Chapter XV: Characterizations of Integrability

Our characterizations of integrability are concerned with continuity. The
characterizations require a shift in perspective from the way we thought about
continuity previously: Instead of considering various points at which a function
is continuous, we consider the entire set of points of continuity; actually, we will
focus on the set of points of discontinuity. The following discussion motivates
the shift in perspective in general terms.

Continuous functions are integrable (Theorem 12.33). On the other hand,
we have seen examples of integrable functions that are not continuous; two
simple examples are in Example 12.11 and Exercise 12.14. In fact, an integrable
function on [a,b] can fail to be continuous at each rational number in [a, b]; this
is the case for the function f defined on [0,1] by (as in Exercise 12.21)

0 ,if z is irrational
flxy=¢ 1 ,ifz=0
1 m
e

,if r € Q — {0} and = 2 in lowest terms.

The example we just gave shows that an integrable function can be discon-
tinuous at infinitely many points between any two points of its domain (recall
Theorem 1.26). This seems to suggest that, in general, there is no connection
between the notions of integrability and continuity.

On the other hand, recall Theorem 12.15: A function f is integrable over
[a,b] if and only if for each € > 0, there is a partition P = {xo,z1,....,2n} of
[a,b] such that

i [Mi(f) — mi(f)|Az; <e.

Roughly, the theorem says that the integrability of a function f over [a,b] is
equivalent to being able to subdivide [a,b] into small intervals (the intervals
[%i—1,;]) on each of which f does not oscillate very much in comparison with
the length Ax; of the interval. Therefore, if we can find an appropriate notion
of the length of a set, we may be able to obtain the following type of theorem:
A function f on [a,b] is integrable over [a,b] if and only if the “length” of the
set of points at which f is not continuous is zero. In order to have such a
theorem, we see from the example above that our definition of “length” must
have the property that the “length” of the set of all rational numbers in any
closed and bounded interval is zero; also, since the function in Example 12.12
is not integrable and is not continuous at any point, the “length” of any closed
and bounded interval [a, ] itself must not be zero (when a # b).

In section 3, we give a natural definition for a set to have “length” zero,
called measure zero. Then we prove that a function is integrable over [a,b] if
and only if the set of points at which the function is not continuous has measure
zero (Theorem 15.33). Thus, we uncover a close connection between continuity
and integrability after all.
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1. Background

We discuss four general topics: Countable sets; series; open sets and closed
sets; and covers. We primarily focus on the aspects of each topic that we use
to get to the characterization theorems in the last section of the chapter. How-
ever, we include some examples and results merely for the purpose of providing
insight.

Countable Sets

A one-to-one correspondence between two sets is a one-to-one function
from one of the sets onto the other set.

A finite set is a set that can be placed in one-to-one correspondence with
the set N,, = {1,2,...,n} for some n; we also consider the empty set to be a
finite set.

A countable set is a set that can be placed in one-to-one correspondence
with a subset of the natural numbers. Thus, any finite set is a countable set;
we use the term countably infinite to refer to a countable set that is not finite.
A set that is not countable is called uncountable.

Theorem 15.1: A nonempty set X is countable if and only if there is a
function from the set N of all natural numbers onto X.

Proof: Assume that there is a function f from N onto X. Then, by the Well
Ordering Principle (1.18), there is a least natural number £, in f~%(z) for each
rz € X. Let

M={{:zeX},

and define a function g : M — X by letting g(¢,) = = for each ¢, € M. It is
easy to check that g is a one-to-one function from M onto X. Therefore, X is
countable.

Conversely, assume that X is countable. Then there is a one-to-one func-
tion h from a subset S of the natural numbers onto X. Note that .S is nonempty
since X is nonempty (by assumption); hence, we can obtain a function r from
N onto S as follows: Simply fix a point m € S, and define r by letting

r(n) = n LifneS
1l m ,ifneN-S&.

It follows easily that the composition h o r is a function from N onto X. ¥

Exercise 15.2: A countable union of countable sets is a countable set; in
other words, if A; is a countable set for each i = 1,2, ..., then U2 A4; is a
countable set.

(Hint: Consider the set N x N of all points in the plane whose coordinates
are natural numbers; it is easy to describe geometrically (without a formula) a
function from N onto N x N. What next?)
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Series

We defined sequences and limits of sequences in section 8 of Chapter IV. A
series Y32, a;, where a; € RY for each i = 1,2, ..., is defined to be the sequence
{sn}3L, where s,, = £, a; for each n. The finite sums s,, are called the partial
sums of the series X2, a;, and {s,, }52 is called the sequence of partial sums of
the series Y2, a; (the terminology is merely descriptive since, by definition, the
sequence of partial sums is the series). The numbers a; are called the terms of
the series ¥52,a;.

In view of our definition of series and our definition of convergence of se-
quences in section 8 of Chapter IV, we already know what it means for a series
¥2,a; to converge to a number p: A series 32;a; converges to p provided
that the sequence {s,}%2, of partial sums converges to p, which we signify by
writing ¥£2,a; = p. When X52,a; = p, we call p the sum of the series. We say
that a series diverges provided that the series does not converge.

It will be convenient sometimes to use the term series to include finite sums.
When we want to emphasize that a series may be a finite sum, we use the phrase
a finite or infinite series. Generally speaking, however, the word series all by
itself should be taken to mean an infinite series.

A series of the form Y22, ar®, where a and r are fixed real numbers, is called
geometric series; r is called the common ratio of the series (r is the ratio of the
(i + 1)* term of the series to the i'" term).

We determine when a geometric series converges and obtain a simple formula
for its sum. First, we prove a lemma that we use many times later as well.

Lemma 15.3: If —1 <7 < 1, then lim,, . ™ = 0.

Proof: Since lim;_,o, r™ = 0 if and only if lim;_,, |r™| = 0, we assume for
the proof that 0 < r < 1. Then % > 1; hence, letting ¢ = % — 1, we have that
¢ > 0. Thus, since 7’"%1 = (14 ¢)"** for each n, we see by an easy induction
(Theorem 1.20) that for each n,

=& =1+ (n+ 1)c+ [sum of positive terms] > 1+ (n+ 1)c.
Therefore, since r > 0 and ¢ > 0, we have

(*)0 <t < for each n.

1
1+(n+1)c

To complete the proof, recall that theorems about limits of functions apply
to limits of sequences by Theorem 4.38. Thus,

. 1 4.38, 4.20 1 122
Mnp—oo Trm+De —  TmMpoe 1#+(+De

Therefore, by (*) and Theorem 4.38, we can apply the the Squeeze Theorem
(Theorem 4.34) to see that lim,, . r"*1 = 0. ¥

Theorem 15.4: If —1 < r < 1, then the geometric series X2, ar? converges
and X2 ar" = 25, If [r[ > 1 and a # 0, then the series 52, ar" diverges.
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Pmof Assume that —1 < r < 1. Let s, = X7 1a7“ (the n'" partial sum of
¥ ar?) for each n. We show that lim,, . 8, = 7, which will prove the first
part of the theorem.

Note that

Sy — T8y = Xgart — X arttt = ar — ar™tL

Hence, s, = a<7+n+l) Therefore, lim,, .o s, = 1= by Lemma 15.3 (and by
applymg Theorem 4.38 to Theorems 4.2 and 4.9). This proves the first part of
the theorem.

We leave the proof of second part of the theorem to the reader. ¥

We discuss series in depth in several later chapters; until then, the material
we have presented is for the most part the only information about series we
need.

Open Sets and Closed Sets

We discuss the notion of open set and its companion notion, closed set.
Open sets and closed sets are the basic notions in the field of mathematics
called topology. We give a very brief introduction to these types of sets in R?.

Open sets can be defined as a generalization of open intervals: A subset of R
is an open set provided that it is a union of open intervals. This is a good working
definition of open set (it can be used right away to prove many theorems);
however, it is a terrible definition! — it conceals the inherent geometrical idea
behind the notion. I have mentioned before that, in my opinion, a definition
should convey the fundamental idea behind the notion being defined. Thus, I
prefer the following definition:

Definition. A subset U of R! is an open set provided that no point of U is
arbitrarily close to the complement R* — U of U.

The definition of open set shows that open sets are stable in the following
sense: A point is in an open set U if and only if all points sufficiently close to the
point are points of U (see Theorem 2.3). This stability of open sets is important
in many areas of mathematics and in applications (e.g., to dynamical sysyems).

Example 15.5: The following sets are open: U2, (n,n + 1); Rt — {p} for
any p € Rl7 R! — {0, 1, %, %,. .}. The following sets are not open. {p} for any
p 6 RL; (the set of natural numbers); [0, 1]; [0,1); Q (the set of rationals);

{17 2 37 }

Our initial (rejected) definition of open set now becomes a theorem:

Theorem 15.6: A subset U of R! is an open set if and only if U is a union
of open intervals.

Proof: Assume that U is an open set. Let x € U. Then, by the definition
of open set, z # R' — U. Hence, by Theorem 2.3, there is an open interval I,
such that = € I, and I, N (R — U) = (), which says I, C U. Hence, selecting
one such interval I, for each x € U, it is clear that
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U= U.’KEUIIL"

Therefore, we have written U as a union of open intervals.

Conversely, assume that U is a union of open intervals. Let p € U. Then
p is a point of an open interval I such that I C U; in other words, p € I and
IN(R'—U) = 0. Hence, by Theorem 2.3, p 4 R — U. This proves that no
point of U is arbitrarily close to R — U. Therefore, by definition, U is an open
set. ¥

Definition: A subset A of R! is a closed set provided that A contains all
points that are arbitrarily close to A.

Exercise 15.7: Which of the sets in Exercise 15.5 are closed sets?

Exercise 15.8: True or false: A subset A of R? is a closed set if and only
if A is a union of closed intervals.

Exercise 15.9: A subset A of R is a closed set if and only if R' — A is an
open set.

Exercise 15.10: A subset A of R! is a closed set if and only if A contains
all its limit points. (Limit point is defined in section 4 of Chapter II.)

Covers

It is convenient to have a name for a collection of sets whose union contains
a given set. The term cover is descriptive (and standard):

Definition: Let X be a set, let A C X, and let C be a collection of subsets
of X.

e C covers A, or C is a cover of A, provided that UC D A.

e A subcover of a cover C of A is a subcollection C’ of C such that C’ covers
A.

It is important to keep in mind that a subcover of a cover C of A is not just
a subcollection of C: A subcover of C must also cover A. For example, let C be
the collection of two closed intervals given by

¢ ={[0,3], [2,5]};

then, considering C as a cover of the interval [0, 2], we see that C' = {[0, 3]} is
a subcover of C; however, considering C as a cover of the interval [1,4], we see
that C itself is the only subcover of C.

An important covering property of closed and bounded sets in R? is in Ex-
ercise 15.13 below. The following exercise shows that being a closed set is
necessary in Exercise 15.13:

Exercise 15.11: Give an example of a cover by open sets of the open
interval (0,1) that has no finite subcover.
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Exercise 15.12: If C is a cover of [a,b] by open sets, then C has a finite
subcover.

(Hint: Use the Nested Interval Property (Theorem 5.11) in conjunction with
the bisecting process illustrated by the proof of Theorem 5.13.)

Exercise 15.13: If X is a closed and bounded subset of R, then any cover
of X by open sets has a finite subcover.
(Hint: Use Exercise 15.9 and Exercise 15.12.)

2. Oscillation

For our purpose, the concept of oscillation provides a useful way to describe
the points at which a function is not continuous (Exercise 15.19). Oscillation
plays a central role in the proofs of the characterization theorems in section 4.

Definition: Let X C R?, and let f: X — R! be a bounded function.

e The oscillation of f on a nonempty subset A of X, denoted by O¢(A),
is defined by
Oy(A) = lub f(A) — glb f(A).
e The oscillation of f at a point p of X, denoted by O¢(p), is defined by
Of(p) = glb{O(lp— 6,p+ 8] N X) : 6 > O}

from now on, we write O¢(p) = glbs>0O¢([p—6, p+0]) for ease in notation.

Note the difference between the oscillation of f on the set consisting of a
single point p and the oscillation of f at the point p: Of({p}) = 0, whereas
Of(p) may well not be zero.

Exercise 15.14: True or false: If X ¢ R, f : X — R! is a bounded
function, and p € Y C X, then Of(p) < Of(Y).

Exercise 15.15: Let X C RY, let f : X — R? be a bounded function, and
let A be a nonempty subset of X. If A C B C X, then Of(A) < Of(B).

Exercise 15.16: Let f : Rl — R! be the greatest-integer function (i.e.,
for each x € RY, f(z) is the greatest integer that is less than or equal to z).
Determine the oscillation of f at various points of R™.

Exercise 15.17: Let

Sin@)  ip £
fay=4 Te o He7
0 ,if x=0.

Compute the oscillation of f on [0, 1] and the oscillation of f at z = 0.

Exercise 15.18: Let X C R, let f : X — R? be a bounded function, and
let p € X. Then f is continuous at p if and only if O¢(p) = 0.

151



Notation: Let X C R, and let f: X — R? be a bounded function.

e Dy ={x € X : f is not continuous at x}.

e For each >0, E¢(n) ={z € X : Of(z) > n}.

Exercise 15.19: If X € R and f : X — R? is a bounded function, then
Dy = Uz Er(d).

Exercise 15.20: If f : [a,b] — R! is a bounded function, then £(n) is a
closed set for all n > 0.

3. Content Zero and Measure Zero

The characterizations of integrability in the next section are in terms of
content zero and measure zero. Intuitively, content zero and measure zero say
that a set has small length (content zero says this in a stronger way than measure
zero does). As might be expected, we will define a set to have content zero or
to have measure zero in terms of sums of lengths of intervals that cover the set;
the difference in the two concepts is a matter of the number of sets allowed in
the covers.

The length of a bounded interval ([a,b], (a,b), [a,b), or (a,b]) is b — a. For
a countable collection of intervals, we use the term length sum to refer to the
sum of the (finite or infinite) series whose terms are the lengths of the intervals
in the collection (length sum may be infinite). We note that length sum is
independent of the order in which the terms of the series are written down (see
Theorem 22.35).

Definition: A subset A of R? is said to have content zero provided that
for each € > 0, there are finitely many open intervals covering A such that the
length sum of the intervals is less than e.

Exercise 15.21: Every finite set has content zero. The interval [0, 1] does
not have content zero; on the other hand, the set A = {£ :n =1,2,..} is an
infinite set that has content zero. Does the set N of all natural numbers have
content zero?

Exercise 15.22: Any subset of a set that has content zero has content zero.

Exercise 15.23: The set of all rational numbers in [0,1] does not have
content zero.

Definition: A subset A of R! is said to have measure zero provided that
for each € > 0, there are countably many open intervals covering of A such that
the length sum of the intervals is less than e.

Exercise 15.24: Any countable subset of R! has measure zero. In partic-
ular, the set Q of all rational numbers has measure zero (but not content zero
by Exercise 15.23).
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Exercise 15.25: Any subset of a set of measure zero has measure zero.

Exercise 15.26: The countable union of sets of measure zero has measure
zero. (You can use Theorem 22.35.)

Exercise 15.27: Does the set of all irrational numbers in [0, 1] have measure
zero?

Theorem 15.28: If a subset of R! has content zero, then it has measure
zero; conversely, if a closed and bounded subset of R! has measure zero, then it
has content zero.

Proof: The first part of the theorem is obvious from definitions.

To prove the second part, assume that A is a closed and bounded subset of
R! such that A has measure zero. Let ¢ > 0. Then there is a countable cover
C of A by open intervals whose length sum is < e. By Exercise 15.13, C has a
finite subcover F. Since F C C, it is clear that the length sum of the intervals
in F is < e. Thus, we have proved that for each € > 0, there are finitely many
open intervals covering A such that the length sum of the intervals is less than
€. Therefore, A has content zero. ¥

Corollary 15.29: Let A, be a closed and bounded subset of R for each
n=1,2,.... Then U2, A, has measure zero if and only if A,, has content zero
for each n.

Proof: Tf U3, A,, has measure zero, then each set A,, has measure zero (by
Exercise 15.25); therefore, by the second part of Theorem 15.28, each set A,
has content zero.

Conversely, if each set A,, has content zero, then each set A, has measure
zero (by the first part of Theorem 15.28); therefore, US2; A,, has measure zero
(by Exercise 15.26). ¥

4. Characterizations of Integrability

We obtain two characterizations of integrability. The first characterization
says that f is integrable over [a,b] if and only if the set of points at which the
oscillation of f is > n has content zero for each n > 0 (Theorem 15.31). The
second characterization says that f is integrable over [a, b] if and only if the set
of points at which f is not continuous has measure zero (Theorem 15.33). The
two characterizations are obviously related; we use the first characterization to
prove the second. We feel that the second characterization is by far the better
of the two — after all, it is easier to visualize the points at which a function
is not continuous than it is to find the points at which the oscillation of the
function is > 7 for each n. We give applications of the second characterization
in some exercises at the end of the section; included is the theorem about the
integrability of quotients (Exercise 15.34) which we promised at the beginning
of section 5 of Chapter XIII.

We use the following lemma to construct a special partition in the proof of
Theorem 15.31.
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Lemma 15.30: Let f : [a,b] — R! be a bounded function such that for
some € > 0, O¢(z) < € for all z € [a,b]. Then there is a § > 0 such that

Of([e,d]) < € for all [¢,d] C [a,b] such that d — ¢ < 6.

Proof: Since Of(x) < € for all x € [a,b], there is a §, > 0 for each x € [a, b]
such that

(1) Of([p — 62,0+ 85)) <e.
Let C be the following cover of [a, b] by open intervals:
C={(r—%,2+%): 2 € [ab]}
Then, by Exercise 15.13, C has a finite subcover C’, say
C' = {(zi — B,z +31) i =1,2,..,n}.
Now, let

§=min{% :i=1,2,..,n}.

We show that this choice of é satisfies the conclusion of the lemma. Let [¢,d] C
[a, b] such that 0 < d — ¢ < 6. Since ¢ € [a,b] and C’ covers [a, b],

ba ba
c € (zp — 5, o + =) for some k.

Thus, since d —c < 6 < 5—;“-,
[e,d] C (xp — bupyTh + 02, )-

Therefore,

15.15 (1)
Of([c,d]) < Of([l’k —6”_,% +6lk]) < €. ¥

We prove our first characterization theorem. Recall from the notation pre-
ceding Exercise 15.19 that £¢(n) = {x € [a,b] : O¢(p) > n}.

Theorem 15.31: Let f : [a,b] — R! be a bounded function. Then f is
integrable over [a, b] if and only if £¢(n) has content zero for each n > 0.

Proof: In the proof, the notation M;(f), m;(f), Up(f) and Lp(f) is from
section 2 of Chapter XII.

Assume that there is an 7 > 0 such that £¢(n) does not have content zero.
We prove that this assumption implies that f is not integrable over [a,b]. We
prove this by showing that the set of differences Up — Lp for all partitions P of
[a, b] is bounded away from zero and then applying Theorem 12.15.

By our assumption that £¢(n) does not have content zero, there is a § > 0
satisfying the following:

(1) The length sum of any finitely many
open intervals covering £¢(n) is > 6.

Now, let P = {xg, 1, ..., } be any partition of [a,b]. Let

154



A= {(wi—1,2:) : (wim1,2) N Ep(n) # 0}
Let A denote the length sum of the intervals in A4; in other words,
(2) A =X{Ax; : (zi-1, ;) € A}
We show that
(3) A >6.
Proof of (3): Note that if £¢(n) C UA, then A > 6 by (1). Hence. to prove

(3), we can assume that £¢(n) ¢ UA. Thus, £¢(n) — UA is a nonempty subset
of P, say

Er(n) —UA = {wiy, Tip, .. Tiy, }-
Now, suppose by way of contradiction that A < §. Then, letting
B = {(xL] - %75@]’ - %) ] = 1727"'7k}7
we see that AU B is a cover of £¢(n) by open intervals whose length sum is
A+ k(2252). Therefore, since
A+ EQRSR) =3+ 36 <6,
we have a contradiction to (1). This completes the proof of (3).

For any interval (z;—1,2;) € A and any point p € (x;—1,2;) N Ef(n),

M;(f) —mi(f) = Og(p);
thus, we have that
(4) M;(f) — m;(f) > n for any interval (z;_1,z;) € A.
Therefore,
Up(f) = Lp(f) = Ei=q[Mi(f) — ma(f)] Az
> X{[Mi(f) — mi(f)|Az; : (wioa,7;) € A}

() (3)
> n3{Az; : (vi—1,7;) € A} @) nA > né.

Therefore, since n and 6 are independent of P and since P was an arbitrary
partition of [a, b], we see from Theorem 12.15 that f is not integrable over [a, b].
Conversely, assume that £¢(n) has content zero for each > 0. We prove
that this assumption implies that f is integrable over [a,b] by using Theorem
12.15.
Let

M = lub f([a,b]), m = glb f([a,b]).
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If M = m, then f is a constant function and, therefore, f is integrable.
Hence, we can assume that

(5) M # m.

Now, let € > 0. Then, by our assumption for this part of the proof, £ f(ﬁ)
has content zero. Hence, there are finitely many open intervals Iy, Io, ..., I,
satisfying (6) and (7) below:

(6) £¢(zp=ay) C Vi=1ls
and (noting that M —m > 0 by (5))
(7) the length sum of the intervals I, Iy, ..., I, is < Ty

For use later, we let () denote the set of endpoints of the intervals Iy, Iy, ..., I..
Next, let

K =la,b] - Ui_11;.
If K =, we disregard K in what follows. Since the intervals I, I, ..., I, cover
E¢(zg=ay), we have that
(8) Of(x) < 5= forall z € K.

It is easy to see that K is the union of finitely many mutually disjoint closed
intervals L1, Ly, ..., Ls. Note that an interval L; may be of the form [z, z]; this
could possibly occur if z is a common endpoint of two of the intervals Iy, I, ..., .
or if z = a or b is an endpoint of one of the intervals Iy, I, ..., I, (see Figure
15.31 below — intervals I; are indicated with parentheses of various sizes; dots
represent endpoints of the intervals L; except the dot for b).

Ly ) AR e

Figure 15.31

By (8) and Lemma 15.30, we see that, for each j, there is a partition P; =
{0, 41, s Yn, } of L; such that

9) Of([yi-1,ui]) < ﬁ for all y;—1,y; € P;.

Now, let P = (U§=1Pj)UQ, the points of the partitions Py, P, ..., Ps together
with the endpoints of the intervals I3, I, ..., I,. Consider P as a partition of
[a, 0],

P ={x0,21,..., 0}
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There are two mutually distinct types of intervals [z;_1, ;] : Those for which
xi—1,%; € P; for some j, and those for which z;_1,z; € Q. Hence, for each i,
either x;_1,x; € P; for some j or z;_1,2; € Q, and not both. Thus, since

Up(f) — Lp(f) = Biza [Mi(f) — ma(f)] Ay,
we have
(10) Up(f) = Lp(f) = B{[M;(f) = mi(f)]Az; : w1, 2 € Q}
+ S{[M;(f) — mi(f)]Az; : xi—1,x; € P; for some j}.
Now, note that
(11) {[M;(f) — mi(f)|Az; : zi1,2i € Q}

(7
<YM —m]Az; : 21,2 € QY < [M—m]m =<

and that
(12) S{[M;(f) — mi(f)|Ax; - xi_1,2; € P; for some j}
= 3{[0¢([xi-1,2:])|Az; : ®i_1,2; € P; for some j}
9)
< X{zp= Az : wi—1,7; € Pj for some i} < b —a) =%

By (10), (11) and (12),

Up(f) — Lp(f) <e

We have shown that for any € > 0, there is a partition P of [a,b] such that
Up(f) — Lp(f) < e. Therefore, f is integrable over [a,b] by Theorem 12.15. ¥

For ready use in the proof of our next theorem, we reformulate the theorem
we just proved as follows:

Corollary 15.32: Let f : [a,b] — R be a bounded function. Then f is
integrable over [a,b] if and only if £;(2) has content zero for each n = 1,2, ....

Proof: Note from the definition of £¢(n) (above Exercise 15.19) that
5f(77) C 5f(77') when 0 < ’r]/ <n;

also, recall from Exercise 15.22 that a subset of a set of content zero has content
zero. Hence, it follows using the Archimedean Property (Theorem 1.22) that
£7(n) has content zero for each 7 > 0 if and only if £7(L) has content zero
for each n = 1,2,.... Therefore, our corollary now follows immediately from
Theorem 15.31. ¥

We are ready to prove our main characterization of intergability. The proof
is very short because the theorem is an easy consequence of Corollary 15.32 and
three previous results.
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Theorem 15.33: Let f : [a,b] — R! be a bounded function. Then f is
integrable over [a, b] if and only if the set Dy of points of discontinuity of f has
measure Zzero.

Proof: By Exercise 15.19,
Dy = Upza &5 (3);

furthermore, for each n = 1,2, ..., Sf(%) is a closed set (by Exercise 15.20)
and €f(L) is bounded (since £f(L) C [a,b]). Thus, by Corollary 15.29, Dy has
measure zero if and only if £ f(%) has content zero for each n. Therefore, our
theorem follows from Corollary 15.32. ¥

Exercise 15.34: Illustrate the applicability of Theorem 15.33 by using it to
prove the following result, which provides full generality for Theorem 13.36 (the
result applies to functions not covered by Theorem 13.36 in view of Exercise
13.38):

If f and g are integrable over [a,b], g(x) # 0 for any z, and g is bounded,
then 5 is integrable over [a, b].

Exercise 15.35: Illustrate the applicability of Theorem 15.33 by using it
to give a very short, simple proof of Theorem 13.26. (The proof we gave for

Theorem 13.26 was reasonably short, but only because the proof depended on
several previous lemmas and theorems in Chapter XIII.)

Exercise 15.36: Illustrate the applicability of Theorem 15.33 by using it
to work Exercise 12.21.

Exercise 15.37: If X is a set and A is a nonempty subset of X, then the
characteristic function for A, denoted by X 4, is defined by

1 ifzeA
XA=Y 0 ,ifreX— A

Prove the following result:
If A C [a,b] and A is a nonempty closed set, then A has measure zero if and

only if x 4 is integrable over [a,b] and f; x4 =0.
Is it necessary for A to be a closed set in the result?

Exercise 15.38: Give an example of an integrable function on [0, 1] that is
not continuous at uncountably many points.

Exercise 15.39: True or false: Let f and g be bounded functions on [a, b]
such that f(z) = g(z) except for those points z in a set of measure zero; if f is
integrable over [a, D], then g is integrable over [a, b].

Exercise 15.40: True or false: If f is integrable over [a,b] and f(z) > 0
except for those points = in a set of measure zero, then f; f>0.
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Chapter XVI: The Natural Logarithm and
Exponential Functions

Consider the very simple function f(t) = % on an interval [a,b], a > 0. This
is the simplest rational function that is not a polynomial. Nevertheless, we do
not know a formula for a function F' whose derivative is f even though F' exists
(by part (1) of the Fundamental Theorem of Calculus (Theorem 14.2)). On the
other hand, we do know how to find such formulas for some more complicated,
closely related functions: For example, consider the function f, for any rational

number g # 1 given by

fo(x) =L for all z € [a,b];

then Fy(z) = J_le:qq is a function whose derivative is f; (by Theorem 8.16);
furthermore, the function f, can be chosen as close to f on [a,b] as we like by
letting g be close enough to 1. What is so unusual here is that we know more
about the complicated functions which approximate the simple function f than
we know about the simple function. There is an obvious conclusion to draw — in
the context of what we are discussing, the function f(t) = % is the function that
is complicated, not the functions f;, and our original opinion that f is simpler
than f, is actually an optical illusion.

We will not find a formula, as the term is commonly used, for a function
whose derivative is f, where f(t) = % Instead, we will discover that the function
F(z) = ff f, whose derivative is f (by Theorem 14.2), has some surprising
algebraic properties; the properties will enable us to know that F is a special
function, called the natural logarithm function, that was originally studied from
a completely different point of view.

We devote the chapter to studying the natural logarithm function and its
inverse (the natural exponential function). The chapter lays the foundation for
studying logarithm and exponential functions in general, which we do in the
next chapter.

1. Preliminary: Reversing the Limits of Integration

Throughout most of the chapter, we investigate the specific function f de-
fined on the positive reals by f(z) = f % for each = > 0. Note that there is a

problem with writing flz % when x < 1; the problem is that we have only consid-

ered integrals f; f when a < b. In other words, we need a reasonable definition
for fba f when a < b. We determine the proper defintion in this section.

The most obvious definition for fba f when a < b is to simply define fba f=
f; f, thereby ignoring the order in which the limits of integration are written.
However, there is a significant drawback to doing this: A natural and useful
extension of the Fundamental Theorem of Calculus would fail for no good reason,
but simply because of our arbitrary definition. We will present the extension
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of the Fundamental Theorem of Calculus we have in mind after we arrive at
a reasonable definition for fba f when a < b. We first prove a theorem and a
corollary; these results lead us in a natural way to the definition we want.

Recall that part (1) of the Fundamental Theorem of Calculus (Theorem
14.2) says that if f is continuous on [a, b], then

<f; f)/ = f(z) for all z € [a,b].

The following theorem determines the derivative of the function obtained by
fixing the upper limit of integration rather than the lower limit.

Theorem 16.1: If a < b and f : [a,b] — R is a continuous function, then
!/
(ﬁf)f@)ﬁxaﬂxe[mm.

Proof: Let h(x f f for all z € [a,b]. Recall from Theorem 12.33 that f
is integrable over [a,b], hence, by Theorem 13.40, ([ f) + h(z) = fa f. Thus,

= [P f—[TF forall z € [a,b].

