SI - QZZZ = Zq ::/é_}
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. = { BBBB, (-BBB, B(BB, BBGE FEBCS

(b} [4 points] What is the probability that the first child is a boy given that at least 3 of
the children are hoys?
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