MATH 261.005 Instr. K. Ciesielski Fall 2011

Ex. 1(a)

Ex. 1(b)

Ex. 1(c)

Ex. 1(d)

Solutions (without Ex. 2) to the SAMPLE TEST # 1

y = 63__|_Zyza y(O) 1

dy _ e*—e”*
dr —  3+4y

Labeling This is separable equation, since is equivalent to

J(B3+4y) dy = [(e" —e™™) dux.

Solution 3y + 2y? = e* + e~ % + C. This is a general implicit solution.

From the initial condition y(0) =1 (y = 0 for x = 0) we have 3-142-12 = e’ + ¢+ C,
thatis, 5 = 14+14C, so C = 3. So, particular implicit solution is 3y+2y? = e*+e *43.

dy _
o =0,z>0.

Labeling This is ezact equatz’on since for M(x y) = £+ 6x and N(z,y) = Inx — 2
their partial derivatives %M = and aN = are equal

Solution V(z,y) = [ M(z,vy) dx = f(; + 6x) dr =ylnz + 32% + K(y).

To find K (y), note that %—‘;’ = N, that is, Ilnz + 0+ K'(y) = (Inz — 2).
Thus, K'(y) = —2 and K(y) = —2y + ¢. So, ¥(z,y) = ylnx + 32* — 2y + c.
The general solution is of the implicit form W (z,y) = C, which, in our case is

ylnz + 322 — 2y = C.

4 +6r+ (Inz —2)

(In this particular case, the explicit form of y can also be found.)
ty —y=1t%"t t>0.
t

Labeling This is linear equation y'+p(t)y = g(t), since it is equivalent to y'— %y =te ",
with p(t) = —1 and g(t) = te™*

Solution fi(t) = exp([p(t) dt) = exp(f —1 dz) = e "t =t~
y(t) = ks [ u(D)g(t) dt =t (J 1 et ) = £t ) =t (ot 4 C).
Thus y(t) = —te~* 4+ C't constitutes the general solution.

Labeling This is a homogeneous equatz’on y' = h(y/x), since it is equivalent to the

equation y'(x) = (xzz:;y/?z/ﬁ = 12?5/;) = h(y/x) with h(z) = 1+3Z . We make substi-

tution v = y/z, leading to y = zv and y = v + xv’.

Solution Using substitution with 3’ = % we get v + xv’ = 1+23” that is, zv’ is
14302 _ 143v2-202 _ 1402

equal to =5~ — v = == = 2,

Thus, 2% = Lto? - Thig is a separable equation, equivalent to [ -2 f dx. In

dx 2v
both integrals, numerator is the derivative of denominator, so

In(1 +v?) =1In|z| + C. Thus, exp(In(1 + v?)) = exp(In|z| + C), that is,

1+

1402 = e%)z|. Putting K = £e we get 1 +0v? = Kz. Since v = y/z, the final general
implicit solution is

1+ (y/x)? = Kz. (In this case, it can be also solved for y.)
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Ex. 1(e) 2%y = y> — 22y, x > 0.

Labeling This is a Bernouli equation y "+ p(z)y = q(z)y™, since it is equivalent to the
equation v’ + %y = y with p(z) = Z, q( ) = % nd n = 3. We make substitution
v = y'73, leading to y =v Y2 and y = L3y v

Solutlon Usmg subst1tut10nw1thy~|— y = 5y we get — o320+ 20712 = L (v71/2)3,
S0, =53V + 25 = S Multlphcatlon by —2v%/2 results in linear ODE:

v’—4v——%
xX

Here p(z) = exp(f —2 dz) = exp(—41In |z]) = 27%. Therefore,
v(a:)zﬁf,u(x)g(x) dr = z* ( (-2)d ) () —2278 dx) = (3275 + O).
Using again y = v™="/2, we get

y= (@ (225 + C)) 2

(This can be farther simplified to

y= ("5 + )72 = (£:(2+ 5C2) V2 = (265)" 2 =\ [525 )

Ex. 1(f) % +y= Hﬁ

1

Labeling This is linear equation y' + p(z)y = g(x) with p(z) =1 and g(r) = .

Solution p(z) = exp([ p(z) dx) = exp(f 1 dx) = €”.
y(x) = e [p(r)g(z) de =™ [ do = e [ {55 dx.

numerator is the derivative of denominator, we have

fl)
Since in 7 v

S lfez dxr =1In(1 + €”) + C. Thus,

y(r) =e*(In(l +¢*) + C) = M constitutes the general solution of our ODE.

Ex. 2. Solution in class.

Ex. 3. This is linear ODE ¢/ + 725y = < with p(z) = T3y and g(x) = m
Functions p and ¢ are undefined at —2 and 3, and are continuos on the remaining intervals
(—o00, —2), (—2,3), and (3,00). In the initial condition y(2) = 0 we have fixed value of y for

x = 2. Since number 2 is in the interval (—2,3), this interval constitutes the answer.

Ex. 4. We have y(0) = —2 and v/ = f(t,y) with f(t,y) = 1+ % Hence y(0.1) ~ —1.92, as

y(0.1) = y(0+ h) = y(0) + hy'(0) = y(0) + hf(0, — ):—2+011+4( 02) = —2+0.08.

Ex. 5. Let S(t) denotes the amount of salt in the tank, in pounds, after ¢ minutes.

Initially we have S(0) = 100. Rate in is ry, = 1lb/gal - 3gal/min = 3 (in [b/min). Rate
out i8 7oy = 2gal/min-S(t)/“current tank solution holding” =25(t)/(2004(3—2)t) = 20205+t
(in Ib/min). Since S' = rm Tout, our ODE is §' = 3 —

ANSWER: 5" =3 — S(0) = 100.

200+t
200+t )