!/
Therefore, since f:f is a constant and (fam f) = f(x) by part (1) of the

Fundamental Theorem of Calculus (Theorem 14.2), we see that h is differentiable
and that

The following corollary is an extension of the first part of the Fundamental
Theorem of Calculus:

Corollary 16.2: Assume that a < b and that f : [a,b] — R is a continuous
function. Let ¢ € [a,b], and define F : [a,b] — R as follows:

F(:c)={ fc{ e
—[f Jifz<e

Then F'(z) = f(z) for all z € [a,b].

Proof: If © > ¢, then part (1) of the Fundamental Theorem of Calculus
(Theorem 14.2) shows that F'(x) = f(x). If 2 < ¢, then Theorem 16.1 shows

that
(2 5) =~y

therefore, since F(z) = — f f when z < ¢, we have by Theorem 7.4 that

F'(a) = —(~f(@)) = f(x). ¥

160



We use Corollary 16.2 often, so we want to avoid writing the formula for
the function F' in the corollary in two parts. This is easily accomplished by
extending our definition of the integral as follows:

Definition: For any function f that is integrable over [a, b], a < b, we define

a b
fb f = fa f’
we call fba f a negatively oriented integral.’

We can now state Corollary 16.2 in a more succinct way that makes it an
obvious direct extension of part (1) of the Fundamental Theorem of Calculus:

Corollary 16.3: Assume that a < b, f : [a,b] — R% is a continuous function,
and ¢ € [a,b]. Then

(fff)l = f(x) for all z € [a,b].

Proof: In view of the definition we just gave, the corollary is the same as
Corollary 16.2. ¥

Exercise 16.4: For any a > 0, =2 < fla l<ca—1.

a t
We point out that with obvious changes in sign or directions of inequalities,
or sometimes with no changes at all, results about integrals in previous chapters
are valid for negatively oriented integrals.

2. Algebraic Properties of [1

From the definition in the preceding section, the notation flm % now has
meaning when 0 < z < 1 and, hence, for all x > 0. In other words, f(z) = ff %

defines a function for all z > 0.

9In books, negatively oriented integrals — although they are not given a name — are included
at about the same time that integrals are defined, with the following implicit or sometimes
explicit “explanation”:

Ifa<band P = {Xg,X1,...,Xn} is a partition of [a, b], then the quantities AXj = Xj — Xj_1
in upper and lower sums from a to b are positive ; the quantities AX; change to Xj—_1 — Xj in
upper and lower sums from b to a and, thus, they are negative, so f; f=- fbafA

It is therefore implanted in our minds that integrals depend on the two orientations on
[a,b] — left to right, right to left — and, hence, that there are two integrals of a single function
over [a,b] — one from a to b and the other from b to a. However, we have never said such
a thing; in fact, we have purposely always used the phrase integral over [a,b] to avoid any
suggestion that there are two integrals of the same function. Furthermore, we have done the
basic theory of integration without being concerned with negatively oriented integrals: We
have only introduced negatively oriented integrals at the time in our development when they
are needed. Most importantly, we have explained the definition of negatively oriented integrals
in an appropriate way for calculus of a single real variable — as a notion that comes from a
natural, desirable generalization of the Fundamental Theorem of Calculus (rather than as an
arcane consequence of the definition of upper and lower sums).

Oriented integrals do actually arise naturally when integrals are initially defined, but this
occurs in multidimensional calculus when defining integrals around oriented curves. To suggest
that this geometry can be seen and understood for integrals over intervals is, at best, wishful
thinking.
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We do not want to continually write f(z) = f % when studying the function
f; as a matter of convenience, we also want to give the function f a name. Thus,
we are faced with a dilemma: We can use a distinctive letter for the function
and not name the function — which results in stating important results without
distinguished, proper notation and terminology — or we can use the relevant
notation and terminology — which opens us up to the accusation of getting
ahead of our story about the function and introducing terminology that seems
to make no sense. We choose the latter and ask the reader not to worry for
now about where the notation and terminology come from — it will be explained
later (in section 6), after we have laid the proper foundation.

Definition: The function f : (0,00) — R? defined by

fl@)=[% forallz >0

t

is called the natural logarithm function and is denoted by In; in other words,
In(z) = [+ for all z > 0.

We prove in Theorem 16.7 that the natural logarithm function converts
multiplication to addition. We use this result, and some general results, to
derive other algebraic properties of the natural logarithm function (Corollaries
16.9 and 16.12).

Lemma 16.5: In(1) = 0 and In’(z) = 2 for all z > 0.

Proof: The first part of the lemma is true simply because fj f =0 for any
function f (recall definition of the integral in section 3 of Chapter XII). The
second part is true by Corollary 16.3. ¥

Having just given a formula for the derivative of the natural logarithm func-
tion, we note that we obtain a formula for the integral of the natural logarithm
function in section 5 (Theorem 16.29). At this time you can read section 5 with
complete understanding: The thought process in section 5 that leads to the
formula for fj In(x) is natural and is independent of all material in this chapter
except the lemma we just proved.

Exercise 16.6: Find a function whose derivative is tan(x) on [-7, Z]. Re-

peat the exercise for the interval [3F, 2F].

Theorem 16.7: In(zy) = In(x) + In(y) for all z,y > 0.

Proof: Fix a > 0. Let f : (0,00) — R* be the function defined by letting
fly) = ay for all y > 0.
Note that for all y > 0, In’(y) = % (by Lemma 16.5) and f/(y) = a (Example

6.2). Hence, by the Chain Rule (Theorem 7.23),

(nof)(y) "= W' (F(y)f'(y) = £(a) =L =In'(y) forall y>0.
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Thus, by Theorem 10.8, we have that
(1) (Inof)(y) —In(y) = C for all y > 0, C fixed.
The constant C' in (1) is In(a) since
¢ Yn(f(1)) - (1) = In(a) — In(1) '€ f(a).
Hence, by (1), (Inof)(y) — In(y) = In(a) for all y > 0; in other words,
In(ay) = In(a) + In(y) for all y > 0.

Therefore, since a > 0 was arbitrary, we have proved the theorem. ¥

Theorem 16.8: If f: (0,00) — R is a function such that

flzy) = f(z) + f(y) forall z,y >0,
then
F(2) = f(x) ~ f(y) forall 2,y > 0.

Proof: First, note that f(1) = f(1-1) = f(1) + f(1) and, hence, f(1) = 0.
Thus, for any y > 0,

0=f(1) = flyy) = Fy) + f(3);

hence,
(1) f(%) = —f(y) for all y > 0.

Finally, for any z,y > 0,
F2) = fled) = f@) + £(2) 2 @) - ). ¥

Corollary 16.9: In(Z) = In(z) — In(y) for all z,y > 0.

Proof: The corollary follows from Theorem 16.8 since In satisfies the hy-
pothesis of Theorem 16.8 by Theorem 16.7. ¥

Exercise 16.10: If f : (0,00) — R is a function such that

flzy) = f(@) + f(y) for all z,y >0,

then, for any integer k,
f(z*) =kf(z) forall z > 0.

For the next theorem, recall that we defined " when r is rational in the
third bullet in the definition above Theorem 8.15.
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Theorem 16.11: If f : (0,00) — R? is a function such that

flzy) = f(@) + fy) forall z,y >0,

then, for any rational number 7,

f@)=rf(z) forall z > 0.

m
n’

Proof: Fix a rational number r =
Fix x > 0. Then

where m is and n are integers (n # 0).

f@) = f((@n)m) "= nfar);
hence,
(1) f(zw) =L f().

Since 2" = (7)™ (by the definition above Theorem 8.15), we have that

Flar) = f(@h)™) "L mpat) Y om[d (@) = rf(2). ¥

Corollary 16.12: For any rational number r, In(z") = r1n(z) for all z > 0.

Proof: The corollary follows from Theorem 16.11 since In satisfies the hy-
pothesis of Theorem 16.11 by Theorem 16.7. ¥

We could ask if Corollary 16.12 is true for all real numbers r, but there is a
problem with asking this question at this time: We have not defined z” for all
real numbers r. We will soon be able to give a reasonable definition of =" for
any real number r and x > 0 (section 4); then we will see that In(z") = rIn(z)
for all real numbers r and = > 0 (Exercise 16.22).

Exercise 16.13: Prove Corollary 16.12 in a manner similar to the way we
proved Theorem 16.7 by considering the functions f(x) = In(z") and g(z) =
rin(z).

3. The Graph of In(x) = [} 1

1

We prove three corollaries and then use the corollaries to obtain a picture of
the graph of the natural logarithm function In.

Corollary 16.14: In is strictly increasing.

Proof: By Lemma 16.5, In'(z) = 2 > 0 for all # > 0. Therefore, In is strictly
increasing by part (1) of Theorem 10.17. ¥

Corollary 16.15: In is concave down.

Proof: By Lemma 16.5, In’(x) = % for all x > 0; hence, by Lemma 7.5,

In"(z) = =% for all z > 0.
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Thus, In"(z) < 0 for all z > 0. Therefore, In is concave down by part (2) of
Corollary 10.31. ¥

The two corollaries we just proved, and the fact that In(1) = 0 (Lemma 16.5),
give us a lot of information about the graph of In. However, two issues still need
to be addressed: What happens as x approaches 0 (from the right), and what
happens as x approaches oo ? Specifically, does In have a vertical asymptote at
x = 0 (meaning lim,_,¢In(z) = c0), and does In have a horizontal asymptote
(meaning lim, ., In(x) = ¢)? The answers are yes and no, respectively, and
come from combining Corollary 16.14 with the following corollary:

Corollary 16.16: In maps (0, 00) onto R%.
Proof: We make note of the following fact (from Lemma 16.5):

(1) In(1) = 0.

Now, let € RY. We prove the corollary by showing that y is a value of In.

Assume first that y > 0. By (1) and the fact that In is strictly increasing
(Corollary 16.14), we see that In(2) > 0. Hence, by the Archimedean Property
(Theorem 1.22), there is a natural number ng such that y < ngIn(2). Thus,
since ng In(2) = In(2"°) (by Corollary 16.12), we have that

(2) In(270) > y.

Since the function In is differentiable (by Lemma 16.5), In is continuous (by
Theorem 6.14). Therefore, by (1), (2) and the Intermediate Value Theorem
(Theorem 5.2), y = In(z) for some z such that 1 <z < 2"°.

Finally, assume that y < 0. By (1) and the fact that In is strictly increasing
(Corollary 16.14), we see that In(3) < 0; that is, —In(3) > 0. Hence, by the
Archimedean Property (Theorem 1.22), there is a natural number nj such that
—y < na[—In(3)]. Thus, nyIn(3) < y. Thus, since n1In(3) = In(($)™) (by
Corollary 16.12), we have that

(3) In((3)™) <.

By (1), (3) and the Intermediate Value Theorem (Theorem 5.2), y = In(x)
for some x such that (3)™ <z < 1. ¥

Now, putting the three preceding corollaries together, we see that the figure
on the next page is a correct picture of the graph of In. To fully appreciate the
significance of what we have accomplished, note that we have graphed a function
without knowing an algebraic formula for the function and only knowing one
value of the function!

4. The Inverse of In(x) = [;*%

The natural logarithm function ln has a (unique) inverse In—t by Corollary
16.14. We establish various properties of the inverse function In~t. The alge-
braic properties of In"! in Theorem 16.19 lead us to a reasonable definition of
at for any a > 0 and any real number ¢; we address the appropriateness of the
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y=In(X)

definition in Exercises 16.20 and 16.21. We then find the number e that shows
that the inverse of In should be called an exponential function (Theorem 16.23).
Corollary 16.24 and the result in Exercise 16.25 are of particular interest in
connection with the discussion at the beginning of section 2 of Chapter X.

Since we have graphed In in the preceding section, we know what the graph
of In"? looks like: it is simply the reflection of the graph of In about the line
y = x (for the reason given in section 1 of Chapter VIII). Nevertheless, we
include the following theorem for convenient reference.

Theorem 16.17: The function In has a (unique) inverse function In~* which
is defined on all of R? and which maps R? onto (0, 00).

Proof: Since In is strictly increasing (Corollary 16.14), In is obviously one-
to-one; hence, In has a (unique) inverse function In~t. The rest of the theorem
follows at once from Corollary 16.16. ¥

Exercise 16.18: In~! is differentiable and (In™*)(z) = In~*(x) for all
reRL

Our next theorem gives algebraic properties of In"!; the property in part
(4) will be extended to all real numbers r in Exercise 16.22 after we define a”
for any real number 7.

Theorem 16.19: The inverse function of In has the following properties:
(1) In71(0) = 1.
(2) In () In"(y) =In"*(z +y) for all 2,y € RL.
—1 - -
(3) :2,1&; =In"*(z —y) for all z,y € R
(4) [In~*(x)]” = In"Y(rz) for all # € R! and all rational numbers 7.

Proof: Part (1) is by Lemma 16.5. Parts (2), (3) and (4) follow from “cor-
responding” results for In in section 2, as we show below.
Fix x,y € RY. Then, for part (2),
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In (hfl(:c) 1n71(y)) 0T 1 (lnfl(x)) +1n (lnfl(y)>

=zr+y=1In (lnfl(x—i—y)),

and, therefore, part (2) now follows from the one-to-oneness of In; similarly,
for part (3),

In <'I:_i%> 189, (ln_l(x)> —1In <ln_l(y)>

=r—y=1In (lnfl(x —y)),

and, thus, part (3) now follows from the one- to-oneness of In; finally, for part
(4), fixing a rational number r,

In ([lnfl(ac)]T) M2 (lnfl(x)) =rx=In (lnfl(rac))
and, therefore, part (4) now follows from the one- to-oneness of In. ¥

The properties in Theorem 16.19 look a lot like many of the familiar laws
of exponents: If we agree to write a® for 1n_1(t), then the properties of In™! in
Theorem 16.19 become

a® =1, a®a¥ =a""V, Z—z =a®Y, (a*)" =a"" (r rational).
But this is meaningless formal symbolic manipulation — we have not even defined
a! and, when we do, we will need to see if there is a particular number a for
which a* = In"*(¢) for all t. The next definition and Theorem 16.23 settle the

matter. (Regarding the appropriateness of the definition, see Exercises 16.20
and 16.21).

Definition: For any a > 0 and ¢ € R, we define the t'" power of a, written
t
a’, by

at = In " tIn(a)],

which is defined for each ¢ since In"* is defined on all of R (see Theorem 16.17).

The definition of a! may seem somewhat mysterious. Nevertheless, the first
two exercises below indicate why the definition is appropriate, even “correct”,
by relating the definition to rational powers as we have known them ever since
studying arithmetic.

Exercise 16.20: Let a > 0. Show that when r is a rational number, the
definition of a” above agrees with the definition of a” in section 4 of Chapter
VIII (third bullet in the definition above Theorem 8.15).

Exercise 16.21: Show that the function f(¢) = a’ is continuous on R and
that no other continuous function on R! agrees with f on the rational numbers.
(Thus, the definition of a® above is the only way to define powers so that taking
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powers is continuous and so that, by the preceding exercise, the definition for
rational powers agrees with the definition in section 4 of Chapter VIII.)

Exercise 16.22: The definition of a! allows us to remove the restriction
that r is rational in Corollary 16.12 and in part (4) of Theorem 16.19:

In(z") = rIn(z) for all x > 0 and all » € RY;
[In~*(z)]” = In"Y(rz) for all z,7 € RL.

Theorem 16.23: Let e = In"*(1). Then e' = In"1(¢) for all t € RL.

Proof: Let t € RY. By the definition above, ¢! = In"*[tIn(e)]; also, by the
choice of e in our theorem, In(e) = 1. Therefore, ! = In"*(t). ¥

For more about the number e, see the discussion following the proof of
Corollary 16.26.

We mentioned the following corollary and exercise in the discussion at the
beginning of section 2 of Chapter X.

Corollary 16.24: (¢”)' = ¢* for all z € R! (where e = In"(1)).
Proof: The corollary is due to Theorem 16.23 and Exercise 16.18. ¥

Exercise 16.25: We can now determine all differentiable functions whose
derivatives are themselves: If f : R — R! is a differentiable function, then
f' = f if and only if f(x) = ce® for some constant ¢ (and all € R?).

(Hint: Rewrite f'(z) = f(z) as e *f'(z) —e * f(z) =0.)

The simple formula for the derivative of e” allows us to easily integrate e* :

Corollary 16.26: The function e” is integrable over any closed and bounded

interval [a, b] and fab et =eb — e
Proof: The corollary follows at once from Corollary 16.24 and part (2) of

the Fundamental Theorem of Calculus (Theorem 14.2). ¥

Since the function e® is the inverse of the natural logarithm function (by
Theorem 16.23), we call e” the natural exponential function. We also use the
term natural in connection with the function e® for another reason, which we
discuss at the beginning of section 4 of Chapter XVII.

The use of the letter e dates back to Leonhard Euler (1707-1783). He used
e to stand for exponential (not because e was the first letter of his last name!).
The number e can be expressed as a limit of a specific sequence of numbers
rather than in terms of the natural logarithm function:

i
x

Exercise 16.27: Prove that e = lim,_.o (1 + )= and, hence, that
e =lim,— (1 + %)7L7 where n = 1,2, ....
(Hint: 1 =1n'(1) = lim,,_o 200

In Chapter XXI we use Exercise 16.27 to represent e as the sum of a series
(Theorem 21.42).
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Exercise 16.28: Let f(z) = 2 for all x > 0. At what points = (if any)
does f have local or global extrema?

5. Integrating the Natural Logarithm Function

We have formulas for the derivative of the natural logarithm function (Lemma
16.5) and for the derivative and the integral of the natural exponential function
(Corollaries 16.24 and 16.26). In this section we complete the basic calculus
of these two functions by finding a formula for the integral of the natural log-
arithm function. Note that since the natural logarithm function is continuous
(by Lemma 16.5 and Theorem 6.14), the natural logarithm function is, indeed,
integrable over any closed and bounded interval of positive reals (by Exercise 5.3
and Theorem 12.33); however, this does not give us a formula for the integral.

Part (2) of the Fundamental Theorem of Calculus (Theorem 14.2) gives us
a way to find a formula for the integral of any continuous function. To apply
this theorem to In, we need to find a function g such that ¢’ = In; that is, such
that

g'x) = [}

To understate the situation, it is not immediately obvious how to find such a
function g. Nevertheless, a little thought — a naive approach — leads to the
answer. We first discuss the approach in general.

Suppose we are given a function f and we want to find a function g whose
derivative is f. Suppose further that f is differentiable. There are two natural
(although outrageously simplistic) ways to try to find g: start by trying g(x) =
@ or by trying g(x) = xf(x). Both of these attempts are natural since, on
differentiating g, we are sure to get an expression with f in it: In the first case,

(*) ¢'(x) & f(2)f'(x)

+

and, in the second case,

(%) g'(2) & af' () + f ().
We analyze each case in turn.
Consider (*) when f(z) = In(x). Then, since f’(z) =  (by Lemma 16.5),

—
= @ This seems more complicated than

we must find g such that ¢'(x)
finding ¢ such that ¢'(z) = In(z).
So, let us turn to (**). If we knew a function h whose derivative is zf'(z),

we would be done since

7.2

(#) (9= n)'(2) = ¢'(x) = W (z) = 2f' () + f(x) — 2 f'(2) = f(2).
In practice, we can almost never find such a function h — the function zf’(x)

is just too complicated. However, when f(z) = In(z), the function zf'(z) is
about as simple as possible: xIn’(x) = 1 (by Lemma 16.5)! Hence, h(z) = x is
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a function whose derivative is zIn’(x). Therefore, recalling that g(z) = zf(z)
was the choice that led to (**), we have found a function whose derivative is In;
namely, by (#), g — h is such a function, where g(z) = zIn(z) and h(z) = z. In
other words,

(##) (wn(x) —2) =In(a)

The discussion above explains how we arrive at the formula in the following
theorem:

Theorem 16.29: The function In is integrable over any closed and bounded
interval [a, b], where a > 0, and

[P n(z) = bIn(b) — aln(a) + a — b.

Proof: Since In is differentiable (by Lemma 16.5), In is continuous (by The-
orem 6.14); hence, In is continuous on [a, b] (by Exercise 5.3). Therefore, by the
formula in (##) preceding the theorem, we can apply part (2) of the Funda-
mental Theorem of Calculus (Theorem 14.2) to obtain that

ff In(z) = bln(b) —aln(a) + a — b. ¥
6. What Have We Accomplished ?

We have accomplished a lot, more than may be immediately apparent. Let
us see what we have accomplished other than our specific results.
First, we can now state and prove the laws of exponents in complete gener-
ality (which justifies using the notation a® in the definition in section 4):
Theorem 16.30: Fix a > 0.
(1) a® = 1.
(2) a” Tq¥ = a®*V for all z,y € RY.
(3) & =a® ¥ for all z,y € RL.
(4) ( )Y = ¥ for all x,y € R,
(5) (ab)* = a®b* for any b > 0 and all z € RL.
Proof: We prove each part in turn. Fix x,y € R? for use after the proof of
part (1).

Proof of (1): a® =In"*[0In(a)] = l(O)
Proof of (2): a*a¥ = In" [z In(a)] In"*{yIn(a)] 1619 In~ [z In(a) + yIn(a)]
=In"Y(z + y) In(a)] = a**V.

x

-1
Proof of (3): & = :2—,% 109yt [zIn(a) — y1n(a)]
=In"(z — y)In(a)] = a* Y.

Proof of (4): (a*)¥ = In"*[yIn(a®)] 1622 In"[yzIn(a)] = a¥* = a™.
Proof of (5): For any given b > 0,
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(ab)* = In"[z In(ab)] 'E" In [z (ln(a) + ln(b))]

=In"Y[zIn(a) + zIn(b)] "=’

In" [z In(a)] In" [z In(b)] = a®b*. ¥

We will call the function f(x) = a®, for a > 0, the exponential function with
respect to a.

Second, we can now explain clearly why we called In the natural logarithm
function back in section 2. The common meaning of the word logarithm is “the
exponent that indicates the power to which a number is raised to produce a
given number” (Merriam Webster’s Collegiate Dictionary, Merriam - Webster,
Inc., Springfield, Massachusetts, Tenth Edition, 1993). We see that In(t) fits
the definition just quoted since, by Theorem 16.23, In(¢) is the exponent that
the number e is raised to produce a given number ¢. The term natural is used
in connection with the logarithm function In for two reasons: In and its inverse
(f(x) = €®) arise naturally in connection with many physical phenomena, and
In and its inverse are the simplest and most convenient of all logarithm and
exponential functions (we study other logarithm and exponential functions in
the next chapter).

Next, we can at long last resolve the two issues we raised at the end of section
4 of Chapter VIII; namely, we now know what 2P means for all z > 0 and all
real numbers p (e.g., 2V2 = In"*[v/21n(2)], and we can prove that Theorem 8.16
extends to the function f(x) = 2P for all z > 0:

Theorem 16.31: Fix p € R, and define f : (0,00) — R by f(x) = .
Then f is differentiable at each z > 0 and
f'(x) = paP~t.

Proof: Assume that z > 0. Let ¢ = p-In. Then, by the definition of z?
(above Exercise 16.20), we see that f = In"*og. Hence, by the Chain Rule
(Theorem 7.23),

/

f(x) = [(n7) (g(@)] [’ (x)];

furthermore,
(™) (g(2)) "= I (g(2)) = I (pIn(z)) "=* o~ (In(a?)) = a”
and
g'(x) = pln'(z) = 2.
Therefore,

16.30 (3
f'(x) = aPL 30 )p:cp*l. ¥
Finally, we have uncovered many new and interesting functions whose deriva-
tives and integrals are worth investigating. We define and discuss some of these
functions in the next chapter (we have already considered one such function in
Exercise 16.28).
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Chapter XVII: General Logarithm and
Exponential Functions

We studied the natural logarithm function and the natural exponential func-
tion in the preceding chapter. It is now time to examine logarithm functions
and exponential functions in general.

We define the logarithm and exponential functions in section 2. We obtain
a simple but important algebraic relationship between logarithm functions and
the natural logarithm function in section 3. This result shows that the functions
that are commonly called logarithms, and which historically came from other
considerations, are nothing more or less than the functions of the form

F(z)=c [ %, for some constant ¢ # 0 and all z > 0.

We systematically present the properties of logarithm functions in section 3
and the properties of exponential functions in section 4; the properties include
the derivatives and the integrals of the functions, as well as other information
directly concerned with the graphs of the functions.

In the final section, we concern ourselves with functions that have the prin-
cipal algebraic property of logarithm functions or of exponential functions. For
logarithm functions, the property is that they change multiplication to addi-
tion; for exponential functions, the property is that they change addition to
multiplication. We show that any function with the first or second property
that is also bounded on some interval must, in fact, be a logarithm function or
an exponential function, respectively. The result shows, for example, that each
principal algebraic property, all by itself, almost implies differentiability.

1. Definitions of Logarithm and Exponential Functions

We will see that it is convenient to define exponential functions before we
define logarithm functions.

Fix a > 0. Recall (from above Exercise 16.20) that we have defined a® to be
In"*[zIn(a)] for any z € RY. We now consider a® to be the value of a function
at z; we denote the function by exp,, often writing exp,(z) instead of a*. We
note the following theorem before we formally define the exponential functions
and the logarithm functions.

Theorem 17.1: For any a > 0 such that a # 1, the function exp, is
one-to-one and maps R? onto (0, 00).

Proof: Recall from part (1) of Theorem 16.19 that In"*(0) = 1; thus, since
a # 1, In(a) # 0. Hence the linear function f given by f(x) = zIn(a) for all
x € R is a one-to-one function from R onto R!. Also, In"! is one-to-one
and maps R? onto (0,00) (by Theorem 16.17). Therefore, since

exp, = In"tof,
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exp, is one-to-one and maps R! onto (0,00). ¥

With Theorem 17.1 in mind with respect to the domain and range of exp,,
we give the following formal definition:

Definition: Let a > 0. The exponential function with respect to a is the
function exp, : R — (0, 00) defined above; that is,

exp,(z) = a® = In"[zIn(a)] for all z € RL.

The basic algebraic properties of exponential functions are enumerated in
Theorem 16.30.

Note that the exponential function with respect to 1 is not very interesting
since 17 = 1 for all x € R? (by the definition of a' above Exercise 16.20).

We now define the logarithm functions. Regarding the use of the word
logarithm, see the discussion in the second paragraph following the proof of
Theorem 16.30.

Definition: Let b > 0 such that b # 1. The logarithm to the base b of a
number x > 0, denoted by log,(z), is exp, *(x) (which exists and is unique by
Theorem 17.1); in other words, log, () is the power to which b must be raised
to obtain z.

The notation log;, stands for the logarithm function with base b; that is,
log, = expgl.

We note that the general definition of logarithm does, indeed, include our
old friend the natural logarithm:

Theorem 17.2: In = log, (where e = In"(1)).

Proof: By Theorem 16.23, exp, = In~!. Hence, In = exp. L. Therefore, by
the definition of logarithm above, In = log,. ¥

2. The Algebraic Relation between Logarithm Functions and In

We show that each logarithm function is a constant multiple of the natural
logarithm function and, conversely, that every nonzero constant multiple of the
natural logarithm function is a logarithm function.

The formula in the following theorem makes it easy for us to prove that
logarithm functions are differentiable and to obtain formulas for their derivatives
(Theorem 17.10 in the next section).

Theorem 17.3: For any b > 0 such that b # 1,

In(z

logy(x) = ﬁ for all > 0.

Proof: Note that the right - hand side of the formula is defined since In(b) # 0
(because b # 1; recall part (1) of Theorem 16.19).

Fix £ > 0. Let y = log,(x). Then, by the definition of log,(z) in section 1,
b¥ = x. Therefore,
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yIn(b) " In(b¥) = In(z). ¥

Theorem 17.4: Every logarithm function is a constant multiple of In and,
conversely, every nonzero constant multiple of In is a logarithm function. In
other words, a function f is a logarithm function if and only if f = ¢ - In for
some constant ¢ # 0.

Proof: Every logarithm function is a constant multiple of In by Theorem
17.3.

Convelrsely, assume that ¢ # 0. We show that ¢ - In is a logarithm function.
Let b = e<. By Theorem 17.1, b > 0 and b # 1 (since € = 1 by Theorem 16.30).
Hence, b is a permissible base for a logarithm function, so log;, is a logarithm
function. Now, for any x > 0,

17.3 In(z) 16.23 @ =cln(x).

log,, () N
n(e c ) c

Therefore, ¢ - In is a logarithm function. ¥

Exercise 17.5: For any a,b,c > 0 such that a # 1 and b # 1,

log, (b) - logy(c) = log,(c).

Exercise 17.6: Any two logarithm functions are constant multiples of one
another; that is, log, = clog,, for some constant ¢, which depends on b and
b'. Find c. (Once you find ¢, this change - in- base result allows us to express a
logarithm to one base in terms of a logarithm to any other base.)

For a given real number ¢, we know from Theorem 16.31 that the func-
tion f(z) = exp,(c) is differentiable and that f/(x) = cz®~1. In the following
exercise, you are asked to prove the analogous result for logarithms.

Exercise 17.7: Fix ¢ > 0, and let f be the change-in-base function given
by f(x) =log,(c) for all x > 0 such that x # 1.

Find f'(z), thereby showing f is differentiable.

For what values of ¢ is f one-to-one? Find a formula for f~! when f is
one - to - one.

3. Properties of Logarithm Functions

We present the algebraic properties and the basic calculus of logarithm func-
tions.
The algebraic properties of logarithm functions are in the following theorem:

Theorem 17.8: Fix b > 0 such that b # 1.
(1) log, (1) = 0.

(2) logy(xy) = logy (x) + logy (y) for all x,y > 0.

(3) logy (5

(4) log,(z¥) = ylog,(x) for all x > 0 and all y € RY.

) = logy(x) — log,(y) for all 2,y > 0.
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Proof: By Theorem 17.3, log, = ﬁ -In. Therefore, (1), (2), (3) and (4)

follow easily from the corresponding results for In (namely, 16.5, 16.7, 16.9 and
16.22, respectively). ¥

Our next theorem concerns the simplest functional properties of logarithm
functions.

Theorem 17.9: For any b > 0 such that b # 1, the function log, is one-
to-one and maps (0, c0) onto R™.

Proof: Since log, = exp,* (by definition of log,), it is obvious that log,, is
one-to-one and that the rest of the theorem follows from Theorem 17.1. ¥

In the next several results, we examine the calculus of logarithm functions.

Theorem 17.10: For any b > 0 such that b # 1, the function log, is
differentiable and

logy () = sygy for all z > 0.

Proof: By Theorem 17.3, log, = ﬁ -In. Therefore, for any = > 0,

/ 74 1 / 165 1 1 _ 1
log, (z) = ey () = )z = zh@)" ¥

We obtain several corollaries to Theorem 17.10. First, however, we note a
lemma that we use several times; the lemma is simply an observation based on
two results in Chapter XVI.

Lemma 17.11: In(b) < 0 when 0 < b < 1, and In(b) > 0 when b > 1.

Proof: The lemma follows immediately from the fact that In(1) = 0 (by
Lemma 16.5) and the fact that In is strictly increasing (by Corollary 16.14). ¥

We now present three corollaries to Theorem 17.11. The first corollary is
less interesting than the others, but we include it for convenient reference in the
proofs of other results here and in the next section

Corollary 17.12: For all > 0,
log, (z) < 0 when 0 < b < 1, log)(x) >0 when b > 1.

Proof: The corollary follows from Theorem 17.10 and Lemma 17.11. ¥

Corollary 17.13: The function log, is strictly decreasing if 0 < b < 1 and
is strictly increasing if b > 1.

Proof: The corollary follows from Corollary 17.12 and Theorem 10.17. ¥

Corollary 17.14: The function log, is concave up when 0 < b < 1 and is
concave down when b > 1.

Proof: For any b > 0 such that b # 1 and for all x > 0,

o170 (1 ' 75 —(zIn(®)) 6.2 _—In(b)
log, (z) "= <W(b)> - (len(b))z — Gmp)?

175



Hence, for all z > 0, we see from Lemma 17.11 that
logy () > 0 when 0 < b < 1, log}(z) <0 when b > 1.

Therefore, our corollary now follows by applying Corollary 10.31. ¥

Exercise 17.15: Draw the graphs of log;, for some values of b6 > 1 and for
some values of b such that 0 < b < 1. Draw the graphs all in the same figure (for
the purpose of comparison); be sure to indicate what happens as x approaches
zero (from the right) and as x goes to infinity.

In Theorem 16.29, we found a formula for the integral of the natural loga-
rithm function over any closed and bounded interval of positive reals. Because
log;, = ln(b) -In (by Theorem 17.3), we can use Theorem 16.29 to integrate all
logarithm functions:

Theorem 17.16: For any b > 0 such that b # 1, the function log, is
integrable over any closed and bounded interval [c, d] with ¢ > 0 and

[ 1og, (z) = dlog, (d) — clog, () +

Proof: Fix b > 0 such that b # 1, and fix ¢ and d such that 0 < ¢ < d.
Since In is integrable over [c,d] (by Theorem 16.27) and since log, = ﬁ -In

(by Theorem 17.3), we have by Theorem 13.11 that log, is integrable over [c, d]

and
d 17.3 pd 13.11 d
J2 logy(x) =" [ In%b) ‘In(z) = In%b) J. In(x)

16.29 _ gn@ _ In)
Ty (4n(d) = eln(e) + ¢ — d.) = AR — cipd + ol

17.3
dlogy,(d) — clogy(c) + & |n(b) ¥

The formula in Theorem 17.16 can be stated entirely in terms of the natural
logarithm:

Exercise 17.17: Under the assumptions in Theorem 17.16,
d 1
J: logy(z) = 7y <ln( )+c— d)

4. Properties of Exponential Functions

We already know the algebraic properties and the most elementary functional
properties of exponential functions (Theorems 16.30 and 17.1). Thus, we turn
our attention to the calculus of exponential functions.

The following theorem says that the rate of change of an exponential function
is proportional to the function itself. We see from the theorem that exp, is the
only exponential function that is its own rate of change; in this sense, exp, is
natural as an exponential function — however, in view of Exercise 16.25, exp,
should be considered unusual as a function!
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Theorem 17.18: For any a > 0, the function exp, is differentiable and
expl (z) = a*In(a) for all z € RY.

Proof: Fix a > 0 and = € R. Note that
(1) expy (z) @ 142 @ 1022 cointe),
By (1), expl,(z) = (em'”(“))l. Therefore, using the Chain Rule (Theorem
7.23) and Corollary 16.24 for the first equality below,

exp(z) = (e*"@) (z1n(a))’ = (e} In(a) QY g In(a). ¥

The following corollaries are analogous to the corollaries for logarithm func-
tions in the preceding section.

Corollary 17.19: For all 2z € R,
exp,(z) <0 when 0 <a <1, expl(r) >0 when a > 1.

Proof: Since a® > 0 for all x € R (by Theorem 17.1), the corollary follows
from Lemma 17.11 and Theorem 17.18. ¥

Corollary 17.20: The function exp, is strictly decreasing if 0 < a < 1 and
is strictly increasing if a > 1.

Proof: The corollary follows from Corollary 17.19 and Theorem 10.17. ¥

Recall that the concavity of log, depends on whether b < 1 or b > 1 (Corol-
lary 17.14). Nevertheless, the following corollary shows that the concavity of
the inverse functions of the logarithm functions is always the same.

Corollary 17.21: For any a > 0 such that a # 1, the function exp, is
concave up.

Proof: For all x € R,
/
expl (z) 1748 (a”” ln(a)) & (a*) 1n(a) e a®[In(a))? > 0.

Therefore, exp,, is concave up by Corollary 10.31. ¥

Exercise 17.22: Draw the graphs of exp, for some values of a > 1 and
for some values of a such that 0 < @ < 1. Draw the graphs all in the same
figure (for the purpose of comparison); be sure to indicate what happens as x
approaches +oo.

Next, we integrate the exponential functions. We found it easy to integrate
the logarithm functions (Theorem 17.16). This was because we already had a
formula for the integral of In and the logarithm functions are constant multi-
ples of In (Theorem 17.3). Similarly, it is now easy to integrate the exponential
functions — by just looking at the formula in Theorem 17.18, we see that %
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is a function whose derivative is a®. However, we must remember that substan-
tial work is behind the proof of Theorem 17.18; aside from results specifically
mentioned in the proof, the Inverse Function Theorem (Theorem 8.7) is used to
prove Corollary 16.24 (see Exercise 16.18).

Theorem 17.23: For any a > 0 such that a # 1, the function exp, is
integrable over any closed and bounded interval [c, d] and
d T (&
J.a® = |n%a)(ad —a“).
Proof: Fix a > 0 such that a # 1, and fix ¢ < d. ‘
Since a # 1, In(a) # 0 (by part (1) of Theorem 16.19). Thus, % is defined

In(a
for all x (the expression % comes from the discussion above). Now,

o\ 74 zy/ 1718 o
(*) (W) o ﬁ(a Y =" a® for all z € [c,d],

Since exp,, is differentiable (by Theorem 17.18), exp, is continuous (by The-
orem 6.14). Hence, exp, is continuous on [c, d] (by Exercise 5.3). Therefore, by
(*) and part (2) of the Fundamental Theorem of Calculus (Theorem 14.2),

a®

d x _ at 1 d c
Joat = Mm@ ~ M@ — @ (a® —a®). ¥

5. Logarithm and Exponential Types of Functions

The algebraic properties of logarithm functions are listed in Theorem 17.8.
The property in part (2) of Theorem 17.8 says that logarithm functions convert
multiplication (of positive numbers) to addition; this property implies the other
properties in Theorem 17.8 (e.g., recall Theorems 16.8 and 16.11). Thus, we are
led to call a function f : (0,00) — R a logarithm type of function, abbreviated
L - function, provided that

f(zy) = f(z) + f(y) for all 2,y > 0.

Similarly, since a®*¥ = a”a¥ (by Theorem 16.30), we call a function f : R? —
(0,00) an exponential type of function, abbreviated E - function, provided that

f@+y)=f@)f(y) forallz,yeRL

The question arises as to whether there is an L - function or an F - function
other than the logarithm functions and the exponential functions (respectively).
We show that the answer is no under the assumtion that the L - function and the
E - function are bounded above on some interval (Theorem 17.29 and Theorem
17.33). In particular, the only L-functions or E-functions that are continu-
ous at some point are the logarithm functions and the exponential functions,
respectively.

On the other hand, there are L -functions and F -functions that are not
continuous at any point; the methods for constructing such functions require
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set - theoretic techniques that we will not discuss.'® We note that discontinuous
L - functions and F - functions are strange — they must be unbounded on every
nondegenerate interval (by our main theorems).

We accomplish our proofs in the following way: First, we introduce the
notion of additive functions, which play a prominent role in the proofs of our
main results; we prove that all additive functions that are bounded above on
some interval are linear (i.e., of the form f(z) = cxz); then we characterize all
L - functions and F - functions as compositions of additive functions with In and
exp,, respectively; finally, we prove our main theorems by applying the theorem
about additive functions to the general characterizations of L -functions and
FE - functions.

Additive Functions

We prove Theorem 17.24, which we use in the proofs of our main theorems
about L -functions and F - functions.
Definition: A function f : R — R! is said to be additive provided that

flx+y) = f(x)+ fly) forall z,y € RL

Obviously, all linear functions are additive. We show, conversely, that all
additive functions that are bounded above on some interval are linear.

Theorem 17.24: Let f : Rt — R! be an additive function that is bounded
above on some interval [a,b], a < b. Then there is a constant ¢ such that

f(z) =cx for all x € RL.
Proof: Since f(0) = f(0+0) = f(0) + f(0), we see that f(0) = 0. Hence,
for all 2 € R,
0=f(0) = f(z—2) = f(x) + f(—a).
Thus,
(1) f(=x) = —f(x) for all z € R™.

Since f is bounded above on [a, b] (by assumption), there exists M > 0 such
that

(2) f(z) < M for all z € [a,b)].

Let d = b — a. Note that if x € [0,d], then = 4 a € [a,b]. Hence, by (2), we
have that

(3) f(x+a) < M for all z € [0,d].
Next, note that for any = € [0, d],

10Discontinuous L - functions and discontinuous E - functions can be obtained from Lemmas
17.28 and 17.32 by using a discontinuous additive function g. A brief history of the discovery
and significance of discontinuous additive functions is on pages 503 - 505 of the paper by J. W.
Green and W. Gustin, Quasiconvex sets, Canadian Journal of Math. 2(1950), 489 -507. For a
construction of a discontinuous additive function, see, for example, the proof of Theorem 3 of
the paper by F. B. Jones, Connected and disconnected plane sets and the functional equation
f(x)+f(y) = f(X+Yy), Bull. Amer. Math. Soc. 48(1942), 115-120.
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f@) = fata—a) L f@+a) - fla) D M- fa);

hence,

(4) f is bounded above on [0, d).

Now, let ¢ = @. Define a function g : Rt — R? as follows:
g(x) = f(z) —cx for all z € RL.

Since f is bounded above on [0, d] (by (4)), g is the difference of two functions
that are bounded above on [0, d]; hence,
(5) g is bounded above on [0, d].
Since g is the difference of two additive functions, it is obvious that
(6) g is additive.
Note that since ¢ = @, g9(d) = f(d) — cd = 0; hence, we see from (6) that
g is periodic with period d, which means
(7) g(x +d) = g(x) for all z € RL.
Now, it follows easily from (5) and (7) that
(8) g is bounded above on all of R?.

Finally, we prove that f(x) = cz for all z € R by proving that g(z) = 0 for
all z € RY.

Suppose by way of contradiction that g(p) # 0 for some p € R, By (1),
either g(p) > 0 or g(—p) > 0; hence, we can assume without loss of generality
that g(p) > 0. Using (6) and a simple induction (Theorem 1.20), we see that

g(np) =ng(p) foralln=1,2,....

Thus, since g(p) > 0, we see that g is not bounded above (by the Archimedean
Property (Theorem 1.22)). This contradicts (8). Hence, we have proved that
g(z) = 0 for all z € RY; therefore, by the formula defining g,

f(x) =cx forall z € RL. ¥

Exercise 17.25: If f : R — R! is an additive function, then f(qz) = q¢f(x)
for all rationals ¢ and all = € R*.

Exercise 17.26: Use Exercise 17.25 to prove directly the following special
case of Theorem 17.24:

If f:R' — R!is a continuous additive function, then there is a constant c
such that f(x) = cx for all z € RL.
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L - Functions

We gave the definition of an L-function at the beginning of the section.
Concerning the assumption in the definition that the domain of an L - function
is (0, 00), we offer the following exercise:

Exercise 17.27: Let X C R! and let f : X — R? be a function such that
f(zy) = f(z) + f(y) whenever z,y € X,

(HIfoe X, f(xr)=0forall z € X.

(2) If 1 € X and X is symmetric about the origin (i.e., z € X implies
—z € X), then f(—z) = f(z) for all z € X.

Our main result about L -functions is Theorem 17.29. The proof of the
theorem uses the following lemma.

Lemma 17.28: A function f : (0,00) — R is an L - function if and only if
there is an additive function g : Rt — R? such that f = goIn.

Proof: Assume that f is an L -function; that is,
(1) f(zy) = f(x) + f(y) for all 2,y > 0.
Define g : Rt — R? as follows:
(2) g(t) = f(e!) forallt € Rt (e =In"%(1)).
We see that g is additive since, for all z,y € R,

g@+y) 2 flemn) "2 pevery D fen) + flev) 2 g(a) + g(w).

In addition, f = g oln since, for all > 0,

F@) "2 f(em@) 2 g(in(a)).

Conversely, assume that f = ¢ o In for some additive function ¢ : R — RZ.
Then f is an L-function since, for all z,y > 0,

f(y) = gn(zy) "' g (In@) +n(y))

= g(In(z)) + g(In(y)) = f(z) + f(y). ¥

Theorem 17.29: Assume that f : (0,00) — R? is bounded above on some
interval [a,b], 0 < a < b. Then f is an L-function if and only if f is a logarithm
function or f is the zero function.

Proof: If f is a logarithm function, then f is an L - function by part (2) of
Theorem 17.8. Clearly, the zero function is an L - function.

Conversely, assume f is an L - function that is bounded above on [a, b], where
0 < a < b. By Lemma 17.28, there is an additive function g : R* — R such
that f = goln.

181



We find an interval [s,t], s < ¢, on which g is bounded above. Since In is
differentiable (by Lemma 16.5), In is continuous (by Theorem 6.14). Thus, by
Theorem 5.13, In([a, b]) = [s, ], where s < ¢ since In is one- to - one (by Theorem
16.17). Hence, In"*([s,#]) = [a,b] (using again that In is one-to-one). Thus,
since f = goln,

g([s,1]) = f(n~*([s,])) = f([a,b]).

Therefore, since f is bounded above on [a,b] (by assumption), clearly g is
bounded above on [s, t].

Since ¢ is an additive function bounded above on [s,t], where s < t, we see
from Theorem 17.24 that there is a constant ¢ such that

g(x) = cx for all x € RL.
Thus, since f = goln,
f(x) = g(ln(z)) = cIn(x) for all z € R,
which proves that f = c¢-In. Therefore, by Theorem 17.4, f is a logarithm
function if ¢ #£ 0. ¥

Exercise 17.30: State and prove the analogue of Theorem 17.29 for func-
tions f defined R! — {0} that satisfy the equation for L - functions (i.e., f(zy) =

f(z) + f(y) for all z,y € R — {0}).
(Hint: Recall Exercise 17.27.)

E - Functions

We defined FE - functions at the beginning of the section.

Exercise 17.31: The requirement in the definition of an F - function that
f have only positive values only eliminates the function that is constantly zero
from consideration: If f : R! — R is a function such that

fo+y) = (@) f(y) for all 2,y € RY,
then either f(z) =0 for all x € R or f(z) > 0 for all z € RL.

Our main result about FE -functions is Theorem 17.33. First, we prove a
lemma.

Lemma 17.32: A function f : R! — (0, 00) is an E - function if and only if
there is an additive function g : Rt — R such that f = exp, og (e = In"%(1)).

Proof: Assume that f is an E - function. Then, since f(x) > 0 for all x € R,
the function g = Inof is defined on all of R'. We see that g is additive since,
for all z,y € RY,

g@+y) =In (flz+y)) = (F@)/ )
S In(f(2)) + In(f(y) = 9(x) + g(y).

Also, f = exp, og since
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f=In"tolnof 1928 exp, o(lnof) = exp, og.

Conversely, assume f = exp, og for some additive function g : R — R%.
Then f is an E - function since, for all z,y € R,

f(z+y) = exp, (9(% + y)) = exp, (g(w) + g(y))

20 exp, (9(2)) expe(9(y)) = f(2)f(y). ¥

Theorem 17.33: Assume that f : Rt — (0, 00) is bounded on some interval
[a,b], @ < b. Then f is an E - function if and only if f is an exponential function.

Proof: Tf f is an exponential function, then f is an F - function by part (2)
of Theorem 16.30.

Conversely, assume f is an E - function that is bounded above on [a, b], where
a < b. By Lemma 17.32, there is an additive function g : R' — R? such that

f = exp, og.
We show that g is bounded above on [a,b]. Since f maps R to (0,00) and
f is bounded above on [a, b],

f([a,b]) C (0,m) for some m > 0.

Thus, since f = exp, og,

exp, (g([a,b))) € (0.m).

Therefore, since exp, is not bounded above on any set that is not bounded
above, it follows that ¢([a,b]) must be bounded above on [a, b].

Since ¢ is and additive function bounded above on [a,b], where a < b, we
have by Theorem 17.24 that there is a constant ¢ such that

g(x) = cx for all x € RL.
Thus, since f = exp, og,
f(x) = exp,(g9(x)) = exp,(cz) = e for all z € RL.

Therefore, by part (4) of Theorem 16.30, f is the exponential function given by
fz) = (e)". ¥

183



Chapter XVIII: L’Hopital’s Rules

We know from Theorem 4.20 that the limit of the quotient, ﬂgi, of two func-
tions exists and is the quotient of the limits of the functions when the limit of
each function exists and the limit for ¢ is not 0. It is evident that if the limit of
f exists and is not 0 and the limit of ¢ is 0, then the limit of £ does not exist or
may be +00 or —co. We are left with the case when the limit of f and the limit
of g are both 0. This case occurs throughout calculus, and we have dealt with
it before — finding derivatives is evaluating limits of this type (by definition of
the derivative).

When the limit of f and the limit of g are both 0, the limit of {Jﬁ may not
exist, may be +0o or —oo, or may be any real number. We illustrate with

simple examples: lim; .o 2z does not exist, lim, .o %l = 400 (see definition in

section 1 of this chapter), lim,_o :llzil = —o0, and for any fixed real number ¢,
hmw_,o % =1.

We obtain a systematic method for investigating limits of quotients of dif-
ferentiable functions when the functions separately have limit equal to 0, 400,
or —oo. In general terms, the method says that the limit of such a quotient is
the limit of the ratio of the rates of speed (derivatives) of the functions provided
that the latter limit exists. (For a simple illustration, consider limits of 4 as x
approaches 0, +00, or —00).

The method we are concerned with is called [’Hépital’s rules, named after
the Marquis de ’Hopital (1661 -1704). However, the method was actually due to
John Bernoulli (1667 -1748), who was ’'Hopital’s tutor. The method originally
appeared in the first textbook ever published on differential calculus, entitled
Analyse des infiniment petits and written by 'Hopital in 1696; this is undoubt-
edly the reason the method bears his name. An example from I’'Hopital’s book
is in Exercise 18.14.

We use nothing about integration theory in this chapter, so the chapter could
have been placed immediately after Chapter X (we will use a result from Chapter
X). We chose to postpone presenting ’'Hopital’s rules until now in order that
the rules be followed closely by applications that illustrate the rules in another
context — sequences and series, which we study in the next two chapters.

We mention some notation and terminology:

We write oo instead of +00; +00 means 0o or —oo (i.e., one or the other).

The symbol 22 signifies what is called the indeterminate form infinity over

infinity as x approaches p (x — p), which refers to limits of the form lim,_., %,

where lim,_.,, | f(z)| = 00 = lim,_,, [g(x)|. Similarly, the symbol 3 is called the
indeterminate form zero over zero as x — p, and is shorthand for limits of the
form lim,_.,, %, where lim,_,, f(x) = 0 = lim,_, g(x).

We organize the chapter as follows: We give definitions for limits involving
infinity in section 1, we present I’'Hopital’s Rule for 22 in section 2, and we
present I’Hopital’s Rule for % in section 3.

184



The indeterminate forms 22 and g are the main forms for I’Hopital’s rules;
these two forms can be applied in other situations that we discuss near the end
of section 2 (above Exercise 18.5).

1. Definitions for Limits Involving Infinity

We give the definitions for infinite limits as = approaches a number p or as x
approaches 0o or —oo, and we give definitions for finite limits as = approaches co
or —oo. We conclude with two theorems concerning finite limits as & approaches
00 Or —00.

We will be confronted with a number of definitions involving limits and
infinity all at once. This should not tax the reader’s ability to understand and
remember the definitions since the definitions are natural and each definition is
a variation of the others. Moreover, let us imagine for a moment that oo and
—o0 are limit points of R! and that an interval about oo or —oo is an interval
of the form (a, o] or [—00,a), respectively; then the definitions below become
natural analogues of the definition of finite limits in section 1 of Chapter ITI —
thus, the definitions do not involve substantially new ideas.

Definition (lim,_, f(z) = +o0): Let X C R let f : X — R! be a
function, and let p € R! such that p is a limit point of X.

o The limit of f as x approaches p is oo, lim,_,, f(x) = oo, provided that
for each real number M, there is a real number § > 0 such that

f(x) > M for all x € X — {p} such that |z — p| < 6.

o The limit of f as x approaches p is —oo, lim,_., f(x) = —oo, provided
that for each real number M, there is a real number § > 0 such that

f(x) <M for all z € X — {p} such that |x — p| < 6.

e The definitions for one-sided limits being co or —oo (lim,_,,+ f(z) =
+o0, lim,_,,- f(x) = £00) are obtained from the definitions just given by
analogy with the definitions for one-sided limits in section 5 of Chapter
I11.

Definition (lim, .., f(z)): Let X C R? such that X has no upper bound,
and let f: X — R? be a function.

e The limit of f as x approaches oo is the real number L, lim, ., f(z) = L,
provided that for each € > 0, there is a real number N such that

|f(x) — L| < e forall z € X such that z > N.

e The limit of f as x approaches oo is 0o, lim,_. f(x) = oo, provided
that for each real number M, there is a real number N such that

f(z) > M for all z € X such that z > N.
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e The limit of f as x approaches oo is —oo, lim, o f(2) = —o0, provided
that for each real number M, there is a real number N such that

f(x) <M for all x € X such that z > N.

Definition (lim,_._ f(z)): Let X C R? such that X has no lower bound,
and let f : X — R! be a function. (The only change here is to write x < N
instead of > N as above.)

o The limit of f as x approaches —oo is the real number L, lim,_,_ f(x) =
L, provided that for each € > 0, there is a real number N such that

|f(z) — L] < e for all z € X such that z < N.

e The limit of f as x approaches —oo is 00, lim,—,_ o f(x) = oo, provided
that for each real number M, there is a real number N such that

f(x) > M for all x € X such that = < N.

e The limit of f as x approaches —oo is —oo, lim,_,_ o f(x) = —o0, pro-
vided that for each real number M, there is a real number N such that

f(z) <M for all z € X such that z < N.

We note the following standard terminology for many of the limits defined
above:

Definition: The line 2 = p in the plane (p € R?! fixed) is a wvertical
asymptote for a function f provided that at least one of the following is true:
hmw—m“’ f(l‘) = 00, limw—xu* f(l’) = 00, Hmw—»p“’ f(l’) = =00, limw—xu* f(l’) =
—00.
The line y = L in the plane (L € R? fixed) is a horizontal asymptote for a
function f provided that lim,_, f(z) = L or lim,_,_ f(z) = L.

Exercise 18.1: Find lim; o grey—3 (if the limit is finite or £00).

Exercise 18.2: Find lim,_,o L@l (if the limit is finite or 4+00).

1—cos(x)

Exercise 18.3: Let X C R! such that X has no upper bound, and let
f : X — R! be a positive function. Then lim, .., f(x) = oo if and only if
lim, o0 5y = 0.

Exercise 18.4: Let X C R?! such that X has no upper bound, and let
f X — R be a function. Let Y = {1 :2 € X and x # 0}, and define
F:Y —R!by

F(i)=f(z), all L €Y.

Then limz _ o+ F(£) =lim, .o f(x) if either limit exists.

The analogous result for —oo holds when X has no lower bound.
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Two Limit Theorems As X Approaches +oo

The two theorems below place many limit theorems we obtained earlier in
the setting of limits as = approaches +oo. The theorems will be needed for
exercises in this chapter and will be used in the next chapter.

Theorem 18.5: Let X C R?! such that X has no upper bound, and let
f,g: X — R! be functions such that

lim, oo f(z) = L and lim, .. g(z) = M, where L, M € R®.

Then the analogues of Theorems 3.1 (on uniqueness), 4.1 (on sums), 4.2 (on
differences), 4.9 (on products), 4.20 (on quotients), and 4.34 (Squeeze Theorem)
hold for limits as x approaches co. Also, the analogues of the theorems hold
when X has no lower bound and x approaches —oo.

Proof: Let Y = {% :2 € X and z # 0}, and define F,G : Y — R! by

F(3)=f(z), G(})=g(z), allLeY.

xT

Then, our theorem follows by using Exercise 18.4 to apply any theorem listed
in our theorem to F' and G. ¥

Our next theorem is the variant of the Substitution Theorem (Theorem 4.29)
for limits as & approaches +oo.

Theorem 18.6 (Substitution Theorem for Infinity): Let X,Y,Z C RY
such that X has no upper bound, and let f : X — Y and g : Y — Z be
functions. If lim, .., f(x) = L, where L € R, and g is continuous at L, then

lim, o0 (g © f)() = g(L).

The analogous result when X has no lower bound and = approaches —oo holds.

Proof: Let € > 0. Since g is continuous at L, we have by Corollary 3.13 that
there is a 6 > 0 such that

lg(y) — g(L)| <€ forall y €Y such that |y — L] < 6.
Since lim, o f(x) = L, there is a real number N such that
|f(z) — L] <& for all z € X such that x > N.
It follows easily that
[(g(f(z)) — g(L)| < e for all z € X such that z > N.

Therefore, we have proved that lim, (g o f)(z) = g(L).
The proof of the result for —oo is similar. ¥

Exercise 18.7: Find lim,_,o (V2% + 8z — ) (if the limit exists or is +00).
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2. L'Hopital’s Rule for =

We prove I'Hopital’s rule for the indeterminate form 2. We then discuss
exponential indeterminate forms to which the theorem can be applied.

The proofs of ’'Hopital’s rules in this section and the next use a generalization
of the Mean Value Theorem due to Cauchy:

Theorem 18.8 (Cauchy Mean Value Theorem): Assume that f and
g are continuous on [a,b] and differentiable on (a,b). Then there is a point
p € (a,b) such that

f'®)lg(®) = g(a)] = ¢'(p)[£(b) — f(a)].

Proof: The theorem is in Exercise 10.6. In case you did not work Exercise
10.6, and in the interest of completeness, we note that the theorem follows easily
by considering the function h given by

h(z) = f(x)[g(b) — g(a)] — g(x)[f(b) = f(a)], all z € [a,b]
and applying Rolle’s Theorem (Lemma 10.1). ¥

Theorem 18.9 (L’Hopital’s Rule for %) Let I be an open interval, let
p€ I, and let f,g: I — {p} — R be functions such that

lim,—p [ f(2)] = 00 = lim,_, |g()].

Assume that f and ¢ are differentiable on I — {p} and that g(x) # 0 and
g (x) #0 for any x € T — {p}. If
lim,_., % = L (including L = +00),

then lim,_,, % = L. In addition, the analogous result holds when p is an end

point of I or when p = +o0 (and I = (a, 00) or (=00, a) for some a € RY).

Proof: We divide the proof into four cases. The proof for the first case is
substantially longer than the proofs for the other three cases.

Case 1: p € I and L € R'. By Theorem 6.14, we have that
(1) f and g are continuous on I — {p}.

Throughout the proof we fix a point ¢ € I such that p < t. Let s € I such that
p < s < t. By (1) and Exercise 5.3, g is continuous on [s, t]. Thus, if g(s) = g(¢),
then the Mean Value Theorem (Theorem 10.2) shows that ¢'(z) = 0 for some
point x € (s,t); however, this contradicts the assumption in our theorem that
g'(z) #0 for any = € I — {p}. Therefore, we have proved that

(2) g(s) # g(t).
By Theorem 18.8, there is a point ps € (s,t) such that

F'(0)lg(t) — g(s)] = g’ (ps) £ (E) — f(5)].
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Thus, by (2) and since ¢’(ps) # 0 (by assumption in our theorem), we have

f'(ps) _ f@®—f(s)
9’ (ps) g(®)—g(s) "

Therefore, since g(s) # 0 (by assumption in our theorem), we can divide the
numerator and denominator of the right- hand side by —g(s), which shows we
have proved the following:

(3) For each s € (p,t), there is a point p, € (s,t)
£G) _FC)
such that f'ps) _ 9 o)

- FIO)
g’ (ps) 1-25

Let € > 0. Since limy—;, 47 83 = L and L < oo (by assumption in Case 1),
we can assume that ¢ was chosen above close enough to p so that

’

.

L—-35< g,g; <L+ 5 forall xc (pt).

Then, since the points p, in (3) are in (p,t), we have by (3) that

[IOWNIO)
(4)L—-% <% < L+% forallse(pt).
9(s)

Since lim,_,, |g(z)| = oo (by assumption in our theorem), we can assume
that ¢ was chosen above close enough to p so that

58 <1 forall s € (p,t).
Hence, by multiplying through (4) by the positive quantity 1 — 387 we obtain

€ g(t) fs)  f@)
5) (L-5)1-4F5) <55 — 55 < (1-% 6)

The last major step in the proof for Case 1 is to use (5) to prove the following:

)(L+ £) for all s € (p,t).

(*) There exists q € (p,t) such that for all s € (p, q),

Lfe<f8 <L +e

Proof of (*): We prove (7) and (9) and then obtain the point q.
By the first inequality in (5), we have

(6) L—5 < (L- );ég + 58 gfég for all s € (p,t).
Since lim,_., |g(z)| = oo (by assumption in our theorem), we see that
: eyg@® | BN _ .
lim_ - (f(L ~5)48 (S)) —0;
hence, there is a 63 > 0 such that

5 < —(L— %)58 + g((g for all s € (p,t) such that s —p < 61.
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€ €

Thus, writing L — e = (L — §) — 5 and applying (6), we have that

() L—e< 58 for all s € (p,t) such that s —p < 1.

Next, we prove (9) (the proof is similar to the proof of (7)). By the second
inequality in (5), we have

(8) £ I8 (L4528 < L +5 forallse (pt).

Since lim,_,;, |g(z)| = oo (by assumption in our theorem),

lim,_,,+ <—(L + %)58 %> =0

hence, there is a 2 > 0 such that

—(L+ %)% % < 5 forall s € (p,t) such that s —p < 62.

Thus, writing L + €= (L + 5) + § and applying (8), we have that

(9) 29 < L+ ¢ for all s  (p,¢) such that s —p < 6.

Finally, let ¢ € (p,t) such that ¢ — p < min{é1,62}. Then (7) and (9) both
hold for all s € (p, q). Therefore, q satisfies (*).

Since (*) holds for any ¢ sufficiently close to p, we see that lim,,_, ,+ L&)

g@) —
A similar argument shows that lim,_,,- % = L. Therefore, we have proved

the theorem for the case when p € I and L is a real number (the assumptions
in Case 1).

Case 2: pis an end point of I and L € R'. The proof for this case follows
from the proof for Case 1.

Case 3: p = +oo (and I = (a,00) or (—oo,a) for some a € R!) and L € RL.
We only consider the case when p = oo (the proof when p = —co is similar).
Thus, I = (a,c0) for some point a € RY.

We assume without loss of generality that a > 0.

Let J = (0,1). Define functions F,G : J — R as follows (the functions are,
indeed, defined on all of I since if ¢ € I, then % > a):

Ft)=f(3), Gt)=g(3), allteJ.

We will apply the theorem in the setting of Case 2 to the functions F' and
G, the interval J, and the end point 0 of J. We first show that F' and G satisfy
the required assumptions.

Since limg o | f(2)| = 00 = lim, .o |g(2)| (by assumption in the theorem),
we see easily that lim; .o |F(f)] = oo = limy0|G(¢)|. By the Chain Rule
(Theorem 7.23) and Lemma 7.5, F' and G are differentiable on J and G'(t) # 0
for any ¢ € J (since, by assumption, ¢'(z) # 0 for any z € (a, 00)). Since g(z) #
0 for any z € (a,00), G(t) # 0 for any t € J. Finally, since lim,_, 7o = L
(by assumption in the theorem), we see that
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. F(t) 7-23, 7.5 1. PO . 73 F@)
hmt~>0 G (1) = hthO m =1 t—0 W%L) - llm[EHOO () L

Thus, applying Case 2, we have that
limy o g = L-

(=) F()

Ther6f0rev since hmz—»oo ‘9(z) = lithO [EIOR we have that hmx*)oo f@)

glz) —

Case 4: L = £o00. The proof for this case follows from simple adjustments
in the proofs for the preceding three cases to take into account the definition of
an infinite limit. We leave the details to the reader. ¥

Exercise 18.10: Find lim,_, - IN@ for ¢ > 0 (if the limit is finite or +00).

xt

Exercise 18.11: Find lim, @

limit is finite or +00).

for each natural number n (if the

The Indeterminate Forms 0°, co® and 1>

Sometimes I'Hopital’s Rule for 22 can be used to evaluate limits of expres-
sions of the form f(z)9™) (where, of course, f(z) > 0 for all z). Assume that
f(2)9%) has one of the indeterminate forms 0° or oc® as & — p, which means
lim,_., f(z) = 0 or co and lim,_,,, g(z) = 0, where p is a real number or p = +o0.
Then the idea that leads to applying I’Hépital’s rules is to rewrite f(z)9) as

9@ @] and to rewrite g(x) In[f(z)] as M@ the expression 2LEN hag
g(x) g(x)

the indeterminate form 22 (since x = 0 is a vertical asymptote of natural log-

arithm function and lim, . In(z) = oo). Thus, if the functions In[f(x)] and

ﬁ satisfy the other assumptions of Theorem 18.9 and L in (the assumption

(
of) Theorem 18.9 is finite, then
lim, ., f(2)9@) = b

(by Theorem 18.9 and the Substitution Theorems 4.29 or 18.6).

We can apply the procedure to the quotient —g(fi; since this quotient has

L7 Gl
the indeterminate form % when f(2)9¢ has the form 0° or 0c®, we would use
Theorem 18.18 in the next section.

We can also apply the procedure when we have the indeterminate form 1°°
(meaning lim,_,, f(z) =1 and lim,_,, |g(z)| = 00).

Many of the exercises below in this section and in the next section illustrate
the procedure.

Exercise 18.12: Find lim, o 2* (if the limit is finite or +00).
Exercise 18.13: Discuss lim,_, i—z for p >0 (e = In"(1)).

Exercise 18.14: Find lim,_, ., z# (if the limit is finite or +00).

Exercise 18.15: Find lim, (%) (if the limit is finite or £00).
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Exercise 18.16: Find lim,_ . %n(m) (if the limit is finite or £00).

Exercise 18.17: Is “oc® = 17, by which we mean if f(x)9*) has the inde-
terminate form oc® as x — p and lim,_,,, f(2)9®) exists, then must the limit be
equal to 17 (Surely, it is natural to ask: If the usual law of exponents for real
numbers carries over to always give 0o = 1, then why use a limit method each
time to work a problem?)

3. L’Hopital’s Rule for 3

We prove the analogue of Theorem 18.9 for the indeterminate form %.

Theorem 18.18 (L’Hépital’s Rule for %): Let I be an open interval, let
p€ I, and let f,g: I — {p} — R be functions such that

lim,_,, f(z) =0 = lim,_,, g(x).

Assume that f and g are differentiable on I — {p} and that g(z) # 0 and
g (x) #0 for any x € T — {p}. If

lim, ., % = L (including L = +00),

then limg_., % = L. In addition, the analogous result holds when p is an end
point of I or when p = +oo (and I = (a, 00) or (—oc0, a) for some a € R?).

Proof: We divide the proof of the theorem into the same four cases into
which we divided the proof of Theorem 18.9.

Case 1: p € I and L € RY. We start by extending the domain of f and
g to all of I as follows (we use the same notation, f and g, for the extended
functions): Let

(1) f(p) =0=g(p).

By Theorem 6.14, the functions f and g are continuous on I — {p}. Thus,
since lim,_,, f(z) = 0 = lim,_,, g(z) (by assumption in our theorem), we have
by (1) and Theorem 3.12 that

(2) f and g are continuous on I.

We prove that

(3) g(z) #0 for any = € I — {p}.

Proof of (3): Suppose by way of contradiction that g(q) = 0 for some
qg € I —{p}. Then, by (1), g(q) = g(p); also, by (2) and Exercise 5.3, g is
continuous on the closed interval with end points p and ¢q. Hence, by the Mean
Value Theorem (Theorem 10.2), ¢'(x) = % = 0 for some point x between
q and p; however, this contradicts the assumption in our theorem that ¢'(x) # 0
for any x € I — {p}. Therefore, we have proved (3).

Now, fix a point z € I — {p}. Assume that z < p. The assumptions in
Theorem 18.8 are satisfied by the functions f|[z, p] and g¢|[z, p] (the functions are
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continuous on [z, p] by (2) and Exercise 5.3, and the functions are differentiable
on (z,p) by assumption in our theorem). Hence, by Theorem 18.8, there is a
point p, € (z,p) such that

f'(p)lg(p) — 9(2)] = ¢'(p)[f(p) — f(2)].

Hence, by (1), f(p.)g(z) = ¢'(p.)f(z). Thus, since ¢'(p.) # 0 by assumption
in our theorem and since g(z) # 0 by (3),

') _ £z
g () — g9(=)°

N~

A similar argument when z > p shows that there is a point p, € (p, z) such that

% = %. Therefore, we have proved the following:

(4) For each = € I — {p}, there is a point p,

o) _ f(@)
between p and x such that ToS = )

Since the points p, in (4) lie between p and z, lim,_,, p, = p. In addition,

by assumption in our theorem, lim,_,, ,(lg = L. Hence,
tim, ., £ = L.

Therefore, by (4), lim,_,, g( l) = L. This proves the theorem under the assump-
tions in Case 1.

Case 2: p is an end point of I and L € RY. The proof for this case follows
from the proof for Case 1.

Case 3: p = +oo (and I = (a,00) or (—o0, a) for some a € R') and L € RL.
The proof for this case is the same as the proof for Case 3 of Theorem 8.4 (with
the obvious changes).

Case 4: L = +o0o. The proof for this case follows from simple adjustments
in the proofs for the preceding three cases to take into account the definition of
an infinite limit. We leave the details to the reader. ¥

We comment at some length about part of the proof of Theorem 18.18.

After (4) in the proof of Theorem 18.18, we stated that lim, ., p, = p.
Technically, this limit makes no sense unless we specify one such p, for each
x, thereby obtaining a function of x (we take limits of functions, not of sets of
points). Of course, we infer from the statement in (4) and the notation p, that
we have chosen one point p, for each . But, What allows us to do this?

The answer is the Axiom of Choice, which says that that there is a choice
function for any infinite collection C of nonempty sets (a choice function for C is
a function ¢ : C — UC such that p(A) € A for all A € C). Without the Axiom
of Choice, it is not always obvious how to define a choice function for an infinite
collection C of nonempty sets and, in fact, it may not even be possible to do so:
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Try to define a choice function for the collection of all nonempty subsets of the
reals.

Thus, to be precise in the proof of Theorem 18.4, we should have said the
following after (4): For each x € I — {p}, let

Ay = {ps : p, satisfies (4)}

and let C = {{Al cxel— {p}}; then, by the Axiom of Choice, there is a

choice function ¢ for C. The rest of the proof of Theorem 18.4 then proceeds as
before, replacing p, with ¢(A,).

Invoking the Axiom of Choice and showing how it is used in such a situation
is probably more trouble than it is worth. Therefore, as is customary, we write
proofs without mentioning the Axiom of Choice. Nevertheless, we can now keep
our eyes open for when the Axiom of Choice is being used — it’s good for us to
know when something is going on. We will specifically make note of our use of
the Axiom of Choice only one more time (after the proof of Theorem 19.39).

Our unexpressed use of the Axiom of Choice in the future will not bother
you: You probably used the Axiom of Choice, perhaps without knowing you
were using it, in working some exercises in previous chapters (for example, I'll
bet you used the Axiom of Choice in working Exercise 10.5).

Finally, we mention that the Axiom of Choice is independent of and consis-
tent with the other usual axioms of set theory (see Thomas J. Jech, The Aziom
of Choice, North-Holland Publ. Co., Amsterdam and London, and American
Elsevier Publ. Co., Inc., New York, 1973).

1+cos(mx)
1—z+In(x)

Exercise 18.19: Find lim,_,; (if the limit is finite or +00).

Exercise 18.20: Find limx_,o(m — 1) (if the limit is finite or +o0).

A/ —TT— 3 x . . .
Exercise 18.21: Find lim,_,, A e ANy (This is the example in

p—/pa3
I’Hopital’s book that we referred to in the introduction.)

Exercise 18.22: Find lim,_.o(e” 4+ 2)% (if the limit is finite or +o0; ¢ =
In~(1)).
Exercise 18.23: Find lim,_,g % (if the limit is finite or £00).

Exercise 18.24: Find lim,_o 25 [y sin(t3) d¢ (if the limit is finite or £00).

5
Exercise 18.25: Find lim,_.o =5 [ sin(t?) dt (if the limit is finite or +00).

Exercise 18.26: Assuming that the second derivative f” of f is continuous
on an open interval [ and p € I, find

limy, o f(p+h)—2J;L(2p)+f(p—h)'

The limit in Exercise 18.26 reminds us of limits in Exercises 6.11, 612 and
6.13. The result in Exercise 6.13 can be worked using ’Hopital’s Rule for %
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under the additional assumptions that f has a continuous derivative on I, ¢ is
differentiable on the open interval J about 0, and ¢’(h) # 0 for all h € J. Even
this special case of Exercise 6.13 is useful.

. . . (p+h3)7—p5 . e e, .
Exercise 18.27: Find limj o~z (if the limit is finite or 4-00).
Exercise 18.28: Assume that f : I — R! has a continuous first derivative

2 2
on I, and let p € I. Find limy,_o L& )f(p;,?z )=/ (@) (p) (if the limit is finite or
+00).

Exercise 18.29: In Exercise 16.27, you were asked to prove that e =
lim,_o(1 + )7 using (as a hint) the limit definition of In’(1). Work Exer-
cise 16.27 again, this time using I’Hopital’s Rule for % (Theorem 18.18) instead
of the limit definition of In’(1).

Moreover, prove that e® = limy_, (1 4 £)* for each z € R™.

Exercise 18.30: Define f : R! — R! by

i@ ip £
fay=4 Te oM
1 ,if x =0.

Find f/(0) and f”(0) using I'Hopital’s Rule for 3 (Theorem 18.18). Do you
think that the n'® derivative of f at x = 0 exists (we return to this later)?

Exercise 18.31: What limits (finite or =00) can be obtained when f(x)9(*)
has the indeterminate form 0° ?
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Chapter XIX: Numerical Sequences

Recall that we defined and briefly discussed the notions of sequence and limit
of a sequence in section 8 of Chapter IV. We study these notions carefully in
this chapter and in the next chapter.

The reader should refresh his memory concerning the definitions of a se-
quence and convergence of a sequence in section 8 of Chapter IV (we do not
repeat these definitions here).

Throughout the chapter, the term sequence means a sequence of points in
RY (i.e., a numerical sequence).

In section 1 we present the most fundamental results for studying sequences
— limits of combinations of sequences (sums, products, and so on), a squeeze
theorem and a theorem that allows us to use the methods of calculus to study
sequences. In section 2, we prove that bounded increasing (or decreasing) se-
quences converge; this important theorem provides the theoretical foundation
for studying convergence of inductively defined sequences in section 3. Of par-
ticular note in section 3 is the graphical method that we introduce in the latter
part of the section; the graphical method is a tool that can be used to gain
intuition regarding numerous inductively defined sequences.

Finally, in section 4, we recast arbitrary closeness and continuity as defined
in Chapter II in terms of sequences.

Regarding notation, lim,_.. s, implicitly signifies that {s,}2; is a se-
quence and, thus, that the values of n are limited to the natural numbers;
the same is true when n is replaced by any of the letters 7, j, k, £, or m; when we
are concerned with functions that are not (necessarily) sequences, we use letters
near the end of the alphabet in the limit notation (e.g., lim,_,, f(x)).

1. The Algebra of Sequences

We discuss (finite) sums, differences, products and quotients for limits of
sequences. We also include the Squeeze Theorem for Sequences as well as a very
simple but extremely useful theorem for determining whether specific sequences
converge (Theorem 19.7).

The results in this section are simple consequences of results we proved earlier
for limits in general. In particular, Theorem 4.38 says, without being specific,
that results about limits in Chapter III and Chapter IV hold (with obvious
modifications) for limits of sequences. Theorem 4.38 can now be replaced by
Theorem 18.5, for which sequences are obviously a special case. We want to
avoid having to refer to both Theorem 18.5 and a relevant previous theorem
about limits listed in Theorem 18.5 each time we give the reason for convergence
of a sequence; thus, we list the pertinent results separately and in terms of
sequences here.

Theorem 19.1: If lim, . s, = p and lim,, . s, = ¢, then p = q.
Proof: Apply Theorem 18.5 for the case of Theorem 3.1. ¥

196



Theorem 19.2: If lim,, . s, = p and lim,,_ t, = ¢, then the sequence
{8n + tn}524 converges and lim, o (sy, +tn) =P+ q.
Proof: Apply Theorem 18.5 for the case of Theorem 4.1. ¥

Theorem 19.3: If lim,, .. s, = p and lim,_. . t, = ¢, then the sequence
{8n — tn}524 converges and lim, o (s, —tn) =p — q.

Proof: Apply Theorem 18.5 for the case of Theorem 4.2. ¥

Theorem 19.4: If lim,, .. s, = p and lim,_. . t, = ¢, then the sequence
{8$ntn 52, converges and lim, o Sptn = pg.

Proof: Apply Theorem 18.5 for the case of Theorem 4.9. ¥

Theorem 19.5: If lim,, ., 8, = p and lim,, o t,, = ¢ # 0 and if ¢,, # 0 for

any n, then the sequence {$*}7%; converges and limy . = = L.

Proof: Apply Theorem 18.5 for the case of Theorem 4.20. ¥

Theorem 19.6 (Squeeze Theorem for Sequences): If s, < t, < u, for
eachn=1,2,... and

lim,, o0 85 = b= lim,, — oo Un,

then lim,, o u, = p.
Proof: Apply Theorem 18.5 for the case of Theorem 4.34. ¥

Our next theorem is trivial to prove but provides a very important method
for studying sequences. Sequences, being functions defined only on the natural
numbers, are in and of themselves not suited to the methods of calculus. The
theorem we now present overcomes this obstacle for many sequences. We will
illustrate how to use the theorem in the example that follows the theorem.

Theorem 19.7: Let {s,}52; be a sequence, and let f : [1,00) — R be a
function such that f(n) = s, for each n € N. If lim,_., f(x) = L (including
L = +00), then lim,,_,o s, = L.

Proof: The theorem is obvious from definitions. ¥

We note that the converse of Theorem 19.7 is false even when f is continuous
(Exercise 19.17).

Example 19.8: We show that lim,, .~ nw = 1.

With Theorem 19.7 in mind, consider the function f defined by f(z) =
z% for all z > 1. If you worked Exercise 18.14, then you already know that
lim,_, f(2) = 1. We include the details for completeness.

By Theorem 16.23,

1
f(z) =enE*) for all @ > 1.

By Exercise 16.22, we can write the exponent for e as @ which, since we are
considering the limit as x — oo, has the indeterminate form 2. Furthermore,

since In’(z) = £ (by Lemma 16.5),
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. In’(x . i . 1
limg oo l(, ) — limg oo % = limg 0o 3 = 0.

Hence, by I'Hopital’s Rule for 22 (Theorem 18.9), lim, oo Ing(f) = 0. In other
words,

lim, o0 In(z7) = 0.

a1
Thus, since f(z) = e™®) | we have by Theorem 18.6 that
lim, o f(2) =€ = 1.

Therefore, since f(n) = n= for each n € N, it follows immediately that the
sequence {nw }°2, converges to 1.

We will use the symbol n!, which we define below. We note that n! is the
number of ways to order n different objects in a list (the elementary proof of
this fact is in Lemma 21.39).

Definition: For any natural number n, n factorial, written n!, is the product
nn—1)(n—2)---(2)(1), and 0! = 1.

Exercise 19.9: Find lim,, ., % (if the limit exists).

Exercise 19.10: Find lim,,_. % (if the limit exists).

Exercise 19.11: Find lim, % (if the limit exists).

n? sin(n)
n3+1

Exercise 19.12: Find lim,,_, o (if the limit exists).

Exercise 19.13: Find lim,—..(25)" (if the limit exists).

In(3+¢e™)
2n (

Exercise 19.14: Find lim,, if the limit exists).

Exercise 19.15: Find lim,, ., In(87 + 3) — In(2n) (if the limit exists).

Exercise 19.16: In Lemma 15.3 we used some previous results (including
induction and the Squeeze Theorem) to show that lim,, ., ™ = 0 for each r
such that —1 < r < 1. Give a short proof that the limit is 0 based on Theorem
19.7.

Also, give a short proof that lim, .., ™ = oo when r > 1. Prove that
lim,, o 7" does not exist when r < —1.

Exercise 19.17: Show that the converse of Theorem 19.7 is false even when
the function f is continuous.

Exercise 19.18: If {s,}52; is a sequence such that lim,, o $2, = L and
lim,, oo S2n—1 = L, then {s,}5Z, converges to L.

Exercise 19.19: True or false: If {s,}72, is a sequence such that s,+1 —
sp, > € for all n and some € > 0, then {s,}52; is not bounded.
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2. Bounded Monotonic Sequences

The term monotonic refers to a function that is either increasing or decreas-
ing on its domain. A sequence {s,}5%, is eventually monotonic provided that
there exists N such that the sequence {s,}32  is monotonic.'! We also use the
more specific terms eventually increasing and eventually decreasing.

We prove the following important fundamental result:

Theorem 19.20 (Bounded Monotonic Sequence Property): Any
bounded eventually monotonic sequence converges; moreover, any bounded in-
creasing sequence converges to the least upper bound of its values, and any
bounded decreasing sequence converges to the greatest lower bound of its val-
ues.

Proof: We begin by proving the second part of the theorem for the case of
bounded increasing sequences.

Assume that {s, }52, is a bounded increasing sequence. By the Complete-
ness Axiom (section 1 of Chapter I), {s, : n € N} has a least upper bound
L.

We show that lim,, .o, s, = £. Let € > 0. Then, since / is the least upper
bound for {s, : n € N}, there exists NV such that

{—e < sn;
thus, since {s,}524 is increasing and £ is an upper bound for {s, : n € N},
{—e<sy<s, </ foralln> N.
Therefore,
|sp, — €] <€ foralln>N.

This proves that lim,, . s, = £.

The second part of the theorem for the case when {s,}>2, is a bounded
decreasing sequence can be proved similarly (using the Greatest Lower Bound
Axiom) or, even better, by applying the first part of the theorem to the sequence
{=sntnz1-

The first part of the theorem follows easily from the second part. ¥

We make three comments about Theorem 19.20. Then we give some exam-
ples.

First, in comparing the first part of Theorem 19.20 with the rest of the
theorem, we note that a bounded eventually increasing sequence may not con-
verge to the least upper bound of its values (e.g., the sequence whose terms are
2,0,0,0,...).

" Technically, {Sn}S%p is not a sequence unless N = 1, but when we say {Sn}5Zy is a
sequence, the meaning is obvious — we are referring to the sequence {SN—1+i}{2,. We continue
to use the notation {sn}32 as shorthand for {Sn_1+i}{2; since it will cause no confusion.
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Second, the part of Theorem 19.20 that says every bounded increasing se-
quence converges is so basic that it is actually equivalent to the Completeness
Axiom in section 1 of Chapter I; we leave the proof to the reader (Exercise
19.26).

Finally, it is clear that Theorem 19.20 is an existence theorem, just as were
the Intermediate Value Theorem (Theorem 5.2) and the Maximum - Minimum
Theorem (Theorem 5.13). In particular, it may not be easy to find the value of
the limit of a bounded monotonic sequence — see Example 19.21.

We illustrate Theorem 19.20 with two examples in this section and with
another example in the next section. In the first example, we are only able
to show that the sequence converges — we do not know what the limit of the
sequence is. In the second example, we are able to find the limit of the sequence
after we use Theorem 19.20 to know the limit exists. In the example in the next
section, we illustrate how Theorem 19.20 is used in connection with inductively
defined sequences.

. _ WOEB)(5)---(2n—1)
Example 19.21: For each n € N, let s,, = NOIOIGECDRE The sequence

{8n}3%4 is bounded since 0 < s,, < 1 for all n. The sequence is decreasing since

Spa1 = gz:; 8y, for all n. Therefore, by Theorem 19.20, {s, }°%; converges.

Example 19.22: Fix r such that 0 < r < 1. We show using Theorem 19.20
that lim,, ., nr™ = 0.

First, we prove that the sequence {nr"}52; is eventually decreasing (the en-
tire sequence is not decreasing: try r = %) Since r < 1 and since lim,,_, o # =

1, there exists N such that
g > foralln > N.

Hence, for all n > N, (n+ 1)r < n which, since 7 > 0, gives (n+ 1)r"*t < nr™.
This proves that the sequence {nr™}°2, is decreasing for all n > N.

Thus, since the sequence {nr™}°2, is bounded (below by 0), we now know
from Theorem 19.20 that the the sequence {nr™}5L, converges, say

lim,,_, oo nr™ = L.

. 19.4 . 15.3
Hence, lim,, o 7(n7") = rL; also, lim,, o, r"*1 =

for the last equality below, we have

0. Using these two facts

. . . 19.2
L =1lim,, oo nr™ = lim, oo (n + 1)r"*1 = lim,, oo (rnr™ + r"+1) =" 7L,

Hence, (1 —r)L = 0. Therefore, since r # 1, L = 0.

Exercise 19.23: Rework Example 19.22 using Theorem 19.7 instead of
Theorem 19.20. Don’t give up if your first attempt fails!

In(2) In(4)--- In(2n)
@) In() - Nn+1)

Exercise 19.24: For each n € N, let s,, = Determine

whether the sequence {s,}52, converges.
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Exercise 19.25: Show using Theorem 19.20 that the series £32,4 con-

verges.
(Hint: Recall Theorem 15.4.)

Exercise 19.26: Prove that the statement every bounded increasing se-
quence converges implies the Completeness Axiom in section 1 of Chapter I.
(We proved the converse in the proof of Theorem 19.20.)

3. Inductively Defined Sequences

The sequences in Examples 19.21 and 19.22 could have been defined by
induction (Theorem 1.20): For the sequence in Example 19.21, define s; = 1

2
and, assuming we have defined s,, define s,+1 = gﬁi; sn; for the sequence
in Example 19.22, define s; = r and, assuming we have defined s,,, define

Sp+1 = 1Sy, + 1"+, In general, defining sequences by an inductive formula leads
to surprisingly interesting sequences. The surprise is due to the fact that the
inductive formula relating s,,+1 to s, can be extremely simple, yet the properties
of the resulting sequence can be very complicated (and can take some effort to
uncover).

For all sequences we have seen, their terms have been defined by formulas;
however, we may not even be able to find a formula that tells us the exact
value of the n'" term of many inductively defined sequences. Thus, Theorem
19.20 plays a central role in investigating inductively defined sequences, and the
existential nature of Theorem 19.20 is even more directly visible here than it
was in the preceding section.

The example below illustrates everything we have said. In addition, the
verifications for the example illustrate three important working principles: First,
looking at the first several terms of a sequence may lead you to detect a pattern;
second, grouping various terms of a sequence together can be effective in proving
convergence (or divergence); third, proving only the existence of the limit of a
sequence can sometimes be turned into finding the exact value of the limit (we
saw this before, in the verifications for Example 19.22).

Example 19.27: Let s1 = 1 and, assuming we have defined s,,, let s,+1 =
1+ é The sequence {s,}>2, is neither increasing nor decreasing:

198358 13 21 34 5
14525355 81137212347

On examining the pattern, we are led to conjecture that the odd terms s, _1
are increasing and the even terms s, are decreasing. We prove the conjecture
by induction:

From the terms listed above, s; < s3. Assume inductively that spp_1 <
Sax+1 for some given k € N. Then, since all terms of the sequence are positive
(by an easy induction), 52:+1 < 52:71; hence, 1 + Sziﬂ <1+ 52)371 which,
by the inductive formula for the sequence {s,}3L,, says sak+2 < S2; then,
repeating the steps starting with spp+2 < s2i, we obtain 1 + i <1+ 521::+2’
which says spr+1 < Sor+3. Therefore, by the Induction Principle (Theorem
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1.20), we have proved that all the odd terms sz,_1 are increasing. The proof
that the even terms sy, are decreasing is similar: From the terms listed above,
Sp > S4. Assume inductively that spp > spp+2 for some given k& € N. Then,

1 1 1 : )
s D o and, hence, 1 + s 1+ o’ which says spp+3 > Sop+1; thus,
1+ sz:ﬂ > 14 82;3, which says sogp+2 > Szp+4. Therefore, by the Induction

Principle, all the even terms s,,_1 are decreasing.
Next, we show that the sequence {s,}5%, is bounded. It is easy to see (by
induction) that s, > 1 for all n € N. Thus, since s,+1 = 1+ % for all n € N,

sn+1 < 2 for all n € N. Hence, we have shown that
1<s,<2 forallneN.

This proves that the sequence {s,}52, is bounded.
Now, we can apply Theorem 19.20 to the sequences {s2,-1}22; and {s2,, }52
separately to obtain that they each converge, say

limy, oo S2n—1 = L, lim,_ o S2, = M.

Note that since 1 < s, < 2 for alln € N, L > 0 and M > 0; we will use this
fact several times (usually without saying so).

Finally, we determine the exact value for L and for M; as a consequence, we
obtain that I = M. Therefore, we can conclude that lim,, .., s, is L = M by
Exercise 19.18.

Using the inductive formula that defined {s, }7%,, we see that for each n € N,

1 _ 1428551,

—1 = 1+ )
I+—— 1+szp-1

sar1 =1+ 5= =1+

thus, since lim,, . $2,,_1 = L and, hence, lim,, .o S2,+1 = L, we have

142521 192,195 1401

L =1im, .o S2p+1 = lim,,_, I S— = Tor

Thus, L? — L — 1 = 0. Hence, by the quadratic formula, L = %5 Therefore,
since L > 0, we conclude that

1 5
L=15

Similarly, M = 1%5 Therefore, by Exercise 19.18, lim,,—oo 5, = l%é, the
golden ratio(!), which we briefly discuss.

The limit % of the sequence in Example 19.27 is called the golden ratio
because, in ancient times, it represented the perfection of beauty in art and
architecture — not for any particular reason we know of, but apparently from
aesthetic considerations alone. Obviously, the golden ratio did not surface in
ancient Greece as the limit of an inductively defined sequence! We don’t know
how or when the golden ratio was first specified, but the golden ratio appears in
many constructions in ancient Greek geometry. The ancient Greek geometers
considered the most beautiful of all rectangles to be one for which the ratio of
its length to its width is %é; the straight line joining two nonadjacent vertices

of a regular pentagon with sides of unit length is 1%5 (see figure on next page).
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2

A study of ancient art and architecture shows that the golden ratio was a
foundation of design. More recently, the golden ratio has been investigated in
connection with music. There are many other situations in which the golden
ratio plays an (explicit or implicit) role. For our purpose, it suffices to say
that Example 19.27 shows that inductively defined sequences with very simple
inductive formulas can have a very interesting limits indeed! However, we are
left to wonder why the golden ratio is noticeable in so many diverse situations.

I do not want to leave the reader with a misimpression: When we define a
sequence by a simple inductive formula and show that the limit of the sequence
exists, we still may not be able to compute the exact limit of the sequence
by the method we used in Example 19.27. For example, as mentioned earlier,

the sequence in Example 19.21 can be defined inductively by letting s; = 2

2
and defining $,+1 = gz:; sn; however, if we try to compute the exact value of

lim;, 00 S, Using the method in Example 19.27, we get nothing:

. 19.4 .. 2n+1 1: .
limy, o0 Spv1 = 1My oo 55 limy o0 8p = limy, 00 Sp-

The Graphical Method

We look at Example 19.27 from another point of view, one that really serves
to explain what is going on. Our comments about the specific example generalize
and, thus, can be employed to aid the reader’s intuition with respect to many
inductively defined sequences.

Consider the function f given by f(z) =1 +% for all z # 0. The inductively
defined sequence in Example 19.27 can be defined in terms of f: the inductive
formula becomes s,+1 = f(s,). “Simple enough,” you say, “but so what!” The
value of this point of view is as follows:

Draw the graph of f; start at x = 1, move vertically to the graph, then move
horizontally to the line y = x, then vertically to the graph, then horizontally to
the line y = x, and so on. The first point we got on the graph was f(1) = sz,
the second point we got on the graph was f(f(1)) = s3, and the n'" time we
touch the graph in this procedure we get the the term s,+1, which coincides with
(1) where f* = fofo---of (f appearing n times); f" is called the n'" iterate
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of f. It is evident from your picture that the terms of the sequence are heading
towards the positive fixed point of f; simple algebra shows the positive fixed
point of f is 1+—2‘/§ You can also see from your picture that successive terms
of the sequence are alternately below and above the positive fixed point of f
with the odd terms increasing towards the fixed point of f and the even terms
decreasing towards the fixed point of f. The fact that the sequence converges
to a fixed point of f is not an accident — see Exercise 19.28.

In practice, the graphical method we just described works for any induc-
tively defined sequence provided that the formula for the inductive definition
is functional in nature and not too complicated. Of course, the conclusions we
arrive at using the method still need to be proved: the graphical method is
limited to helping our intuition.

The exercises that follow are designed to give the reader experience with the
graphical method. Although we do not call attention to the graphical method
in most of the exercises, we intend that the reader use the method to make con-
jectures before doing anything else (with the exceptions of Exercises 19.28 and
19.36); then, of course, the reader must try to verify the conjectures. Conjectures
followed by attempts to verify the conjectures is, after all, the way mathematics
is done; I doubt that many readers could just jump in and work the exercises
without first getting a feeling for what is going on, and the graphical method is
well suited for building up intuition.

Our first exercise verifies a statement we made when we discussed the graph-
ical method.

Exercise 19.28: Let X C R, and let f : X — X be a continuous function.
Define a sequence {s,}>2; as follows: Let s; be any given point of X and,
assuming we have defined s, let sp,+1 = f(sn). Prove that if the sequence
{8n}52 4 converges to a point p € X, then p is a fixed point of f (i.e., f(p) = p).

Exercise 19.29: Use the graphical method to conjecture whether or not we
could have started with any s; > 0 in Example 19.27 and obtained the golden
mean 1%5 as the limit of {s,}52,. What about when s; <07

Exercise 19.30: As a variation of Example 19.27, let m be a given real
number, let s; = 1 and, assuming we have defined s,, let s,+1 = m — i.
Use the graphical method to conjecture about which real numbers m result in
convergence of the sequence {s,}°2; and to conjecture about the value of the
limit (in terms of m) when the sequence converges.

(Hint: Use Exercise 19.28.)

Exercise 19.31: Let s; = 0 and, assuming we have defined s,,, let s,+1 =
1+ EISLl Determine whether the sequence {s,}5%, converges and, if the se-
quence converges, find its limit.

Exercise 19.32: Let s; = 1 and, assuming we have defined s, let s,+1 =
1+ ﬁ Determine whether the sequence {s, }>2,; converges and, if the se-
quence converges, find its limit.
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Exercise 19.33: Let s; = 1 and, assuming we have defined s, let s,+1 =

52 +3 . .
22— Determine whether the sequence {s, }7%; converges and, if the sequence

coﬂbverges, find its limit.

Exercise 19.34: Let s1 = % and, assuming we have defined s, let s,+1 =
%s% + 1. Determine whether the sequence {s,,}22, converges and, if so, find its
limit.

Exercise 19.35: Let s; = 1 and, assuming we have defined s,,, let s,+1 =
s2 — 1. Determine whether the sequence {s, }°%, converges and, if the sequence
converges, find its limit.

Exercise 19.36: We know from Exercise 19.25 that the series 332, & con-
verges. Define the sequence {s,}52, of partial sums of ngl%inductively; then
see if the method we used to compute the limit L near the end of Example 19.27
can be applied here to the sequence {s,}52,; of partial sums to find the exact

value of 32, .

The first term s; of an inductively defined sequence is called the initial
value of the sequence. In general, inductively defined sequences are unstable
with respect to their initial values. This means that with the same inductive
formula, small changes in the initial value can produce significant changes in
the properties of the resulting sequences — one sequence may converge while
others that start as near it as we wish may diverge or may converge but to
limits that are far away from the limit of the original convergent sequence. Our
final exercise below illustrates these behaviors.

Exercise 19.37: We define sequences {s; ,,}7%; for any given real number
t as follows: s;1 = ¢ and, assuming we have defined s; ,, let

5 23t,n y if St,n <
t,n+l = 1 5 .
*Est,n + 1 3 if St,n >

Nl Nl

Find a real number to with the following properties: The sequence {s¢, » }o21
with inital value tg converges to a number L; there are points ¢ as close to tg
as we wish such that the sequences {s:,}>2,; with initial values ¢ diverge to
—o0; and there are points t as close to tg as we wish such that the sequences
{st,n}521 with initial values ¢ converge to the same number M # L.

4. Arbitrary Closeness and Continuity via Sequences
We introduced the notions of arbitrary closeness and continuity in Chapter

II. We show how these concepts can be reformulated in terms of sequences.

Theorem 19.38: Let p € R, and let A C R! such that A # (. Then
p ~ A if and only if there is a sequence {s,,}>2; of points in A such that
limy,, o0 S = Pp-

Proof: Assume that p ~ A. Then, by Theorem 2.3,
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(p7%7p+7—1l)mA7é® for each n € N.

Hence, we can let s, € (p — %,p + %) N A for each n € N, thereby obtaining a
sequence {s,}>2,. Clearly, s, € A for each n € N and lim,,_,o s, = p (by the
Archimedean Property (Theorem 1.22)).

Conversely, assume that there is a sequence {s,, }52; of points in A such that
limy, 00 $n, = p. Let S = {s,, : n € N}. Then, by the definitions of convergence
of sequences and arbitrary closeness, we have that p ~ S. Therefore, since
S C A, we have by Exercise 2.10 that p ~ A. ¥

Our next theorem characterizes continuity of a function at a point in terms
of sequences. One value of the theorem is that we can analyze some properties
of continuous functions easier with sequences than with limits.

Theorem 19.39: Let X C R, let f : X — R! be a function, and let p € X.
Then f is continuous at p if and only if whenever {s,,}>2, is a sequence of points
in X converging to p, then the sequence {f(s,)}52, converges to f(p).

Proof: Assume that f is continuous at p. Let {s,}5%, is a sequence in X
such that lim, . 8, = p. Then, by Theorem 18.6, lim,, o f(sn) = f(p).

Conversely, assume the sequence condition in our theorem. We show that f
is continuous at p using the definition of continuity (below Exercise 2.22).

Let A C X such that p ~ A. Then, by Theorem 19.38, there is a sequence
{sn}52; of points in A such that lim, ., $, = p. Thus, by our assumption,
limy, 00 f(sn) = f(p). Hence, letting S = {s,, : n € N}, we have that f(p) ~
f(S) (by the definitions of convergence of sequences and arbitrary closeness).
Thus, since S C A and, hence, f(S) C f(A), we have by Exercise 2.10 that
f(p) ~ f(A). This proves that f is continuous at p. ¥

For the remainder of the section, we discuss an aspect of the proofs of The-
orem 19.38 and Theorem 19.39.

In the first part of the proof of Theorem 19.38, we used (without specifically
saying so) a set - theoretic axiom called the Countable Axiom of Choice. This
axiom says that there is a choice function for any countably infinite collection
C of nonempty sets; that is, there is a function ¢ : C — UC such that ¢(C) € C
for all C' € C. In the proof of Theorem 19.38, we implicitly applied the axiom
to the collection C = {(p—,p+L)NA:ne N}

In the proof of Theorem 19.39, we used the part of Theorem 19.38 whose
proof used the Countable Axiom of Choice. Thus, in effect, we used the Count-
able Axiom of Choice in proving Theorem 19.39.

I see no way to avoid using of the Countable Axiom of Choice in the proofs of
Theorem 19.38 or Theorem 19.39. This is not to say that the Countable Axiom
of Choice is something to be avoided whenever possible! Rather, it suggests a
question: Does Theorem 19.38 or Theorem 19.39 imply the Countable Axiom
of Choice for (countable) collections of nonempty sets of real numbers? I note
that Theorem 19.38 and Theorem 19.39 extend directly to all metric spaces;
in the general setting of metric spaces, Theorem 19.38 implies Theorem 19.39
which, in turn, implies the Countable Axiom of Choice — see Norbert Brunner,
Sequential continuity, Kyungpook Math. J. 22(1982), 233.
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Theorem 3.11 is closely related to Theorem 19.39. However, I did not use
the Countable Axiom of Choice in the proof of Theorem 3.11; instead, I made
use of the sets As (it is insightful to prove that part of Theorem 3.11 again,
this time using Theorem 19.38). Nevertheless, the proof of Theorem 19.39 used
Theorem 19.38, and the proof of Theorem 19.38 seems to rest on defining a
sequence with the designated properties; defining such a sequence, even in the
real line, seems to require the Countable Axiom of Choice (but I am not sure).

Although we are now aware of the Countable Axiom of Choice, we will
no longer mention the axiom or use it explicitly. Our failure to mention the
axiom when it is used will not bother you, and the axiom’s explicit use is
more distracting than helpful (see comments about the general Axiom of Choice
following the proof of Theorem 18.18).

Exercise 19.40: Let A\ BCRY. Ifp~Aand ¢~ B, thenp+q¢~ A+ B
where A+ B={a+b:a€ Aandbe B}

The result in Exercise 19.40 can be interpreted as showing that addition is
continuous; of course, since addition is a function from the plane R? to the real
line R, a complete understanding of this is predicated on knowing the notion
of arbitrary closeness for R2. We define arbitrary closeness for any metric space
near the end of section 4 in the next chapter.

Exercise 19.41: A comment in the proof of Theorem 2.11 suggested that
a direct argument for (AU B)~ C A~ U B~ can be done with other methods,
and we gave a contrapositive argument for the containment. Now that Theorem
19.38 says how we can view arbitrary closeness in terms of sequences, a direct
argument for (AU B)~ C A~ U B™ is easy. Give the argument.
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Chapter XX: Subsequences and Cauchy
Sequences

We continue our study of the basic properties of sequences that we began in
the preceding chapter.

Throughout the chapter (unless we say otherwise or context makes it ob-
vious), the term sequence means a sequence of points in R (i.e., a numerical
sequence).

In section 1 we introduce the important notion of a subsequence. In section 2
we prove that every bounded sequence has a convergent monotonic subsequence.
In section 3 we define the notion of a Cauchy sequence and use the theorem in
section 2 to prove that every Cauchy sequence converges. This leads us, in
section 4, to revisit the Completeness Axiom in section 1 of Chapter I and
develop a notion of completeness for metric spaces in general.

1. Subsequences

We define what we mean by a subsequence of a sequence and discuss the
notion. One value in considering subsequences is that even though a sequence
may not converge, the sequence may have many convergent subsequences that
are useful. The theorem in the next section gives an applicable condition under
which a convergent subsequence of a sequence exists.

Definition: Let {s,}5Z, be a sequence. For any strictly increasing sequence
{ni}$2,; of natural numbers, the sequence {s,,}32; is called a subsequence of
the sequence {s,}52;. In other words, a subsequence of a sequence s is the
composition, sot, of s with any strictly increasing sequence t of natural numbers.

Note that a subsequence of a subsequence of {s,}52, is still a subsequence
of {s,}52;. We denote subsequences of subsequences with triple subscripts,
{Sni b }zo=l

In the definition of subsequence, the requirement that {n;}2; is strictly
increasing is important to remember. Consider the sequence {%};’le; the se-
quence all of whose terms are 1, as well as the sequence whose terms are
1,3,%,5:% %5 are not subsequences of the sequence {%}?le even though
their terms are terms of {1}52.

Exercise 20.1: Determine all the convergent subsequences of {(—1)"}52,.
Show that {(—1)"}52, has uncountably many subsequences but only countably
many convergent subsequences. (Countable sets are discussed in section 1 of
Chapter XV.)

Exercise 20.2: Prove the following (obvious) result carefully, referring dili-
gently to each item used in Chapter I (the axioms in section 1 of Chapter I,
assumptions about N in 1.18, and any theorem in Chapter I that must be used):

If {n;}52, is a strictly increasing sequence of natural numbers, then n; > 4
for all ¢ € N; hence, for any real number N, there exists k € N such that n; > N
for all i > k.
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It is evident from Exercise 20.2 that every subsequence of {%}j’le must
converge to 0, the limit of {%}fﬁzl This observation about subsequences of
{%};’le illustrates the general result in the next exercise. The result in the
exercise is natural and is easy to prove, but would be false without requiring in
the definition of subsequence that {n;}$2; is strictly increasing.

Exercise 20.3: Every subsequence, {s,,}$2,, of a convergent sequence
{8n}3L, converges, and lim;_, oo Sp; = limy,— 00 Sy

Exercise 20.4: It follows from Exercise 15.2 that the set Q of all rational
numbers is countable. Thus, there is a one-to-one function f from N onto the
set Q of all rational numbers. What real numbers are limits of subsequences of
the sequence {f(n)}52,?

2. The Bolzano Weierstrass Theorem

We prove the Bolzano - Weierstrass Theorem, which says that every bounded
sequence has a convergent monotonic subsequence. This is an existence theorem
— it may be difficult to find a specific convergent subsequence. For example, try
the following exercise:

Exercise 20.5: Find a convergent subsequence of the sequence {sin(n)}52;.

The proof of the Bolzano - Weierstrass Theorem uses the result in Exercise
5.16, which says that every bounded infinite subset of R! has a limit point.
Actually, the Bolzano - Weierstrass Theorem and the result in Exercise 5.16 are
equivalent: Half of the equivalence will be shown in the proof of the Bolzano-
Weierstrass Theorem; the other half of the equivalence is left for the reader to
prove in Exercise 20.8.

Theorem 20.6 (Bolzano - Weierstrass Theorem): Every bounded se-
quence has a convergent monotonic subsequence.

Proof: Let {s,}%2; be a bounded sequence. Let A = {s,, : n € N} (the set
of values of {s,}52,).

If A is a finite set, then there is a point a € A such that s,, = a for infinitely
many n. Hence, by a simple induction, we obtain a strictly increasing sequence
{ni}2, of natural numbers such that s,, = a for all i € N. Then the sequence
{sn, }$2, is a monotonic subsequence of {s, }°2, and, clearly, {s,, }$2, converges
to a. This proves our theorem when A is a finite set. Therefore, we assume for
the rest of the proof the A is an infinite set.

Thus, by Exercise 5.16, A has a limit point p € R*. We prove that there is
a monotonic subsequence of {s,}52; that converges to p.

For each k € N, let

Li=An(p—2%,p), Rr=An(p,p+3).

Since p is a limit point of A, we have by Exercise 2.33 that (p — %,p + %) nA
is an infinite set for each k& € N. Hence, for each k& € N, at least one of the sets
Ly, or Ry is infinite. Thus, Ly is infinite for infinitely many k or Ry, is infinite
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for infinitely many k. We assume by symmetry that Ly is infinite for infinitely
many k € N. Then, since Lip+1 C Ly for all & € N, it follows immediately that
Ly, is infinite for all £ € N. Note that p is a limit point of Ly, for all k£ € N.

We now use induction to define a subsequence {s,,, }52; of {s,}52, with the
properties claimed by our theorem.

Let s,, € L1. Assume inductively that we have defined s,, € Lj for some
k € N; note that since s, € Lg, Sp,, < p. Then, since Li+1 is an infinite set and
p is a limit point of Ly41, there is a point s, ., € Lg+1 such that nge1 > ng
and Sp,., > Sn,. Therefore, by the Induction Principle (Theorem 1.20), we
have defined s,,, for each ¢ € N. In other words, we have defined a sequence

From the constuction defining {s,, }52,, we see that {n;}2, is an increasing
sequence of natural numbers; hence, {s,,}32, is a subsequence of {s,}52,. Fur-
thermore, s,,,, > sy, for each i € N, which shows that {s,,}52; is increasing.
Finally, since s,,, € L; for each i € N, we have that

p—k%<sm < p for each i € N;

therefore, {s,, }32, converges to p (by the Squeeze Theorem for Sequences (The-
orem 19.6) since {1 }22; converges to 0 by the Archimedean Property (Theorem
1.22)). ¥

Exercise 20.7: True or false: If {s,,}52, is a bounded sequence such that
all convergent subsequences of {s,}52; converge to the same point, then the
sequence converges.

Exercise 20.8: Show how to prove the result in Exercise 5.16 from the
Bolzano - Weierstrass Theorem (Theorem 20.6). Thus, the two results are equiv-
alent (since we proved the other direction in the proof of Theorem 20.6).

3. Cauchy Sequences

We characterize convergent sequences in terms of a condition commonly
called the Cauchy criterion for convergence (Cauchy refers to the French math-
ematician Augustin Louis Cauchy, 1789-1857). The Cauchy criterion plays
an important role in studying convergence of sequences and series, especially
sequences and series of functions. Aside from that, the notion of a Cauchy se-
quence provides an appropriate generalization to the setting of metric spaces of
the Completeness Axiom in section 1 of Chapter I, as we will see in the next
section.

Definition: A Cauchy sequence is a sequence {s,}52; with the following
property: For each € > 0, there exists a number N such that

s; —sj| <e foralli,j > N.
j

Exercise 20.9: Every convergent sequence is a Cauchy sequence.
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We prove that every Cauchy sequence converges — the converse of the result
in Exercise 20.9 above. The proof is based on the Bolzano- Weierstrass Theo-
rem (Theorem 20.6): The first lemma below enables us to apply the Bolzano-
Weierstrass Theorem, and the next lemma pinpoints the other ingredient in the
proof.

Lemma 20.10: Every Cauchy sequence is bounded.

Proof: Let {s,}524 be a Cauchy sequence. Then, by definition (with e = 1),
there is a natural number N such that

|si —sj] <1 foralli,j>N.

In particular, |s; — sy| < 1 for all ¢ > N. Hence, only finitely many terms can
be at a distance more than 1 from sy, namely, the terms s1, sz, ..., sy_1. Thus,
we see that {s,}52; is bounded as follows: For any i > N,

|sil =|si —sn +sn| < |si —sn|+ [sn] <1+ |snl;

therefore, letting M = max {|s1], |s2|, ..., [Sn—1|, 1+]|sw]|}, it is clear that |s,| <
M for all n € N.. ¥

We know from Exercise 20.3 that if {s,}22, is a convergent sequence with
limit L, then every subsequence of {s,}52; converges to L. The converse is
obvious (since a sequence is a subsequence of itself). Our next lemma shows
that a stronger result in the converse direction is true for Cauchy sequences.

Lemma 20.11: If some subsequence of a Cauchy sequence converges, then
the entire sequence converges (to the same limit as the subsequence).

Proof: Let {s,}52; be a Cauchy sequence such that some subsequence, say
{Sn; }321, converges. Let L = lim; o Sp,.

We now proceed to prove that lim,, .. s, = L.

Let € > 0. Since {sy,}52; is a Cauchy sequence, there exists N such that

(1) |s; —sj| < 5 foralli,j > N.
Since L = lim;_, Sn,, there exists & € N such that
(2) |80, — L] < 5.

Now, for any n > N, we have

|sn — L| = [sn — 8p), + 80y — L| < |50 — 80y | + S0y —

=
AN
Nl
+
Nl
I
la)

Therefore, we have proved that lim,, . s, = L. ¥

The proof of our theorem is now merely a matter of applying the Bolzano-
Weierstrass Theorem and the preceeding two lemmas:

Theorem 20.12: Every Cauchy sequence converges.

Proof: Let {s,}52;, be a Cauchy sequence. By Lemma 20.10, {s,}72, is
a bounded sequence. Hence, by the Bolzano- Weierstrass Theorem (Theorem
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20.6), {sn}52; has a convergent subsequence. Therefore, by Lemma 20.11, the
sequence {s, }°2, converges. ¥

Corollary 20.13: A sequence converges if and only if it is a Cauchy se-
quence.

Proof: Combine Exercise 20.9 and Theorem 20.12. ¥

It is natural to wonder whether the condition defining a Cauchy sequence
can be replaced by the following condition which involves only two successive
terms at a time: For each € > 0, there exists a number N such that

(*) |3n+1 — Sn| <e foralln> N.

The following example shows that this condition is not strong enough to imply
that the sequence is a Cauchy sequence.

Example 20.14: Let {sn}52; be the sequence defined by s, = X1,
Since [sp+1 — 85| = = +1, it follows from the Archimedean Property (Theorem
1.22) that {s,}52, satisfies condition (*) above. However, {s,}52; is not a
Cauchy sequence, which we show two ways: First, for any n € N,

11 1,

__ yn-—1
S A TRS TRSMAS T

n telms

so {sn}52, is not a Cauchy sequence by the definition of Cauchy sequence;
second, for any n € N,

s =144 (34 1)+ (Bed) 4 (S863) 4o+ (50 d)

S1+3+ G+ +8+ 8+ 15 =1+n(d),
which shows that {s,}5%, is not bounded, hence {s,}>%; is not a Cauchy
sequence by Lemma 20.10 (or Theorem 20.12).

Exercise 20.15: Let {s,}52; be the sequence defined by s, = S, %.
Show using the definition of a Cauchy sequence that {s,}52; is a Cauchy Se-

quence. (The limit of the sequence {s,}52; is %2, but this is difficult to prove.)
1 1 )

(Hint: For any natural number i > 1, ﬁ =7 — 3

Exercise 20.16: Fix any real number p > 2, and let {s,}52; be the se-
quence defined by s, = X= lzp Show using Exercise 20.15 that the sequence
{sn}2L, converges. Be sure to include all details.

The sequence in Exercise 20.16 is the sequence of partial sums of an impor-
tant type of series called a p- series. In the next chapter we show that a p - series
converges if and only if p > 1 (Example 21.29). Exercise 20.16 shows that the
method we will use to prove this is not really necessary when p > 2.

Exercise 20.17: Is the sequence {{&}°%; a Cauchy sequence?

Exercise 20.18: Is the sequence {sin(n) — cos(n)}2L, a Cauchy sequence?
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4. Cauchy Sequences and the Completeness Axiom

We discuss how the notion of a Cauchy sequence leads to an appropriate
notion of completeness for metric spaces.

A metric space is a set X together with a distance function d for X (the
definition of a distance function is in Exercise 1.30). As is customary, we use the
ordered pair notation (X, d) to denote a metric space X with distance function
d.

The general study of analysis takes place in metric spaces. We already know
that R with d(z,y) = |z — y| is a metric space (Exercise 1.30). We give a few
more examples of metric spaces simply to indicate the variety of spaces that
occur (we do not prove that d is a distance function for any of the examples):

Example 20.19: The following are metric spaces:

(1) R™, the set of all n-tuples of real numbers, with
d((wi)i=1, (i)i=1) = V/Eiza (@i — 5i)%.
(2) The set of all continuous functions on [0, 1] with
d(f,g) = sup,epo | f (@) — g(z)|-
(3) The set of all functions on [0, 1] that have a continuous derivative with
d(f,9) = sup,epo,q (1f () — g(@)| + | /() — ¢'(z)])
(4) The set of all continuous functions on [0, 1] with
a(f,9) = J |f = .

(5) The set of all sequences of real numbers with
d((sn)321: (tn)izs) = St gr 5
(6) The set of all bounded sequences of real numbers with

d((sn)?lozla (tn)zo=l) = SUPpeN |Sn - 2"-77«|

(7) Any nonempty set X with

1 ifzx
d(x,y)z{ 0 ifxiz.

The Completeness Axiom in section 1 of Chapter I played an important role
in most of the material in the previous chapters. In particular, the Completeness
Axiom was the central ingredient in the proofs many results that, ostensibly, had
nothing to do with the axiom; we mention only four such results: the existence
of square roots (Theorem 1.25), the Intermediate Value Theorem (Theorem
5.2), the Maximum-Minimum Theorem (Theorem 5.13), and the derivative
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test for strictly increasing and strictly decreasing functions in Theorem 10.17.
We discussed the relationship between Theorem 10.17 and the Completeness
Axiom in detail after Exercise 10.18. Of course, the Completeness Axiom was
also used (indirectly) when any of the results just mentioned, or other results
like them, were used; for example, the Completeness Axiom was used indirectly
in the proof that continuous functions are integrable (Theorem 12.33).

Therefore, since metric spaces are the setting for analysis, it is only reason-
able that we should want a notion that we could use in general metric spaces to
the same advantage that we used the Completeness Axiom in RY. Of course, we
can not use the Completeness Axiom itself since its statement is in terms of an
order, which metric spaces almost never have. However, the result in the exer-
cise below will suggest a notion of completeness for metric spaces. We continue
our discussion after the exercise.

Exercise 20.20: The Completeness Axiom in section 1 of Chapter I is
equivalent to the statement every Cauchy sequence converges.

(Hint: To prove that the Completeness Axiom implies the statement every
Cauchy sequence converges, we merely need to recall various proofs in turn: the
proof of Theorem 5.11, then Exercise 5.16, then the proof of Theorem 20.6,
and, finally, the proof of Theorem 20.12. To prove the reverse implication, show
that statement every Cauchy sequence converges implies the Nested Interval
Property, and then apply Exercise 5.17).

Next, note that the definition of a Cauchy sequence — unlike the Complete-
ness Axiom — has a direct generalization for any metric space:

Definition: Let (X, d) be a metric space. A sequence {s,}>2,; of points of
X is called a Cauchy sequence with respect to d provided that for each € > 0,
there is a number NV such that

d(s;,s5) <e foralli,j > N.

Also, note that the definition of convergence for sequences in section 8 of
Chapter IV generalizes directly to metric spaces:

Definition: Let (X, d) be a metric space, and let {s,}>2; be a sequence
of points of X. We say that the sequence {s,}3%, converges with respect to
d to a point p € X provided that for each € > 0, there exists N such that
d(sp,p) < € for all n > N. We call p the limit of the sequence {s,}5%;.
We write limy, o0 $n = p Or {8,}°2; — p to denote that a sequence {s,}7L,;
converges to p.

Thus, we have natural definitions of Cauchy sequences and convergent se-
quences for any metric space. In addition, the exercise above says that we could
have taken the statement every Cauchy sequence of real numbers converges to
be the Completeness Axiom in section 1 of Chapter I. Therefore, the follow-
ing definition seems reasonable as a definition for completeness in the general
setting of metric spaces.
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Definition: A metric space (X, d) is said to be complete, or Cauchy com-
plete, provided that every Cauchy sequence with respect to d converges (to a
point of X).

The question of whether or not our definition of a complete metric space is
valuable can only be decided later, on the merits of the theory that evolves.

We have probably created a misimpression that we want to correct. We
arrived at our definition of completeness for metric spaces solely on the basis of
two facts: Cauchy completeness in R? is equivalent to the Completeness Axiom
in Chapter I, and the definition of a Cauchy sequence in R! extends directly
to any metric space. Actually, there are other properties which, by the same
reasoning, could have become our definition of completeness in metric spaces.
We will discuss one such property and indicate why the property would not be
appropriate as a definition for completeness in metric spaces.

First, recall our definitions of arbitrary closeness, limit point and bounded
set for subsets of R? (in sections 1 and 4 of Chapter II and section 2 of Chapter
V); these notions have natural, straightforward analogues for metric spaces:

Definition: Let (X, d) be a metric space, let p € X and let A be a nonempty
subset of X. We let

distq(p, A) = glb{d(p,a) : a € A}.

e p is arbitrarily close to A with respect to d, written p ~4 A provided that
disty(p, A) = 0.

e p is a limit point of A with respect to d provided that p ~4 A—{p} (which
presupposes A — {p} # (). We let A’ denote the set of all limit points of
A.

o A of X is bounded with respect to d provided that (assuming A # ()
sup{d(a1,a2) : a1,az € A} < o0;
also, by definition, the empty set is bounded.

In view of the definition above, the following property, which we originally
considered for R? (in Exercise 5.16), makes sense in any metric space X :

(*) Every bounded infinite subset of X has a limit point in X.

Furthermore, the Completeness Axiom in section 1 of Chapter I is equivalent to
(*) when X = R? (see Exercises 5.16 and 5.17; it is easy to prove that (*) for R?
implies the Nested Interval Property). Why then not use (*) as the definition
of completeness for metric spaces in general?

We can not answer the question completely at this time. Nevertheless, we
can say that for metric spaces in general, (*) implies Cauchy completeness but
the converse implication is false (Exercises 20.21 and 20.22 below). The fact of
the matter is that (*) is too strong to be useful in general — not many metric
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spaces satisfy (*) — while, on the other hand, Cauchy completeness works well
(but, we must wait to find this out).

Exercise 20.21: In the preceding paragraph, we said that if a metric space
has the property in (*), then the space is Cauchy complete. Prove this.
(Hint: Prove that Lemmas 20.10 and 20.11 hold in any metric space.)

Exercise 20.22: Prove that d in (2) of Example 20.19 is a distance function.
In connection with the discussion at the end of the section, prove that the metric
space in (2) is Cauchy complete but that the space contains an infinite set with
no limit point in the space.

Exercise 20.23: Prove that d in (4) of Example 20.19 is a distance function.
Is the metric space Cauchy complete?

Exercise 20.24: Prove that d in (7) of Example 20.19 is a distance function.
Find a simple necessary and sufficient condition for a sequence in this metric
space to be a Cauchy sequence (and prove your answer is correct). Is the metric
space complete? What subsets of the space have limit points?

Our final two exercises are fundamental results in metric spaces that require
completeness.

Exercise 20.25: Let (X, dx) be a metric space, and let (Y, dy') be a Cauchy
complete metric space. Let A C X, and let f : A — Y be a uniformly continuous
function (which means that for each € > 0, there is a § > 0 such that if a1, a2 € A
and dx(a1,a2) < 6, then dy(f(a1), f(az)) < € compare with the definition
above Exercise 12.28).

Then there is a unique uniformly continuous function g : AU A — Y such
that g|A = f. (The function g is called the uniformly continuous extension of
f)

In the light of Exercise 20.25, you might want to revisit Exercise 16.21:
The exponential function f(t) = a' is uniformly continuous on any closed and
bounded interval [a,b] by Theorem 12.31 and, thus, its restriction to the ratio-
nals in [a, b] is uniformly continuous.

Our next exercise concerns contraction maps. Let (X, d) be a metric space;

a function f : X — X is called a contraction map provided that there exists
A < 1 such that for all x,y € X, d(f(z), f(y)) < Md(z,y).

Exercise 20.26: If (X, d) is a Cauchy complete metric space and f : X — X
is a contraction map, then f has a unique fixed point (i.e., f(p) = p for some
unique point p € X).

(Hint: Fix any point € X and prove that the sequence {f"(x)}3%, is a
Cauchy sequence, where f* = fo fo---o f with f appearing n times. Start
by showing that for any n, d(f"(z), f"**(x)) < X\"d(z, f(z)); then use that the

sequence of partial sums of the series X2, \" is a Cauchy sequence by Theorem
15.4.)

The result in Exercise 20.26 has numerous applications in differential equa-
tions and dynamical systems.
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Chapter XXI: Numerical Series

We introduced series very briefly in section 1 of Chapter XV. Recall that
a series X%2,a; is, by definition, nothing more than the sequence {s,}5%; of
partial sums s, = X% ;a;. Thus, having developed a theory for sequences in
the last two chapters, we can use our understanding of sequences to develop a
theory for series. You may conclude there is nothing to do — simply apply our
work on sequences to series. However, series are special types of sequences and,
therefore, have an inherent structure that sequences in general do not have; we
devote this chapter and the next chapter to uncovering that structure.

There are two main problems in the theory of series — determining when
series converge and finding the exact sum of specific convergent series. Finding
the exact value for the sum of a convergent series is almost always very difficult.
One exception is convergent geometric series, whose sums we found in Theorem
15.4. We find the exact value for the sum of another series in the last section of
this chapter (others are in later chapters); however, in the meantime, we focus
on the problem of determining when series converge; solutions for this problem
are called convergence tests.

Convergence tests involve conditions on the terms of series. We present a
number of different kinds of convergence tests in this chapter and in the next
chapter.

In section 1, we state (as exercises) a few basic results about series in general.
In the next three sections, we prove and illustrate three types of convergence
tests — i term tests (including the Alternating Series Test), comparison tests,
and the Integral Test. We conclude the chapter by finding the exact sum of an
important series; as a result, we prove that the base e of the natural logarithm
function is irrational.

We make general comments about series and notation.

Even though we denote a series by ¥92,a; and think of a series as an infinite
sum, it must be pointed out that we are never actually adding an infinite number
of numbers together to obtain the sum of a series; instead, the sum of a series
is a limit of finite sums (the partial sums).

The notation ¥52,a; has dual meanings — it represents a series as well as the
sum of a series. The context will make it clear which we mean.

We sometimes write ¥2,a; < oo as shorthand for saying that the series
22, a; converges.

We include as a series any sum of the form X52 a;, where n is a given integer.

1. General Elementary Results

This section consists entirely of exercises accompanied by a few comments.
Our purpose is to provide readers a chance to refresh their understanding of the
definitions under the heading Series in section 1 of Chapter XV. The exercises
are elementary in the sense that their verifications only use the most basic results
about sequences in the previous two chapters.
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Our first exercise gives the simple convergence relationship between a given
series 222, a; and the series X2, a;.

Exercise 21.1: A series ¥2;a; converges if and only if the series X2 a;
converges for all n € N; furthermore, if either series converges, then ¥2,a; =
X2 a; + E?;llai for all n € N such that n > 2.

1=n

Exercise 21.2: If the series ¥$2,a; converges then, for each € > 0, there is
a number N such that |2, a;| < € for all n > N.

1=n

The termwise sum of two series, X2, a; and 332, b;, is the series X524 (a;+b;);
the termwise difference of the series is the series X2, (a; — b;) or the series
E;‘)gl(bi - aL)

Exercise 21.3: Let ¥92,a; and ¥92,b; be two convergent series, say
YPia; =a and X52:b; =b.
Then X2, (a; +b;) =a+band £2;(a; —b;) =a —b.

The termwise product of two series, 2, a; and X52,b;, is the series 392, a;b;.
Having just considered the termwise sum and the termwise difference of two se-
ries, we should now consider the termwise product of two series. However,
termwise products of series behave badly in two respects. First, the termwise
product of two convergent series may diverge (you will be asked to supply an
example in Exercise 21.17). Second, even when the termwise product of two con-
vergent series converges, the termwise product may not converge to the product

of the sums of the two series; for example, by Theorem 15.4, X2, (%)Z = %
and X924 (%)L (%)Z = X%, (%)Z = %. We do not discuss termwise products

anymore at this time. Later, we consider termwise products in several exer-
cises; our most definitive positive result is in the next chapter (Exercise 22.3).
Actually, Cauchy products (introduced in section 6 of Chapter XXII) are more
appropriate products for series than termwise products.

Our next exercise is the distributive law for constants over series.

Exercise 21.4: If ¢ # 0, then a series 32;a; converges if and only if the
series 22, ca,; converges; if either series converges, then X2, ca; = cX24a;.

Next, we have a result about grouping finitely many terms of a convergent
series together infinitely often.

Exercise 21.5: Let X2,a; be a series. Let ¢ : N — N be a strictly
increasing function such that (1) = 1. Let 32,b; be the series whose "' term
is the sum, in parentheses, of the terms a,y+1, @p@)+2; " - * » Au(i+1) €Xcept when
1 =1, as seen below:

YX2q.b = (a<p(1) +azx+--- a¢(2)) + (a¢(2)+1 + apy+2 + - a¢(3))
+o ot (Ggyes + Gpgyaz T Ggen) +o

If the series ¥52,a; converges, then the series 32,b; converges and ¥52,b; =
E;ﬁlai.
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We note that for divergent series, the grouping in Exercise 21.5 may result
in a convergent series. For example, the series 14 (—1)+1+(=1)+--- diverges,
but the series [1 + (—1)] 4+ [1 + (—1)] 4 - - converges.

Next, we adapt the Cauchy criterion for sequences to series:

Exercise 21.6 (Cauchy Criterion for Convergence of Series): A series
Y2, a; converges if and only if for each € > 0, there is a number /N such that

|X,,a;| < e whenever n >m > N.

Exercise 21.7: Determine whether the series 352, <cos(%) - cos(i)> con-

i+1
verges.
2. z‘th Term Tests

When trying to determine whether a series converges or diverges, the sim-
plest thing to check first is whether the terms of the series converge to 0: If the
terms do not converge to 0, then the series diverges; this is called the i*" Term
Test. Thus, the i*" Term Test is a test for divergence, not convergence (the
converse of the i'" Term Test is false, which we show after we prove the test).

We prove the i Term Test and its companion, the Alternating Series Test.
The Alternating Series Test shows that the 't Term Test is a test for conver-
gence for alternating series that satisfy a simple condition (which we will show
is necessary). The i'" term tests are useful because it is obviously easier to work

with the individual terms of a series than with the partial sums of a series.

Theorem 21.8 (it" Term Test): If ¥%2,a; < oo, then lim; ., a; = 0.

1=

Proof: Let s, = ¥J_,a; for each n € N. The key idea is to note that
a; = 8; — 8;_1 forall ¢ > 2.
Then, since lim,, . s, and lim,, .. S,,_1 exist and are equal,

hn'lzﬁoo a; = llmlﬁoo(sl — Sifl) 1&3 hmlﬁoo S; — hn'llﬁoo S;i—1 — 0. ¥
Exercise 21.9: Explain how the i'" Term Test follows immediately from
the Cauchy Criterion for Convergence of Series (Exercise 21.6).

We can use the i*" Term Test to see that a series diverges: %52, (—1)"—2
diverges by the test. However, we can not use the i Term Test to show that a
series converges: lim;_. % = 0 (by Exercise 1.23), but the series Z;ﬁl% diverges
since its sequence of partial sums is unbounded by Example 20.14.

Nevertheless, for certain types of series, the i'" Term Test completely deter-
mines whether the series converges. Our next theorem illustrates this. First, we

give a definition.

Definition: An alternating series is a series for which the signs of consecu-
tive terms alternate; in other words, an alternating series is a series that can be
written in the form X2, (—1)%a; or ¥%2,(—1)"*1a;, where a; > 0 for all i € N.
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The test in our next theorem is one of the easiest tests for convergence to
apply. We address the assumption that the terms are decreasing after we prove
the theorem.

Theorem 21.10 (Alternating Series Test): Let %2, (—1)%a; be an (al-
ternating) series such that

a; > a;+1 >0 forall 7 € N.

Then $22,(—1)%a; converges if and only if lim; o, a; = 0.

Proof: 1f £22,(—1)%a; converges, then lim; o (—1)%a; = 0 by the i*! Term
Test (Theorem 21.8); therefore, lim;_, o, a; = 0.

We prove the other half of the equivalence. The idea behind the proof is
to consider the sequence of even-numbered partial sums separately from the
sequence of odd - numbered partial sums. We proceed as follows.

Assume that

(1) hmiﬁoo a; = 0.

Let s, = Xy (—1)%a; for each n € N.
Note that we can write sz, in the following two ways:

(*) s2n = —(a1 — a2) — (a3 —ag) — -+ — (a2n—1 — azn)
and
(**) s2p, = —a1 + (ag — az) + (as — as) + -+ + (a2n—2 — A2p—1) + aA2n.

By assumption in our theorem, a; — a;+1 > 0 for all ¢ € N. Thus, by (*),
the sequence {s2,}52; is decreasing and, by (**), the sequence {sz,}52; is
bounded below by —aj and, hence, is bounded (since the sequence is decreasing).
Therefore, by the Bounded Monotonic Sequence Property (Theorem 19.20), we
have that

(2) {s2n}52, converges.

Finally, we turn our attention to the sequence of odd-numbered partial
sums. Clearly, sop+1 = S2,, — a2n+1 for each n € N; hence, using (1) and (2) to
apply Theorem 19.3, we obtain

li 19:3 ). i 1) i
My —oo S2n+1 = My oo S2n — 1Ny 00 A2p+1 = My 00 S2n-

(we used Exercise 20.3 in conjunction with (1) for the last equality). Therefore,
by Exercise 19.18, lim,, . s, exists. ¥

After the proof of the " Term Test, we noted that the series £22, 2 diverges.
Let us change this series by making consecutive terms alternate in sign, obtain-
ing ¥2,(-1)'2 or £2,(~1)"*4; then we know from the Alternating Series
Test that both of these series converge. The series E;’il,—li is called the harmonic
series, and the series E;ﬁl(fl)’“l% is called the alternating harmonic series.

It may seem in the Alternating Seres Test that we do not really need
the terms a; to be decreasing, but that it is enough to merely assume that
lim; o a; = 0 and that a; > 0 for each i. However, the series in the following

exercise shows that the assumption that the terms decrease to 0 is necessary:
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Exercise 21.11: Consider the alternating series %22, (—1)%;, where for
each 7 € N,

1 1
azi—1 =3 and az; = 7Z7.

Prove that the series diverges even though lim,,_. ., a; = 0.
It is natural to wonder if there is an analogue of the Alternating Seres Test
for series whose terms change sign frequently (but not from each term to the

next). The example in the next exercise shows that, for a simple case, there is
no such analogue.

Exercise 21.12: Consider the series £32, (—1)7®1 where o defined below
makes the signs of the terms repeat in the pattern +,+, —, 4+, +,—, ...:

(i) = 0 ,ifi=3j—2o0r3j—1for somejeN
o= 1 ,ifi=3j for some j € N.

Prove that the series diverges even though the series is “almost alternating” and
satisfies the other assumptions in the Alternating Seres Test.

Our next exercise gives an estimate of the error between the n'" partial sum
and the sum of an alternating series when the series satisfies the assumptions
in the Alternating Series Test.

Exercise 21.13: Let 222, (—1)%a; be a convergent (alternating) series such
that a; > a;+1 > 0 for all i € N. Then

12221 (—1)a; — By (—1)%ai| < ap+a for all n € N.

Exercise 21.14: Assume that a; > a;+1 > 0 for all s € N. If Y720 <0
for some subsequence {a;; }52; of {a;}2;, then 332, (—1)"a; < oo.

1

Exercise 21.15: Determine whether the series 52, cos($) converges.

Exercise 21.16: True or false: The series 22, (cos(z))’ sin(z) converges for
all z € RL.

Exercise 21.17: Give an example of two convergent series, ¥2,a; and
¥2,b;, such that the series ¥92,a;b; diverges.

3. Comparison Tests

We prove the Comparison Test and the Limit Comparison Test. The Com-
parison Test directly compares the terms of two series; the Limit Comparison
Test is concerned with the limit of the ratios of the terms of two series.

Theorem 21.18 (Comparison Test): Assume that 0 < a; < b; for each
i€ N. If ¥52,b; < oo, then ¥2,a; < o0.

Proof: Let s,, = ¥} a; and t, = X!_;b; for each n € N.

Since a; > 0 for each i € N, it is clear that the sequence {s,, }52, is increasing;

also, the sequence {s, }>2, is bounded since, by our assumptions that 0 < a; < b;
and X92,b; < 0o, we have
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0<s, <t, <XX,b; for each n € N.

Therefore, by the Bounded Monotonic Sequence Property (Theorem 19.20),
{8n}3L, converges. ¥

Exercise 21.19: Series of the form 32, 10, are called decimals and are de-
noted by .dida...d;... . Prove that every decimal converges (in common language,
every decimal represents a real number).

(Hint: Make use of geometric series (Theorem 15.4).)

Theorem 21.20 (Limit Comparison Test): Let X%2,a; and X52,b; be
two series whose terms are positive.

(1) If 0 < lim;—.cc §* < 00, then either both of the series ¥2;a; and 352, b;
converge or both of them dlverge

(2) If lim; o0 & b = 0 and X$2,b; converges, then ¥52,a, converges.
(3) If lim; o0 3+ = 0o and £2,b; diverges, then ¥2,a; diverges.
Proof: We prove each part in turn.

Proof of part (1): Let L = lim; .o *. Then, since L > 0 (by assumption),
there is a number N such that

s

'—L)<% for all s > N.

Hence, % <E< % for all i > N. Thus, since b; > 0 for all 7 (by assumption),
we have

(*) $b; <a; < 3£b; foralli> N.

Now, if ¥2,b; converges, then $32,3Lb; converges (by Exercise 21.4) and,
thus, E;ﬁN?’TbZ converges (by Exercise 21.1). Hence, X2 ya; converges by (*)
and the Comparison Test (Theorem 21.18). Therefore, 332;a; converges (by
Exercise 21.1).

On the other hand, if 32,b; diverges, then Efoléb diverges (by Exercise
21.4) and, thus, E;ﬁN%bi diverges (by Exercise 21.1). Hence, X2 ya;diverges by
(*) and the (contrapositive of) the Comparison Test. Therefore, 332, a; diverges
(by Exercise 21.1).

This proves part (1) of our theorem.

Proof of part (2): Since lim; .o §* = 0 (by assumption), there is a number
N such that $& <1 for all 7 > N. Thus since a;, b; > 0 for all ¢, we have

(**)0<a; <b; foralli>N.

Since 32,b; converges (by assumption), X92,b; converges (by Exercise
21.1). Hence, X2 ya; converges by (**) and the Comparison Test (Theorem
21.18). Therefore Y92, a; converges (by Exercise 21.1).

This proves part (2) of our theorem.

Proof of part (3): Part (3) follows from part (2) by noting that since
lim; _, oo Z—Z = oo (by assumption), we have by Exercise 18.3 that
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: bi _ ().
lim; o0 o= 0;

therefore, by part (2), if £22,a; converges, then ¥2,b; converges, which proves
part (3) of our theorem. ¥

Obviously, the problem in applying the comparison tests is to find a suitable
series to compare the given series with. There is no definitive answer for this
problem, but we can suggest a working principle that is often effective when
the i*® term of the original series is a quotient of algebraic functions of i (or
even when transcendental functions that are algebraic in i are involved): Try
comparing with the series that is obtained from the original series by eliminating
all expressions in the numerator and the denominator of the i*™ term except
those of the highest power. We illustrate as follows:

Example 21.21: Consider the series Y92, &8 8 According to the sugges-
+

tion above, we take as the comparison series the series 2901%, which reduces

to 32 1—; Now, with the Limit Comparison Test in mind, we see that

i248i 0 .
2 L 8
. 2 w4 . i2+8i2 . 1+=
lim; oo 252 = lim;_ oo 5= = lim; oo === =1L
3 i#+ K]
k2 k2

furthermore, the series Eool—s' converges (by Exercise 20.16). Therefore, by

part (1) of the Limit Comparison Test, the series Eml% converges.
Exercise 21.22: Determine whether the series 92 1"315? converges two

ways: (1) using the Comparison Test; (2) using the Limit Comparison Test.

Exercise 21.23: Determine whether the series E“l% converges.

Exercise 21.24: Determine whether the series E;ﬁzm converges two
ways: (1) using the Comparison Test; (2) using the Limit Comparison Test.

Exercise 21.25: Determine whether the series 52, sm(l) converges.

Exercise 21.26: True or false: If 392, a; is a convergent series and {a;, } 7=,
is a subsequence of {a;}2,, then the series X2, a;, converges.

Exercise 21.27: True or false: If a; > 0 for all ¢ € N and the series ¥2,qa;
converges, then the series Eoolaz converges.

Exercise 21.28: True or false: If ¥52,a; is a convergent series whose terms
are all positive, then the series E,L:l@ converges.

4. The Integral Test

In Theorem 19.7 we initiated an important way to study convergence of
sequences — by using continuous functions defined on the interval [1,00). This
led to using the derivative (specifically, 'Hopital’s rules) to study convergence of
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sequences. In this chapter and the two previous chapters, especially in exercises,
we have seen how well this works for sequences as well as for series. We now
come to the role that the integral plays in determining convergence or divergence
of series.

We are going to use integrals of continuous functions defined on the inter-
val [0,00) to study convergence of series. The rudimentary idea that connects
integrals to convergence of series is very simple: any term a; of a series can be
interpreted as the (signed) area of a rectangle of height a; and width 1. We
explain how to apply the idea.

Assume that ¥2,a; is a series whose terms are positive and that f is a
continuous decreasing function on [1,00) such that f(i) = a; for each ; then,
for each natural number n > 2 (see figures below),

—1
Sipa; < J) f < ¥

a,

ok

ay
ay

Qp-1

it follows that lim,,_, fln f < oo if and only if the series ¥2;a; converges (we
give a formal proof later). In this way, we have reduced the study of convergence
of many series to the study of integrals.

Before we explicitly state and prove the theorem that we have indicated
(namely, Theorem 21.31), we give an important example to illustrate what we
have just discussed.

Series of the form E;?glii,,, where p is a fixed real number, are called p -
series. We know from Exercise 20.16 that p- series converge when p > 2. We
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now determine all the values of p for which p- series converge. We note that the
exact values for the sums of many convergent p-series are not known.

Example 21.29: We show that the p-series E;’;l%p converges when p > 1
and that the series diverges when p < 1.

The case when p > 0 and p # 1 relate to the discussion above. We first
dispense with the other cases: If p < 0, then lim; Zip = lim; ., 17P = ©
(since —p > 0), so the series 32, £ diverges by the i'" Term Test (Theorem
21.8). If p = 0, then the series obviously diverges. Finally, if p = 1, then the
series .22, X diverges by Example 20.14 and Exercise 20.9.

We assume from now on that p > 0 and that p # 1.

Let f(z) = X for all z > 1. Then, since f'(z) = —pz~?~! (by Theorem
16.31) and —p < 0, we see that f’(z) < 0 for all z; hence, by Theorem 10.17,
f is strictly decreasing. Next note that f is continuous (by Theorem 16.31 and
Theorem 6.14); hence, f|[1,t] is continuous for any ¢ > 1 (by Exercise 5.3).
Thus, letting

g(z) = fppﬂ for all z > 1

+1

and noting that ¢'(x) = f(z) for all z > 1 (by Theorem 16.31), we have by the
Fundamental Theorem of Calculus (Theorem 14.2) that

(*) Ji f=9(t) —9(1) = £& (75 — 1) forallt>1.
Now, if p > 1, then limy_.o 7=t = 0; hence, by (*),

. t,e 1 _ 1
limy_, o fl f = E(—l) =71 < 00.
Therefore, based on the discussion preceding the example, we conclude that the

series Efiliip converges when p > 1.

On the other hand, if 0 < p < 1, then lim;_, tp%l = o0; thus, by (*),

lim;— oo fltf = 0.

Therefore, according to the discussion preceding the example, we conclude that

the series E;’il%p diverges when 0 < p < 1. This completes the verifications for

the example.

We formulate our discussion at the beginning of the section into a theorem.
First, we introduce the following natural and convenient notation and terminol-

ogy.
Definition: If fg f exists for all t > a and lim;_, o fg f exists (i.e., is finite),
then we denote the limit by faoo f and say the integral faoo f converges.

Exercise 21.30: If faoo f converges and b > a, then fboo f converges and
b
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Theorem 21.31 (Integral Test): Assume that X$2;a; is a series whose
terms are positive and that f is a continuous decreasing function on [1, c0) such
that f(i) = a; for each i. Then the series £32;a; converges if and only if [~ f
converges.

Proof: We indicated the essential ideas for the proof at the beginning of the
section; we now fill in the details.

We note for repeated use (usually without saying so) that f; f exists when-
ever 1 < a < b by Theorem 12.33 (and Exercise 5.3).
We first prove the following (which are the inequalities we stated when we
referred to the figures above):
(1) ¥ ya; < fln < E?;llai for each n € N such that n > 2.
Proof of (1): Fix n € N such that n > 2. Since f is decreasing and f(i+1) =
a;+1 for all 7 € N, we have that

ai+1 < f(z) wheni <z <i+1.
Hence, by Exercise 13.15,
Ai+1 < fiHl f for each 7 € N.
Therefore,

_1 pi+l 1340 (n
S <X [ = LT

K2

This proves the first inequality in (1). The proof of the second inequality in (1)
is similar: Since f is decreasing and f(i) = a; for all ¢ € N, we have that

f(@) <a; wheni <z <i+]1.
Hence, by Exercise 13.15,

f:ﬂ f <a; foreachieN.

Therefore,

13.40 —1 i+l -1
L= <Y e

This proves the second inequality in (1). Therefore, we have proved (1).

Now, we use (1) to prove the theorem.

Recall that we are assuming in the theorem that f(a;) = a; > 0 for each 4
and that f is a continuous decreasing function on [1, 00). Thus, since any point
of [1,00) is less than some natural number (by Theorem 1.22), we see that

(2) f(z) >0 forall z >1.
Note from (1) that
(3) fffgfl”f when n —1 <t <nandn &N with n > 2.
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Now, assume that [ f converges. Then, by (3), fltf < [ fforallt>1
(actually, the inequality is strict, but this is not important here). Thus, by the
first inequality in (1), £, a; < floo f for all n € N such that n > 2. Hence,
adding a; to both sides,

Yja; <ag+ floo f forallm e N.

Thus, since 0 < X!, a; for all n € N, we have proved that the sequence of partial
sums of the series ¥.22;a; is bounded (by 0 and a; + floo f). Furthermore, the
sequence of partial sums is increasing (since a; > 0 for all ¢). Therefore, by
the Bounded Monotonic Sequence Property (Theorem 19.20), the sequence of
partial sums converges. In other words, the series ¥52;a; converges.
Conversely, assume that floo f does not converge. With the definition of
floo f in mind, we recall from the beginning of the proof that flt f exists for all

t > 1; note that flt f>0forallt >1 (by (2) and Exercise 12.25). Thus, since
floo f does not converge, we see that

lim; oo fltf = 0.

Hence, by (3), lim,,— o fln f = 0o. Thus, by the second inequality in (1),

lim,, oo E?;llai = 00.

Therefore, the series ¥52,a; diverges. ¥

In regard to the Integral Test, we should not be misled into believing that
the sum of the series is the value of the integral. The second figure near the
beginning of the section suggests that

SZgai > [ f-

To give a specific example, the series Eggli% converges (Example 21.29) and it
is clear ©22; % > 1; however, [~ =% = 1.

Exercise 21.32: In connection with the preceding discussion, assume (as
in the Integral Test) that 392, a; is a convergent series whose terms are positive
and that f is a continuous decreasing function on [1, c0) such that f(i) = a; for
each i. Prove or give a counterexample: ¥2;a; > floo I

Exercise 21.33: We know from Example 21.29 that the series £, % con-
72

verges. Find n such that the sum of the first n terms of the series approximates
the sum of the series within an accuracy of .17 What about an accuracy within
.017?

Exercise 21.34: Find all real numbers r such that the series E;ﬁzm
converges.

Exercise 21.35: Determine whether the series E,‘fileii converges.
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. . . 1944
Exercise 21.36: Determine whether the series E;ﬁl% converges.

Exercise 21.37: Determine whether the series £22; tan~%(2) converges in

two ways: (1) using the Integral Test; (2) using the Limit Comparison Test
(Theorem 21.20).

(Hint: For (1), use ideas that we used to integrate the natural logarithm
function in section (5) of Chapter XVI, recalling the formula in Exercise 8.27.)

Exercise 21.38: Construct an example of a continuous function f defined
on [1,00) such that floo f converges but the series 52, f(7) diverges.

5. e as the Sum of a Series

At this point we postpone further development of convergence tests until the
next chapter. We briefly turn to the other main aspect of the theory of series,
that of finding the exact value of the sum of a convergent series. Specifically,
we show that the sum of the series £22,% is the base e of the natural logarithm
function. (Recall that ¢! =i(: — 1)(i —2)---(2)(1) and 0! = 1.)

So far, we know almost nothing about the number e. For example, Is e a
rational number? We originally defined e, somewhat abstractly, in Theorem
16.23 as the number whose value under the natural logarithm function is 1. We
represented e as the limit of a sequence in Exercise 16.27; we now represent
e as the sum of a series. After we prove that e = 2234, we use this series
representation of e prove that e is irrational.

We use the Binomial Theorem to prove that e = E;’ioﬁ. We prove the
Binomial Theorem by a counting argument; for this purpose, we introduce the

following combinatorial notions:

Definition: Let n and k be nonnegative integers with £ < n.

e The following expression is called a binomial coefficient:

ny _ n!
(#) = m=mr

e A choice of k distinct objects without regard to the order in which the
objects are chosen is called a combination. We let C(n,k) denote the
number of ways to choose k distinct objects from n distinct objects. By
convention (or since there is only one way to choose no objects), C(n,0) =
1 and C(0,0) = 1.

e An arrangement of k distinct objects in a given order is called a permuta-
tion. We let P(n, k) is the number of ways to choose and order k distinct
objects from n distinct objects; as in the case of combinations, P(n,0) = 1
and P(0,0) = 1.

We prove two lemmas concerning the definitions we just gave.

Lemma 21.39: If k£ < n are natural numbers, then

Pn,k)=nn—1)(n-2)---(n—k+1).
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Proof: There are n choices for the first object and, for each first choice, there
are n — 1 choices for the second object; thus, n(n — 1) is the number of ways
to pick and order the first two objects. Then, for each first and second choice,
there are n— 2 choices for the third object, thus n(n—1)(n—2) ways to pick and
order the first three objects; and so on, for a total of n(n—1)(n—2)--- (n—k+1)
ways to pick and order k distinct objects from n distinct objects. ¥

Lemma 21.40: Let k£ < n are nonnegative integers, then C(n, k) = (7).

Proof: If k = 0, then (by definitions) C(n,0) =1 and (}) = g2; = 1. Thus,
the lemma is proved when k = 0.

Assume that k£ > 0, and let S be an n-element set (k < n). If T be a
k- element subset of S then the number of ways to order the k elements of T'
is, by definition, P(k, k), which, by Lemma 21.39, is k!. Thus, the number of
ways to choose and order all k- element subsets of S is k! times the number of
k- element subsets of S, which is k!C(n, k). On the other hand, P(n,k) is, by
defintion, the number of ways to choose and order all k- element subsets of S.
Hence,

ElC(n, k) = P(n, k).
Therefore,

P(n,k) 21.39 —1D(n-2)---(n—k+1 ]
C(n,k) = (Z! ) #2 nla—Jn k') okl - k!(':lk)! =(3)- ¥

The Binomial Theorem follows easily from Lemma 21.40:

Theorem 21.41 (Binomial Theorem): For any z,y € R — {0} and any
n €N,

(@+9)" = Sjog (2" gk,
Proof: Fix n. For reference, we note that

(") @+y)" =@+y)le+ty)z+y)---(r+y).

n factors

We consider the x terms in the n factors as comprising n objects that are
distinct from one another by virtue of which factor they are in; the same for the
y terms. Then, fixing k, we see that 2" *y* in the summation in the theorem
comes from choosing k y's from k distinct factors in (*) and n — k 2’s from the
other n — k distinct factors in (*). Thus, since the number of ways to choose
k y's from the n distinct factors in (*) is C'(n, k) (by the definition of C(n, k)),
the total number of terms in (x + )" of the form 2" ~*y* is C(n, k) which, by

Lemma 21.40, is (). ¥

We can now prove our series representation for e.
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Theorem 21.42: e = 2.
Proof: Note that for each integer n > 0,

ner =1+l g+ E 4o+

n:
1.1 1 ;154
Sl4+1+s5+sm+m+ o+ ma < 3
therefore, since the sequence {E?zoﬁ}?f:l is increasing, we have by Theorem
19.20 that

(1) £2y% converges.

We know from Exercise 16.27 that
(2) e =limy oo (1+ %)n

For each n € N,

L+ )" s ()1 (D) = Sy &

:EZ_ n(n—1)-- (n [k—1]) 1 < En 1

nk 0 k!
Hence, by (1) and (2), e < X2 Ok,
Thus, we have left to prove that e > E;ﬁoi—l!. Fix n,m € N such that n > m.
Then
(1 4+ 1 )” 21 41 E'Z 0 (n) 1n—k ( ) EZL_ (n) 1n—k (%)k
—14n (%) + n('r;!—l) (l) + n(n—l)l(n—Z) (%)3

n
n(n—1)---(n—m+1) m
+ot m! ('n)

= L1 () 4 (350) (252) oo s

n n n

Hence, holding m fixed, we obtain

e(i)limn_,oo(l—l—%)nz1+1+%+%+---+$ for each m € N.

Therefore, using (1) to know that lim,, E?;O% exists, we have
e > limy,,— E‘_OZ, =X2,% LI ¥

The following corollary shows that the series Eﬁo% converges very quickly
to e. The corollary gives an estimate of the error between e and the n'® partial
sum of the series ¥92,+ s> the estimate will enable us to prove that e is irrational
in Theorem 21.44.

Corollary 21.43: 0 < e — X7 o4 < -L for each n > 1.
Proof: Fix n > 1. Then, since e = izoﬂ by Theorem 21.42, we have (by
Exercise 21.1) that

e—n 1l _ vyoo 1
i=041 — “i=n+141"
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Therefore,

1 1 1 1
e— Y oln =Gl T e T T e T
1 1 1 1
< Dy (1 toa t ez T s T )
N\ 15.4 —L
= ok (143 )) 2 by (14 2

-7
= (n+l)' (1 + 5 ) (IHl-l)' n';'t_l = ﬁ ¥

Theorem 21.44: e is irrational.

Proof: Suppose by way of contradiction that e is rational. Then e = Z,
where m and n are natural numbers. Hence, by Corollary 21.43,

O<nl(Z-%r,d)<ic<l

Thus, since n! (2 — S y%) = m(n — 1)! — B2, % is obviously an integer and,
hence, a natural number, we have a contradiction to the fact that there is no

natural number strictly between 0 and 1 (Theorem 1.19). ¥

We obtain an infinite series representation for e for any real number z in
Example 24.37.
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Chapter XXII: Absolute Convergence

Absolute convergence is a notion of convergence of series that is particularly
useful. We will see many examples of the use of absolute convergence when we
study power series in Chapter XXIV and Chapter XXV.

We introduce the notion of absolute convergence in section 1. Then, as
we did in the preceding chapter for convergence of series, we give tests for
absolute convergence of series. We restrict ourselves to the two principal tests
— the Ratio Test (in section 2) and the Root Test (in section 3). Then we
show a direct relationship between the two tests (section 4). Next, we discuss
a natural algebraic question about convergent series, namely, the question of
what happens to convergence when we commute the terms of a series infinitely
many times (section 5); although we could have asked this question a long time
ago, we could not have answered it without the notion of absolute convergence.
The final section concerns Cauchy products of series; we will see that Cauchy
products behave in a more natural and predictable way than termwise products
do.

One final comment: We will show that absolute convergence implies conver-
gence (Theorem 22.1); thus, the Ratio Test and the Root Test in this chapter
can be added to the tests for convergence in the previous chapter.

1. The Notion of Absolute Convergence

Consider the series E;’ils";# It looks like the series converges, but can we
tell from any of our previous tests? The series has infinitely many positive terms
and infinitely many negative terms, and the signs of the terms occur somewhat
irregularly in groups of 3 and 4 (e.g., although the first 21 terms change signs
in groups of three, the next 4 terms are negative). Thus, we can not apply any
of our previous tests to the series E;’ils"?#; furthermore, recall from Exercise
21.12 that the Alternating Series Test does not adapt to nonalternating series
even when the signs of their terms change in a regular pattern. On the other
hand, if we disregard changes in sign by considering the series Efgljs";#h it
is easy to see that the new series converges: ‘L?‘(Z—)l < 712 for each i and, thus,
the series E;ﬁl% converges by the Comparison Test (Efgl%z converges by
Example 21.29).

But, what about the original series Efil%z(i) ? Believe it or not, we have
stumbled into a way to easily show that the series converges: Simply note from
the Triangle Inequality that

(*) SII;IZ(L)

o sin(4)

i=m 2 = 2?:.,”]5'?#" for all n > m

< ¥n

=m

and apply the Cauchy Criterion for Convergence of Series (Exercise 21.6) as
follows: Let € > 0; since the series Efiljs";#l converges, the Cauchy criterion

says there exists N such that E?zmls—i?»‘(i—)‘ < € when n > m > N; hence, by (*),
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‘E” SIN@ | ¢ when n > m > N;

i=m 42

therefore, the series Z?zmsi?# converges by the Cauchy criterion.
What we have done works in general. We state the general theorem after we

introduce terminology that we use from now on.

Definition: A series ¥52;a; is said to be absolutely convergent (or to con-
verge absolutely) provided that the series 52, |a;| converges.

Note that when all terms of a series are positive (or when all terms are
negative), absolute convergence is the same as convergence. Thus, when it is
not important to emphasize absolute convergence, we will often just say such
series are convergent.

Theorem 22.1: If a series is absolutely convergent, then the series con-
verges.

Proof: The proof merely consists of rewriting what we did above in the
general setting of the theorem; we leave this for the reader to do. ¥

Exercise 22.2: Prove Theorem 22.1 as indicated. Also, give an example to
show that the converse of Theorem 22.1 is false.

Thus, we have a new idea — using the series 332, |a;| to determine whether
the series 392, a; converges. This is all well and good, but we need general tests
for absolute convergence that are easy to apply. We give two such tests in the
next two sections.

We know that the termwise product of two convergent series may diverge
(Exercise 21.17). The following exercise provides a positive result for conver-
gence of the termwise product. Although the result can be proved using only
results in Chapter XXT (take this as a hint), the statement of the result could not
be given in a concise way until we introduced the notion of absolute convergence.

Exercise 22.3: If the series ¥X2,a; is absolutely convergent and the series
¥2,b; is any convergent series, then the termwise product ¥72,a;b; is abso-
lutely convergent (but does not necessarily converge to (352,a;) (X24b;), as is

illustrated following Exercise 21.3).

2. The Ratio Test

The Ratio Test and the Root Test are standard tests used to determine
absolute convergence or divergence of series. Usually these tests are stated in
terms of simple limits (of ratios and roots, respectively, of terms of the series).
However, formulations of the tests in terms of upper and lower limits have much
broader application (we give an example for the Root Test in the next section,
Example 22.19) Thus, we present the tests in the more general form. This
necessitates an introduction to upper and lower limits, which we give quickly in
the first part of the section. Then we prove the Ratio Test.
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Upper and Lower Limits

This part of the section consists of a definition and exercises directly related
to the definition. The definition has three parts, but the definition is mainly
terminology with no really new ideas involved. Hopefully the exercises will
enable the reader to gain familiarity with the definition. We will use most of
the results in the exercises at one time or another.

Definition: Let {s;}22; be a sequence and let
A ={zx € RtU{#o0} : some subsequence of {s;}22, converges to z}.

o The set A is called the set of all subsequential limits of {s;}2,, and each
point of A is called a subsequential limit of {s;}$2;. The set ANR?! is
called the set of all real subsequential limits of {s;}52,, and each point of
ANR? s called a real subsequential limit of {s;}2;.

e The sup A is called the upper limit (or limit superior) of the sequence
{s:}52, and is denoted by Tim; e S; .

e The inf A is called the lower limit (or limit inferior) of the sequence
{s:}52, and is denoted by lim, ,__s;.

Exercise 22.4: Let {s;}{2; be a sequence. Then {s;}2; converges or
{s:}52, diverges to oo or to —occ if and only if Tim; o8 = hmzﬁoosz, in which
case the upper (and lower) limit of {s;}52; is the limit of {s;}2; or is oo or
—00, respectively.

Exercise 22.5: The set of all real subsequential limits of a sequence {s; }22;
is a closed set.
(Hint: Use Exercise 15.10.)

Exercise 22.6: For a sequence {s;}52;, lim;_.os; is a subsequential limit

Of {Si};?;l.
(Hint: Use Exercise 22.5.)

Exercise 22.7: For a sequence {s;}32; and for any p > lim;_..os;, there
exists IV such that s; < p for all i > N.

Exercise 22.8: If {s;}32, is a bounded sequence, then Tim;_, oo s; is the only
subsequential limit of {s;}72; that satisfies the condition (about p) in Exercise
22.7. Hence, lim;_,os; is the largest subsequential limit of {s;}52;.

Exercise 22.9: The lower limit lim, ,__s; satisfies results analogous to those
in Exercises 22.6 - 22.8. Formulate the results for lower limits and prove them.

The Ratio Test

We are ready to state and prove the Ratio Test. After the proof, we give
two examples to illustrate the test.
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Theorem 22.10 (Ratio Test): Let ¥2;a, be a series none of whose terms
is zero.

(1) If Timy o |22 2 ,a; is absolutely convergent.
(2) If lim, . | 5| > 1, then the series X2, a; diverges.
(3) If lim, ., a;"l <1 <limj_eo 21| then there is no information about

the convergence of ¥92,a;.

Proof: Under the assumption in part (1), there is a number < 1 and a
%) < r for all i > N (by Exercise 22.7). Hence,
|ai+1| < |a;|r for all i > N. Thus, for any given i € N,

natural number N such that

(*) |aN+¢| < |CLN+1;1|7" < (|CLN+Z'72|T)T <0 < |aN|ri.

Since 0 < 7 < 1, the series 322 |ay|7? is a convergent geometric series
by Theorem 15.4. Thus, by (*) and the Comparison Test (Theorem 21.18),
the series 32, |any+;| converges. Therefore, the series X2, |a;| converges by
Exercise 21.1. This proves part (1).of our theorem.

Under the assumption in part (2), there is a natural number M such that
“eL) > 1 for all ¢ > M, which says that |a;+1| > |a;| for all i > M. Hence, for
any given i € N,

lans+i| > lapr+io1| > lanr+iz| > -+ > |an]-

Thus, since ay; # 0, lim;_.o a; # 0. Therefore, by the 7" Term Test (Theorem
21.8), the series X2, a; diverges. This proves part (2) of our theorem.
The proof of part (3) can be done by considering only the two series 332 17

and X2, =. However, we note that for any p- series Ef"lﬁ,,
I or | I i \P 186 =1
111, 00 —"'-—p_ = 11m; 0 1 = =
3 RS P I P
hence, lim; GOP | = 1 = Timyoeo ﬁ% by Exercise 22.4); therefore
—_—1— 00 —_— - )
P P

since a p-series converges when p > 1 and diverges when p < 1 (by Example
21.29), we have proved part (3) of our theorem. ¥

The two series in the following exercise obviously diverge. Nevertheless, you
are asked to see whether the Ratio Test shows that they diverge.

Exercise 22.11: What does the Ratio Test say about the series 32,77
What does the Ratio Test say about the series

%00, 21" =92 4 91 1 94 4 93 4 96 4 95 4 ... 7
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We give two examples concerning the Ratio Test. In the first example, we
illustrate how easy it is to apply the Ratio Test. In the second example, the
Ratio Test fails; this example will be especially important when we get to the
Root Test and the relationship between the Ratio Test and the Root Test.

i+1

Example 22.12: Consider the alternating series 221(1)(3)7(8—(21;_1) It is
easy to apply the Ratio Test to see that the series converges: For each i € N,
let a; be the it" term of the series. Then
(—1)i*+2(G+1)1

MDRG):--(2i+1)

—1)i+1;

OEXE) - (2i—-1)

Qi+l [

-+ 1)! ; .
L) = =D L il gy gl e N;

i 29+1 T 2i+1

= % Thus, lim;_,

i+

= 2 < 1 (by Exercise 22.4).

Hence, lim;_.

Ai+1
a,

Therefore, by part (1) of the Ratio Test, the series Eﬁlwm converges
(absolutely). The Alternating Series Test (Theorem 21.10) can also be used to
show that the series converges, but some thought is required to see how (Exercise

22.14).
Example 22.13: Consider the series

D2tV i=L Ly Ly Ly Ly Ly

We show that the Ratio Test says nothing about the series. (You will be asked
in Exercise 22.15 to prove that the series converges using a test in the previous
chapter.)

For each i € N, let a; be the i*" term of the series. Then, for all i € N,

@ivy| _ 2(71)i+1.7(i+1) _ 2(71)“1—1‘—17(71)’41’ _ 2(71)“17(71)1,71
@ 2D =i :
Thus,
waa] ) 2 ,if i is odd
@i 2-8 if 4 is even.
Hence, lim, 2irll < 1 < limj_oo |[222L|. Therefore, the Ratio Test says
) i— 00 a ) Yy

nothing about the series.

The first two exercises below concern the examples we just presented.

_1)i+1;)

Exercise 22.14: Show that the series ¥72) qymy@) =@y in Example 22.12
converges using the Alternating Series Test (Theorem 21.10).

Exercise 22.15: Show that the series E;ﬁl?(_ly—i in Example 22.13 con-
verges using a test in the preceding chapter (no fair using the Root Test, which
we do not prove until the next section).

Exercise 22.16: Find all z such that the series 2;22% converges.
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3. The Root Test

We prove the Root Test and give two examples. The first example begins a
comparison of the Root Test with the Ratio Test which we complete in section 4.
The second example gives us a specific instance in which the Root Test applies
but in which the simpler limit form of the test does not apply.

Theorem 22.17 (Root Test): Let ¥2,a; be a series.

(1) Tf Tim; oo /Ja;] < 1, then the series $32,a; is absolutely convergent.

(2) If Tim; o0 y/]a;| > 1, then the series X2, a; diverges.

(3) If Tim; oo v/]a;| = 1, then there is no information about the convergence
of ¥92,a;.

Proof: The proof is similar to the proof of the Ratio Test, but some modi-
fications are needed (especially in the proof of parts (2) and (3)). We include
the details.

Under the assumption in part (1), we can choose r < 1 and a natural number
N such that ¢/|a;| < r for all © > N (by Exercise 22.7). Hence,

(*) la;] <r® foralli> N.

Since 0 < r < 1, the series X327 is a convergent geometric series by Theo-
rem 15.4. Hence, the series 22 yr? converges by Exercise 21.1. Thus, by (*) and
the Comparison Test (Theorem 21.18), the series X52 y |a;| converges. There-
fore, the series 352, |a;| converges by Exercise 21.1. This proves part (1).of our
theorem.

Next, we prove part (2). Recall from Exercise 22.6 that EH)O(/M is the
limit of a subsequence,{ ‘t/]a;,|}7%;, of the sequence {y/]a;[}32;; hence, under
the assumption in part (2), ‘%/|a;,| > 1 for infinitely many k. Thus, |a;,| > 1
for (the same) infinitely many k. Hence, lim; . a; # 0. Therefore, the series
22, a; diverges by the i'" Term Test (Theorem 21.8). This proves part (2) of
our theorem.

We prove part (3) using p-series (as we did in the proof of part (3) of the
Ratio Test). Fix p. We show that lim;_, \/ZIP = 1. We can show this directly,
but we prefer to use encyclopedic recollection! The answer to Exercise 18.14
is that limy_,oc ¥ = 1. Thus, since (z7)% = (27 )P (by part (4) of Theorem
16.30) and since the function g(y) = y? is continuous (by Theorem 16.31 and
Theorem 6.14), we have by Theorem 18.6 that

limg oo (2P)% = 1.

Hence,

. i1 . 1 4.19
hml‘*)oo w hmiﬁoo W = 1.
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Thus, lim; .v/]a;] = 1 (by Exercise 22.4). Therefore, since a p-series con-
verges when p > 1 and diverges when p < 1 (by Example 21.29), we have
proved part (3) of our theorem. ¥

We return to the series 2% + 2—11 + 2% + 2% o= 02,2007 We saw
in Example 22.13 that the ratio says nothing about the series. It is easy to
show that the series converges using more elementary tests than the Ratio Test
and the Root Test (Exercise 22.15); nevertheless, we will use the series as an
example for which the Ratio Test fails but the Root Test succeeds. We note
that the reverse can not happen — when the Ratio Test succeeds, the Root Test
succeeds, as we will prove in Theorem 22.23.

Example 22.18: For the reason mentioned above, we show that the Root
Test can be used to prove that the series 2—12 + 2% + 2% + 2% o= 0% 20D
converges. Note that

i

1 ;
2(*1)1‘71'} = <2(71) ) = % (2(71'1) > for each i € N

21'
and that
. D 16.23 . |n(2‘+‘1)i') 16.22 . CD p) 186 0
lim; 00277 =" lim; ., € =" lim; € ¢ = e =1.
Hence,

lim; oo i/}2(—l)i—i} — hmi—wo% (2#) = %

Thus, lim; oo /]a;] = % (by Exercise 22.4). Therefore, by part (1) of the Root
Test, the series %32,2(-1D"~7 converges.

In many books, the Root Test and the Ratio Test are stated in terms of
whether the limit lim; ., v/|a;| is less than 1, greater than 1 (including oo)
or equal to 1. Obviously, these formulations of the tests follow from ours (by
Exercise 22.4). Our next example shows that the Root Test we have given can
be used when the Root Test in terms of the simple limit lim;_,~, v¥/|a;| can not
be used (because the limit does not exist as a number or co).

Example 22.19: We consider the series
1,1 1 1 1 1 1,1
ststmt+teptmst+ts ottt

We show that the series has the properties mentioned above.
For each i € N, the i'" term, a;, of the first series is given by

1, ifiisodd
27

1
3%

a; =
, if 4 is even.

Hence,
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(*) /Jail =

1 1 1+_1
(1“) ()7 ifiisodd
1

= T , if 4 is even.
Since the exponential function (%)l is continuous and decreasing (by Corollary

17.20) and since the sequence {%};’il decreases to its limit %, we see that

+1

SUP;>1, i odd (%) = (%) =

[N

s

Thus, by (¥),
Sup;>1 v lai| = V2

Hence, lim; oo +/]a;] = . Therefore, by part (1) of the Root Test, the series
Y2, a; converges. However since

. i ™) ;. 1 16.23,16.22 . il gl
limy oo i odd v/]@i] = limi— oo (% = lim;_, o, €20 N2

1001
—ezN(3) = L

V2

. ; *)
hmi—»ooA, i even \2/ |a'i| = %7

the limit lim;_, o v/|a;| does not exist.

and

You may think that the series in Example 22.19 converges simply because
it is the termwise sum of two convergent geometric series. However, that only
proves that the series ¥52, (% + 3—11) converges. Nevertheless, it is instructive
to work out a proof that the series in Example 22.19 converges using the series

Zi(z+3)

Exercise 22.20: Prove that the series in Example 22.19 converges using

the idea just mentioned.

Exercise 22.21: Does the Ratio Test (Theorem 22.10) show that the series
in Example 22.19 converges?

4. Relationship between the Ratio Test and the Root Test

We know from experience that it is easier to compute ratios than to compute
roots. Thus, we are inclined to try the Ratio Test before we try the Root Test un-
less the general form of the terms of the series suggests otherwise. For example,

N
we would certainly try the Root Test first for the series 332, (g;gz) ; indeed, the

Root Test easily shows that the series 322 (2 +6L> converges, whereas trying
the Ratio Test leads to an algebraic headache.
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When it is not clear whether to try the Ratio Test or the Root Test, which
should we try first? We saw in Example 22.18 that the Root Test can succeed
when the Ratio Test fails. The reverse can not happen, as the theorem we will
prove shows. The significance of the theorem is that in spite of our natural
inclination to try the Ratio Test first, we should try the Root Test first (unless,
of course, features of the terms of the series suggest trying the Ratio Test).

It is convenient to have the following lemma for the proof of our theorem.

Lemma 22.22: Let {s;}52; and {¢;}52, be sequences such that s; < ¢; for
all i € N. If lim; o t; = p (including p = o), then lim;_,o5; < p.

Proof: Let x = limy_. 8;,, where {s;, }72, is a subsequence of {s;}2;.
Then, since s;, < t;, for all k and since limy_,o t;, = p (by Exercise 20.3), we
see easily that x < p. This proves that p is an upper bound for the set of all
subsequential limits of {s;}32,. Therefore, since lim;_,o0s; is a subsequential
limit of {s;}%2; (by Exercise 22.6), we have that lim; ...s; < p. ¥

Theorem 22.23: If the Ratio Test shows absolute convergence or diver-
gence, then so does the Root Test. In fact, for any sequence {a;}52, none of
whose terms is zero,

Qi+1 Ai+1

Qg

lim,

<lim;_ oo /]ai] <Timy—eov/]as] < limy—oo

Proof: The second inequality is obvious. We prove the third inequality,
leaving the proof of the first inequality for the reader (the proof of the first
inequality similar to our proof below; it uses the reader’s results in Exercise
22.9 and the result for lower limits that is analogous to Lemma 22.22).

Ai+1

=211 < 00 (otherwise, we are done).
:

We assume for the proof that Tim;_, o

Then we can choose p > lim;_ Hence, by Exercise 22.7, there is a

ai+1
.

natural number N such that < pfor all i > N. Thus, |a;+1| < |a;|p for

all i > N. Therefore, for any given i > N,

Ai+1
a;

i— N

la;| < lai—1|p < (Jai—2|p)p < --- < lan|p = lan|p~Np'.

Hence, noting that p > 0 in order to know that ¢/|an|p~N exists, we have that

*) /]ail < /lan|p~Np for alli > N.

Note that

. . 16.23,16.22 .. 1 N
lim; .o /|lan|p=N = lim; oo e7 MUanlp™) = 0 = 7,

Hence, lim;_,o v/|an|p~™™ p = p (by Theorem 19.4). Thus, (*) and Lemma
99.92,

mz'4>00 \i/ |ai| < D-
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, we have

Finally, having proved this last inequality for any p > lim;_ o )

Qi+1
a;

proved that

Ai+1

lim; oo y/]a;] < limyoo

a; |’

which is the third inequality in our theorem.

It is easy to see that the inequalities in our theorem prove the first part of
our theorem: part (1) of the Ratio Test implies part (1) of the Root Test by the
third inequality in our theorem; part (2) of the Ratio Test implies part (2) of
the Root Test by the first and second inequalities in our theorem. ¥

Exercise 22.24: Prove the first inequality in Theorem 22.23.

Exercise 22.25: Find all = such that the series X252, (I,;zil) : converges.

Exercise 22.26: Find all z such that the series 352, lg!m converges.

Exercise 22.27: Is the series E;’il(—l)“@ absolutely convergent?

5. Rearrangements of Series

One general question in the back of our minds when studying series is the
question of how much series behave like finite sums. When we started studying
series we saw some results about series that resemble results about finite sums
(the results in Exercises 21.3, 21.4 and 21.5). Since then we have not paid
any attention to the similarity or difference between series and finite sums. We
now focus on an aspect of comparing series with finite sums that is particularly
interesting: When can we commute the terms of a convergent series infinitely
many times and still, no matter how we commute the terms, have a convergent
series? And, when we can do this, must the sums of the series be the same?

We provide complete answers to the questions by the end of the section
(Theorem 22.35).

First, let us give an example of a convergent series such that for any given
real number, we can commute the terms of the series so that the new series
converges to the given real number. The procedure we use in the example will
actually be more important than the example itself.

Example 22.28: We show that we can commute the terms of the alternating
harmonic series Ei‘ﬁl(fl)”l%, which converges by Theorem 21.10, so the new
series can be made to converge to any real number whatsoever.
We first make simple observations about the odd terms and the even terms of
22, (=1)"*1L; namely, £2, 2= = 0o and £2; 52 = —oco. This is easily seen
as follows: The series E;ﬁl% diverges (by Example 21.29 and Exercise 21.4)
and, therefore, its sequence of partial sums, which is increasing, must not have
an upper bound (by Theorem 19.20); thus, Zfil% = 00; hence, 2;’;1;—,} = —00
and, since 21—1_1 > % for each i € N, E;’glL = oo by the Comparison Test

2i—1
(Theorem 21.18).
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Now, fix any number x. Since nglril = 00, we can use the Well Ordering
Principle (1.18) to let j1 be the first natural number such that ZglleEl > .

Similarly, since 32, 5% = —oo, we can let k; be the first natural number such
that

Jji o _ 1 k1 —1
Ei=12i—1 + Eizlg <x.

Next, let jp be the first natural number greater than j; such that

Jj2 1 kp -1
Yitizo T Xtz > T

Then let ko be the first natural number greater than k; such that

j2 1 ko ;1
Yitigg T2 < T
Continuing the process as indicated (we omit the formal induction), we arrive
at a series whose terms, in the order in which they occur, are

=1 =1 1 1 -1 =1
e BT B Dk BAFD)T  BaT B0 A D) Dk

The terms of this new series are the terms of the alternating harmonic series,
and each term of the alternating harmonic series appears only once as a term
of the new series. Thus, we have obtained the new series solely by commuting
the terms of the alternating harmonic series. Finally, since lim,,,— zjm—l_l =0
and lim,,— oo ﬁ = 0, it is easy to see from the construction that the sum of
the new series is x.

Exercise 22.29: In addition to what we showed in Example 22.28, show
that the terms of the alternating harmonic series £2;(—1)"**1 can be com-
muted so that the sum of the resulting series is co.

When we commute the terms of a series, the new series we obtain is called
a rearrangement of the original series. Let us note the precise definition:

Definition: A rearrangement of a series ¥2,a; is a series of the form
Y§21a4(:), Where ¢ is any one-to-one function from N onto N.

Rearrangements of Absolutely Convergent Series

It would seem that the procedure in Example 22.28 could be carried out more
generally. For which series can we do this? That is, what general properties
must a series have in order that for any given real number x, the procedure
in Example 22.28 produces a rearrangement of the series such that the sum of
the rearrangement is x 7 On reviewing the procedure in Example 22.28, we see
that the sum of the positive terms of such a series should be oo, the sum of the
negative terms should be —oo, and the limit of the positive terms, as well the
limit of the negative terms, should be 0 (which was used at the end of Example
22.28 to show x was the sum of the rearrangement).
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An absolutely convergent series 322;a; does not have the properties just
mentioned: the sum of its positive terms, as well as the sum of its negative
terms, is finite since the sums lie between ¥2; — |a;| and 352, |a;|. However,
this leaves open the possibility that for some absolutely convergent series X2, a;,
several real numbers between 32, — |a;| and X2 |a;| could be the sums of
rearrangements of the series. We show this can not happen; we are then led to
see if the procedure in Example 22.28 works for convergent series that are not

absolutely convergent.

Theorem 22.30: If a series X$2,a; is absolutely convergent, then every
rearrangement of 322, a; converges to the sum X2, a;.

Proof: Let X2 a,(;) be a rearrangement of X2, a; (¢ as in the definition of
rearrangement). Let € > 0. Since the series X2, |a;| converges, we see from the

Cauchy criterion in Exercise 21.6 that there is a natural number N such that
(1) X7, la;| < eforall n >m > N.
Since ¢ maps N onto N, there is a natural number K > N such that

(2) {1,2,..., N} C {o(1),(2), ..., p(K)}.

Now, let {s,}>2; denote the sequence of partial sums of ¥2;a;, and let
{tn}nz1 denote the sequence of partial sums of 32 a,(;). Fix n > K. Since
K > N, each of the terms ay, ay, ..., ay appears exactly once in s,,; by (2) and the
fact that ¢ is one-to-one, each of the terms a1, az, ..., ay appears exactly once
in t,,. Hence, the terms az,az,...,ay will cancel one another in the difference
Sp — tn. After we cancel as just indicated, the terms left in s,, — t,, are of the
form a; with ¢ > N; denote the terms left by b1, ba, ..., bs. Then,

1)
|3n - tn| = |Ef=1bz| < Ele |bL| < e

We have proved that for any e > 0, there exists K such that s, —t,]| < €
for all n > K. We also know from Theorem 22.1 that the series 322, a; con-
verges, which means that lim,,_,o 5, = 32, a;. Therefore, it follows easily that
limy, o0 tn = X§2,a;. This proves that the rearrangement ¥52,a,; converges
to the sum of the series X2,a;. ¥

Exercise 22.31: A series is absolutely convergent if and only if the series of
its nonnegative terms converges and the series of its negative terms converges.

Rearrangements of Conditionally Convergent Series

In line with the discussion leading to Theorem 22.30, we now focus on con-
vergent series that are not absolutely convergent. We show that the procedure
in Example 22.28 generalizes to apply to such series. For conciseness, we note
the following standard terminology.

Definition: A series that converges but is not absolutely convergent is said
to be conditionally convergent.
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The following lemma addresses the conditions about divergence to oo of
the positive and negative terms that we mentioned in the discussion preceding
Theorem 22.30.

Lemma 22.32: If 32, q, is a conditionally convergent series, then the sum
of the series of nonnegative terms of 32;a; is co and the sum of the series of
negative terms of 32, a; is —oo.

Proof: For each i € N, let

_ lail*as _ a; ,ifaz-ZO _ lail—a 0 ,ifa¢20
Pi 2 0 ,ifa;<0 > ¥ 2 —a; Lifa; <0

We first prove that
*) YZpi =00 and XZ,q; =00

and then we show that the lemma follows easily from (*).

Proof of (*): If both the series 3$2;p; and ¥2,¢; converged, then their
termwise sum would converge (by Exercise 21.3); however, since their termwise
sum satisfies

21 (pi +qi) = B2 |ail,

their termwise sum diverges since the series 392, a; is not absolutely convergent.
Hence, we have that

(1) X22,p; diverges or 32, ¢; diverges.
Now, note that for each n € N,

Y0 ja, =30 (pi — qi) = i — 2 qqi;

thus, since the series ¥2,a; converges, the convergence of ¥{2;p; implies the
convergence of X92,¢; (by Exercise 21.3) and vice versa. Hence, by (1), it must
be that

(2) %2, p; diverges and Y32, ¢q; diverges.

1=

Next, note that p; > 0 for all i € N; hence, the sequence {s,,}>2,; of partial
sums of the series 52, p; is increasing. Thus, by (2) and Theorem 19.20, the
sequence {s,}°2; has no upper bound. Therefore, ¥2;p; = oco. Similarly,
¥2,1¢; = oo. This proves (*).

Finally, we use (*) to complete the proof of our lemma.

By (*), there are infinitely many nonnegative terms of the series 32, a;, say
Qiy s Qi .-, 4, , ... Where the terms are indexed in the order in which they appear
(meaning i1 < iz < +++ < 4, < ---). Then, for each n € N, the first i,, terms
of the series £2,p; are the terms a;,, @iy, ..., a;, together with (possibly) some
terms that are 0. Hence,

Yiqai; = Ej’;lpj for each n € N.
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Therefore, by (*), ¥72,a;, = oo.
Slmllarly, if ak,,apy, ..., ak, , ... are the negative terms (in order of appear-
ance) of the series E“laz, then

Yi_jak; = Ek 2,q; for each n € N.

Therefore, by (*), X2 a, = —00. ¥

We now apply the procedure in Example 22.28 to prove the following the-
orem. Recall the definitions of lim, s, and lim,_,. s, at the beginning of
section 2 of this chapter.

Theorem 22.33: Any conditionally convergent series has a rearrangement
that converges to any real number or whose sum is +oo. Moreover, let 32, a;
be a condltlonally convergent series, and let u < v be real numbers or 4 = —oc0
or v = oco. Then there is a rearrangement ¥52;a,¢;y of ¥$2;a; such that the
sequence {s, }5Z; of partial sums of X2, a,(; satlsﬁes

lim, s, =u and lim, s, =".

Proof: By Lemma 22.32, the series ¥52,a; has infinitely many nonnegative
terms and infinitely many negative terms. Let b1,0bo, ..., b;, ... denote the non-
negative terms of the series X2, a; listed in the order in which they appear, and
let c1,c¢,..., ¢, ... denote the negative terms of the series ¥2;a; listed in the
order in which they appear.

We consider the case when u and v are finite.

By Lemma 22.32, ¥2,b; = oco. Hence, by the Well Ordering Principle
(1.18), there is a first natural number j; such that E£=1bz > v. Then, since
Y246 = —oo (by Lemma 22.32), there is a first natural number k1 such that

SIL b+ 2R e <

Next, there is a first natural number j, > j; such that (by Lemma 22.32)
2 b+ 3R e > .

Then there is a first natural number kp > k; such that (by Lemma 22.32)
S22 b+ 382 0 < .

Continuing the procedure as indicated (we omit the formal induction), we obtain
a series whose terms, in the order in which they occur, are

b17 i} bj:u C1, "'7Ck17bj1+17 i} bj27 Cla+1y oy Chigy -+ -

Note that this new series uses each term of the series £2;a, exactly once (and
uses only the terms a;); hence, the new series is a rearrangement of the original
series 2724 a;.

We denote the new series by ¥52,d; and its sequence of partial sums by
{sn}nza-

For each n € N, we let
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Up = Efgldi, Un = Eggldi-
Since k1 < kp < -+ <kp<--- and j1 <j2 <--+ < jn <---, we have that
(1) the sequences {u,}5=;and {v,}52; are subsequences of {s,}°2,.

Let us also note the following: Since the series 352, a; converges, lim;_, a; =
0 by the i Term Test (Theorem 21.8); thus, since the indices k; and j; are
strictly increasing, we have that

(2) lim; o0 ¢k, = 0 and lim; o bj, = 0.

We now show that u and v are subsequential limits of {s,}>2,. It is clear
from the construction that for each n € N,

lu—up| < ek, | and |v—vn| < [bj,[.

Hence, we see from (2) that lim,,—,o 4, = v and lim,,_,~ v, = v. Thus, by (1),
we have that

(3) u and v are subsequential limits of {sy}7Z.

Finally, we show that lim, s, = u and that lim,, 008, = v. Fix 2 < u.
Then, by (2), there exists N such that ¢, > 5% for all i > N. It then
follows that no subsequence of {s,}52, converges to x. Hence, lim,, s, > u.
Therefore, by (3), lim Sp = u. A similar argument shows that lim,,_, o8, =
v.

e dee]

This completes the proof of our theorem when « and v are finite. The proof
when one or both of u and v are infinite is left to the reader. ¥

Exercise 22.34: Prove Theorem 22.33 when u, v or both are infinite.
Main Theorem

We are now in a position to completely answer the questions we asked at
the beginning of the section:

Theorem 22.35: For any series ¥52,a;, the following three statements are
equivalent to one another:

(1) Every rearrangement of the series Y2, a; converges.

(2) Every rearrangement of the series ¥2;a; converges to the same sum.

(3) The series X2, a; is absolutely convergent.

Proof: That (3) implies (2) is by Theorem 22.30. Obviously, (2) implies (1).

Finally, we prove that (1) implies (3). Assume that (1) holds. By Theorem
22.33, every conditionally convergent series has a nonconvergent rearrangement.
Hence, by (1), the series 32,a; is not conditionally convergent. Thus, by the
definition of conditionally convergent, the series ¥2;a; either diverges or is
absolutely convergent. Now, note that the series ¥52,a; is a rearrangement
of itself (by letting (i) = 7 for all ¢ € N); hence, by (1), the series 32, q;
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converges. Therefore, the series ¥2,a; is absolutely convergent. This proves
(3). ¥

For completeness, we remark that series for which every rearrangement con-
verges to the same sum are often said to be unconditionally convergent. Note
that Theorem 22.35 says that the unconditionally convergent series are the same
as the absolutely convergent series. Theorem 22.35 also shows that the phrase
“to the same sum” is superfluous in the definition of unconditionally convergent.

In the figure below, we summarize convergence properties of series we have
studied; the abbreviations AC, UC, CC and D, respectively, stand for absolutely
convergent, unconditionally convergent, conditionally convergent and divergent.

Exercise 22.36: Give an example of a series that has only integers and +oo
as sums of rearrangements and such that every integer, oo and —oo are sums of
rearrangements of the series.

Exercise 22.37: Let S denote the sum of the alternating harmonic se-
ries E;’;l(—l)“l%. The following series is a rearrangement of the alternating
harmonic series:

X g, = i _1.,1.,1 1,1, 1 1 o411
Yz =1l+3-5+5+7-3+t5+t1 % tEstE Tt

+ .o
Show that the sum of the series ¥2;a; is % # S by verifying the claims in
(1)-(4) below:
(1) S #£0.
(2) 216, =0+24+0-2+0+2+0-2+..=3.
(3) The sequence of partial sums of the series X2, a; is a subsequence of the

sequence of partial sums of the series £22; ((—=1)"™12 +b;).
(4) £2ya; = 32 # 8.

247



6. Cauchy Products

We discussed the termwise product of series following Exercise 21.3. There
is another kind of product of series called the Cauchy product, which we define
below.

The motivation for the Cauchy product of numerical series comes from power
series. We will study power series in Chapters XXIV and XXV. For our purpose
at this time, the term power series refers to a series of the form $52,a,;2%, where
a; is a constant for each i and x is a variable. No knowledge of power series is
needed for what we do here.

Let ¥%25a; and X524b; be two numerical series, and consider the two power
series X2qa;xt and Y2b;z. If we multiply the two power series together as
though they were polynomials and collect terms, we obtain the power series

aobo + (aob1 + albo)l‘ + (aobz + a1by + azbo)xz

this power series is called the Cauchy product of the two power series ¥ pait’
and S20b;z", and is denoted by (X32ga;x') x (£520b;x'). The Cauchy product
of the numerical series X25a; and X24b; is the series we just defined but

without the z’s and is denoted by (X52ga;) X (2524b;); in other words,
(X520ai) x (E5720bi) = Ei%o (Xizoaibn—i)-

We see that Cauchy products, rather than termwise products, are the natural
product for series, even for numerical series. This is because if £52ya; and X524b;
are numerical series, then the n'" partial sum of their Cauchy product is the
finite sum obtained by multiplying the two polynomials E?zoaixi and E?zobixi
together.

We know that termwise product of two convergent series may diverge (Ex-
ercise 21.17). The same unfortunate behavior occurs with Cauchy products:

Exercise 22.38: The series E;’io(—l)iﬁ converges, but its Cauchy prod-

uct with itself diverges.
However, if at least one of two convergent series converges absolutely, then

their Cauchy product converges and, moreover, it converges to the expected
value:

Theorem 22.39: If ¥2,a; is absolutely convergent and »$2,b; is conver-
gent, then the Cauchy product (352qa;) x (X524b;) converges to (X25a;) (2524b;);
in other words, the Cauchy product converges to the product of the sums of the
two series ¥X2qa; and X524b;.

Proof: We first establish some notation for use in our computations: For
each n > 0, let ¢, be the n'! term of (X525a;) x (X24b;), so

Cp = E?:oaibnfiv

and denote the n'® partial sums of the three series by
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Ap =30 a;, By =3b;, S, =Xy
Also, let A, B, and S denote the sums of the three series,
A=%2qa;, B=%X25b;, S=X2y.
Finally, for each n > 0, let
8, = B, — B.
Our theorem claims that S = AB. We prove this by showing that
lim,, o S, = AB.
Note that for each n > 0,
Sp = aobo + (apbr + a1bo) + (aobz + arby + azbo) + - - - + (Zgaibn_i)
=aoBn +a1Bn-1+a2Bn 2+ +a,Bo
=ao(B+B,) +a1(B+ B, 1)+ a2(B+ B, 5)+ -+ an(B+ )
= A, B+ X pa:f,,_;.

Hence, letting v,, = X qa;5,,_; for each n > 0, we have proved that
Sp = A,B+~, foreachn>0.

Thus, since lim,,—,oc A, B = AB (by Theorem 19.4), our theorem will be proved
once we prove

(*) limy o0 ¥, = 0.

Proof of (*): Let € > 0. By assumption in our theorem, X524 |a;| < co. We
let

Since a < 0o, we see from Exercise 21.2 that there is a natural number N
such that
(1) 252, |a;] < efor all n > N.

Since ¥2,b; converges and [, = B,, — B, we have that lim,_.. 3, = 0;
hence, we can assume that N in (1) is large enough so that

(2) 18,,] <eforalln > N.
Next, note that for each n > N,

_yn . _ ym—N-1_ n . .
Tn = 2i=0alﬂn—i - 21’:0 alﬁn—i + Eizanalﬂn—i?
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hence, for each n > N,
|7n| S |EZL=_ON_laiﬁn—i| + }E?=7L—Naiﬁn—i}
S E?;ONil |CL¢| }6n7i| + }E;;analﬁnfz}

(©)
< E;;ON ! |ai| e+ |E?=7L—Naiﬁn7i| < ae+ E?='IL—N |ai| |i6n7i}'

Thus, letting 6 = max {|8q|, 81|, -, |Bn|}, we have that

IVnl < ae+ B,y la;| foralln > N.

Hence, by (1),
[7n] < e+ Be for all n > 2N.

Therefore, since € > 0 was arbitrary, we have proved (*). ¥

We compare Theorem 22.39 with the result for termwise products in Exercise
22.3. The assumptions in both results are the same, but there are two notable
differences in the conclusions which we note below.

First, the termwise product is absolutely convergent (Exercise 22.3), whereas
the Cauchy product may not be absolutely convergent, as we show with the
following simple example: Just let X525a; be the absolutely convergent series
with ap = 1 and a; = 0 for all ¢ > 1; then we see that the Cauchy product of
¥224a; with the convergent series £2,(—1)'—L; is conditionally convergent.

Second, the Cauchy product converges to the expected value, namely, to the
product of the sums of the two series (Theorem 22.39), whereas the termwise
product may not converge to the expected value (an example is in the discussion
following Exercise 21.3).

The second difference between Theorem 22.39 and the result in Exercise
22.3 seems more important than the first. Thus, we are led to say that Cauchy
products behave better than termwise products.

Finally, we raise a natural question that we will answer later. Assume
that two series, X25a; and X2,b;, converge and that their Cauchy product
(3220a;) X (X24b;) also converges. Then the question arises as to whether the
Cauchy product must converge to (£52a;) (X24b;). The answer is yes. How-
ever, the question is really a question about the continuity of power series; thus,
we are not prepared to verify the answer at this time. You will be asked to carry
out the verifications at the end of section 3 of Chapter XXIV (Exercise 24.33).
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Chapter XXIII: Sequences of Functions

We studied numerical sequences in Chapter XIX and Chapter XX. Numerical
sequences are functions whose domains are the natural numbers. In this chapter
we study sequences of functions whose domains vary from being arbitrary sets
to being intervals. We apply what we learn to series of functions in the next
two chapters.

We study two notions of convergence of functions — pointwise convergence
and uniform convergence. In section 1 we present examples to show that the
properties of continuity, differentiability and integrability are not preserved un-
der pointwise convergence. In section 2 we introduce uniform convergence and
prove the Cauchy criterion for uniform convergence. In sections 3, 4 and 5 we
obtain results relating uniform convergence to continuity, differentiability and
integrability.

1. Pointwise Convergence

The following definition expresses the most natural way to consider conver-
gence for a sequence of functions:

Definition: Let X be a set, and let f,, : X — R?! be a function for each
n € N. We say that the sequence {f,}°%; of functions converges pointwise
on X provided that for each x € X, the sequence {f,(z)}32, of real numbers
converges (to a real number).

Assume that {f,}5%,; converges pointwise on X, and let f : X — R? be
defined by

f(z) =lim, o0 frn(x) for each z € X

then we call f the pointwise limit of {fn}5%,, and we say that { f,,}°%, converges
pointwise to f on X.

Pointwise convergence is the simplest type of convergence of functions imag-
inable; unfortunately, however, pointwise convergence is not strong enough to
preserve continuity, differentiability or integrability. We show this in examples
below.

Let us first show that the problem of the continuity of pointwise limits of
continuous functions can be viewed as a problem about interchanging the order
in which we take limits.

Let {f,}>2, be a sequence of continuous functions converging pointwise on
a subset X of R? to a function f. Let p € X. By Corollary 3.13, f is continuous
at any isolated point of X. Thus, to examine the continuity of f at p, we may
as well assume p is a limit point of X. Then, by Corollary 3.13, f is continuous
at p if and only if

limgp, f(2) = f(p);
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thus, since lim,, o fn(x) = f(z) for each x € X, the continuity of f at p is
equivalent to having

1imz_,p lim,, 0 f'n(x) = f(p)

On the other hand, solely by our assumptions that each f,, is continuous and
that {fn}22, converges pointwise to f, we have that

limy, o0 lim, .y, fr(2) = f(p).
Therefore, the continuity of f at p is equivalent to the following equality:
limy—p limy, oo fro (@) = limy—oo limy—sp fr ().

In other words, the question of whether a pointwise limit of a sequence of con-
tinuous functions is continuous at p is the same as asking whether the order in
which we take limits does not matter.

Similarly, questions about derivatives as well as integrals of pointwise limits
are really questions about the order in which we take limits. Thus, we sometimes
express examples and theorems in terms of the order in which limits are taken.

Example 23.1: We show that a pointwise limit of continuous functions
may not be continuous.

For each n € N, define the continuous function f, : [0,1] — R by f(z) = 2"
for all x € [0, 1]. Then the sequence { f,,}32, converges pointwise to the function

f given by
0 Jifx#l
f(x){ 1 ife=1
and f is not continuous at x = 1.

Example 23.1 also shows that differentiability is not preserved by pointwise
convergence since the limit function is not continuous (recall Theorem 6.14).
Our next example is stronger.

Example 23.2: We give an example of a sequence {f,,}>2, of differentiable
functions whose pointwise limit is continuous but not differentiable.

The sequence {f,}52, comes from knowing beforehand that we want the
pointwise limit of the sequence to be the function f(z) = |x|; we can then
obtain f,, by replacing f in the interval [_le 7—1L] with part of a parabola that has
the correct values and the correct derivatives at the points j:7—1L. The formula is

as follows: For each n € N, let

2 1 e —1 1
fuw) =4 Z e lE =TS
|| ,if|x|2%.
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We show that the absolute value function f is the pointwise limit of the
sequence {f,}52,: If © # 0, then f,(x) = |z| = f(z) for all n sufficiently large,
and lim,, . fn(0) = lim,, . 5= = 0 = f(0).

It is easy to verify that each function f, is differentiable at every point of
R? (use Theorem 6.15 for the points x = £1).

Finally, f is continuous on R? (by Exercise 3.6) but f is not differentiable
at x = 0 (by Exercise 6.17).

Example 23.3: We give another example concerning pointwise limits and
derivatives; in contrast to Example 23.2, this time the pointwise limit is dif-
ferentiable but its derivative is not the pointwise limit of the derivatives of the
approximating sequence. Thus, the example shows that the order in which
we take pointwise limits and derivatives matters when the functions and their
pointwise limit are differentiable.

For each n € N, let

fo(z) = 2™ — 2" for all z € [0,1].

Note that f,,(1) = 0 for each n and that lim,,_,., ™ = 0 for each x such that
0 <z <1 (by Lemma 15.3); thus, the sequence {f,}52; converges pointwise
on [0,1] to the zero function f. Since f/(z) = nz"~! — (n + 1)z for each n, it
follows that the sequence {f] }52; converges pointwise on [0,1] to the function
g given by

@ [0 ifose<
=Y 1 =1

Not only is g # f/, but, in fact, g is not the derivative of any function by
Theorem 10.50.

Our final two examples concern pointwise limits and integrals.

Example 23.4: We show that a sequence of integrable functions may con-
verge pointwise to a bounded function that is not integrable.

Let A be the set of all rational numbers in the interval [0,1]. Since A is
countable, we can index the set A with the natural numbers, A = {r; : i € N}.
For each n € N, let A, = {r; : i < n} and define the function f, : [0,1] — R?

by
0 ,ifxeAd,
fﬂm_{l if ¢ Ay

It is easy to see that the sequence {f,,}52; converges pointwise on [0, 1] to the
function f : [0,1] — R? given by

0 ,ifzeA
ﬂw{:[,ﬁng
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Each function f, is bounded and is continuous except at the finitely many
points of A,,; hence, each function f, is integrable over [0, 1] (by Exercise 12.34
or by Theorem 15.33; in fact, it is easy to see using upper and lower sums that
fol fn = 1 for each n). However, the pointwise limit f is not integrable over
[0,1] since f is the function in Example 12.12 (or by Theorem 15.33).

Note that each function f,, in Example 23.4 is discontinuous at only finitely
many points but that the pointwise limit of the functions is not continuous at
any point. In contrast, we mention the following result: The pointwise limit of
a sequence of continuous functions defined on an interval must be continuous
at some point of every open subinterval. We do not prove this result since
its proof involves an idea we have not discussed (namely, the Baire Category
Theorem); a proof is in the book by Ralph P. Boas, Jr. entitled A Primer of
Real Functions, published by the Mathematical Association of America (The
Carus Mathematical Monographs, Number 13, 1960, pp. 99-102).

Example 23.5: In analogy to what we showed for derivatives in Example
23.3, we show that the order in which we take limits and integrals matters.
Specifically, we construct a sequence {f,}52,; of continuous functions on [0, 1]

that converges pointwise to the zero function such that fol fn =1 for each n.

We describe the function f,, as follows: Let T;, be the isosceles triangle in
1

the upper half plane whose base is the segment on the x-axis from (—7,0) to

(£,0) and whose area is equal to 1; the graph of f, on the interval [—37, 1]
consists of the two nonhorizontal sides of the triangle T;, (a “tent”), and all

other values of f,, are 0. In a formula, f, : [0,1] — R? is defined as follows (the

point % is the midpoint between ﬁ and %)
4n?(n+1)%2x — 4n?(n + 1) Jif L <a < 258;11)
fo(@)={ —dn?(n+1)2z+4n(n+1)% | if % <z<i
0 , otherwise.

For any « > 0, f,(x) = 0 for all n such that % < z (hence, for all but finitely
many n); thus, since f,,(0) = 0 for all n, the sequence {f,}52; converges point-
wise to the zero function f. However, by the construction, fol fn =1, the area

of the triangle T},. Therefore, lim,,_, fol fn # fol f.
This completes our examples.

Exercise 23.6: Find the pointwise limit of the sequence of derivatives of
the functions f, in Example 23.1. Do the same for the functions f, in Example
23.2.

Exercise 23.7: For each n € N, define f,, : [0,00) — R by f,(z) = (%)n
Find the pointwise limit of the sequence {f,,}5%;.

Exercise 23.8: For each n € N, let f,,(x) = M for all € RY. Find the
pointwise limit f of the sequence {f,,}52, and determine whether the pointwise
limit of the sequence { f},}52; of derivatives is f’.
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Exercise 23.9: For each n € N, define f, : [0,1] — R?
fn(z) = nz(1 —22)" for all z € [0,1].
Find the pointwise limit f of the sequence {f,,}52;. Is lim,— oo fol fn= fol f?
2. Uniform Convergence

To lead us to the definition of uniform convergence, let us state the definition
of pointwise convergence more explicitely than we did in the previous section:
A sequence {f,, }52; converges pointwise on X to a function f if and only if for
each x € X and each ¢ > 0, there exists N depending on x as well as € such
that

|fn(x) — f(x)] <€ foralln> N.

Uniform convergence only requires N to depend on €:

Definition: Let X be aset, andlet f, : X — R (n € N)and f : X — R be
functions. We say that the sequence {f,}52; of functions converges uniformly
on X to f, or that f is the uniform limit of {fn}%, on X, provided that for
each € > 0, there exists N such that

|fu(z) — f(z)| < e foralln> N and all x € X.

The following exercise will help familiarize you with the definition of uniform
convergence:

Exercise 23.10: Let X be a nonempty set, and let f, : X — R (n € N)
and f: X — R be bounded functions. For each n € N, let

My, = sup,ex |fu(2) = f(2)].

Then M,, < oo for each n € N and the sequence {f,}52, converges uniformly
on X to f if and only if lim,, .., M,, = 0.

Obviously, uniform convergence is stronger than pointwise convergence; more
specifically, uniform convergence to a function f implies pointwise convergence
to the same function f. We will see in subsequent sections that uniform con-
vergence is strong enough to eliminate “defects” illustrated by examples in the
preceding section.

We illustrate some ideas involved in proving uniform convergence as well as
nonuniform convergence with the following example. (The reader will discover
other techniques for proving uniform convergence and nonuniform convergence
by working Exercises 23.14 and 23.15.)

Example 23.11: For each n € N, define f, : [0,00) — R® by

Jn(z) = 525= for all z € [0, 00).

n+x
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We show that for any b > 0, the sequence {f,|[0,b]}>%; converges uniformly on
[0,0] but that the sequence {f,,}>%; does not converge uniformly on [0, c0).

Since uniform convergence to a function f implies pointwise convergence
to f, we first find the pointwise limit of the sequence {f,}72,; For a given
z € [0, 00),

19.2, 19.5
limy, 00 f’n(x) = lim;, oo Ptz lim;, 00 PR =

NI

Hence, the sequence {f,}52, converges pointwise on [0, 00) to the function f
g

given by f(x) = 5 for all z € [0, 00).
Now, fix b > 0. We show that the sequence {f,|[0,b]}>%; converges uni-
formly on [0, 0] to f][0,b]. The following calculations tell us how to proceed: For

all z € [0, 9],

(*) [fn(2) = f(2)] =

4An+2x

o

nT T

2n+x 2

2 2 2
_ _x Fo
- T dn+2x < an < n*

IN

All we have left to do is to incorporate (*) into the definition of uniform conver-
gence: Let € > 0. Then, by the Archimedean Property (Theorem 1.22), there is
a natural number N such that 2—26 < N. Hence, % < e for alln > N. Therefore,

*
[fu(@) = f(2)] < £ <€ foralln > N and all z € [0,0].

This proves that the sequence {f,][0,b]}5%, converges uniformly on [0, ] to f.

Finally, we show that {f,,}52; does not converge uniformly on [0, 00). Since
a uniformly convergent sequence must converge uniformly to its pointwise limit,
the only function to which the sequence {f,,}52; could converge uniformly on
[0,00) is the function f. However, since

,n2

2n+n

[fu(n) = f(n)| =

_n
2

=g forallneN,

the sequence {f,, }52; does not converge uniformly on [0, 00) to f (since, by the
Archimedean Property, for any € > 0, there exists j € N such that 6e < j, so
[fn(n) — f(n)] > € for all n > j).

The Cauchy criterion came up in connection with convergence of numerical
sequences (section 3 of Chapter XX). We now use the criterion to characterize
uniform convergence in a useful way.

Theorem 23.12 (Cauchy Criterion for Uniform Convergence): Let
X be a set, and let f, : X — R! be a function for each n € N. Then the
sequence {f,}°2, converges uniformly on X to a function f if and only if for
each € > 0, there exists N such that

|fi(x) — fi(z)] <e foralli,j > N and all z € X.

Proof: Assume that {f,}52, converges uniformly on X to a function f. Let
€ > 0. Then there exists N such that

256



|fn(z) — f(2)] < 5 forallm > N and all z € X.
Therefore, for all 7,5 > N and all x € X,

[fi(x) = f3(@)| < [filx) = f@) +[f(@) = fy(@)[ < 5+ 5 =€

Conversely, assume the condition in our theorem involving e. Then, for
each fixed point z € X, the sequence {f,(z)}>2, is a Cauchy sequence and,
hence, converges by Theorem 20.12. For each x € X, we denote the limit of
the sequence {f,,(z)}><; by f(z). This defines a function f: X — R1; in other
words, f is the pointwise limit of the sequence {f,}5%,. In fact, as we now
show, f is the uniform limit of the sequence {f,,}52;: Let ¢ > 0; then, since we
are assuming the condition in our theorem for €, there exists N such that

(*) Ifi(x) = fi(x)] < 5 foralli,j > N and all x € X;

thus, for any given n > N, since lim;_. fj(x) = f(x) for all z € X,
*)
|fn(z) = f(2)] = [fu(z) = limj_o fi(z)] < 5 <€ forallzec X.
This proves that {f,,}52; converges uniformly on X to f. ¥

Exercise 23.13: Determine which of the sequences {f,}°2; in Examples
23.1-23.5 converge uniformly on their domains to their pointwise limits. A good
explanation without all details suffices in most cases; however, give all details
for the sequence in Example 23.2.

Exercise 23.14: For each n € N, define f, : [0,00) — R by
fn(x) = 75= for all z € [0, 00).

Determine whether the sequence {f,,}52; converges uniformly on [0, c0).

Exercise 23.15: For each n € N, define £, : [0,00) — R! by
fn(x) = 17552 for all x € [0, 00).

Determine whether the sequence { f,,}72, converges uniformly on [0, 00).

Exercise 23.16: Let X be a set, and let {f,}52; and {g,}52, be sequences
of functions from X to R that converge uniformly on X to functions f and g,
respectively. Then the sequences {f, + gn}52; and {f, — gn}5%; converge
uniformly on X to f + g and f — g, respectively.

Does {fn - gn}524 converge uniformly on X to f-g?

Exercise 23.17: Let X be a set, and let f,, : X — R* be a bounded function
for each n € N. If the sequence {f,, } 7, converges uniformly on X to a function
f, then f is bounded.

Exercise 23.18: This exercise shows that uniform convergence for bounded
functions is really just plain old convergence in a certain metric space.

Let X be a nonempty set, and let B(X) = {f : X — R!: f is a bounded
function}. For each f, g € B(X), let
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d(f,9) = sup,ex |f(x) — g(2)|.

Prove that d is a distance function for B(X). Then prove that convergence with
respect to d is uniform convergence; that is, if f,, € B(X) for all n € N and
f € B(X), then the sequence {f,}52, converges with respect to d to f if and
only if {f,}52, converges uniformly on X to f (convergence in metric spaces is
defined in section 4 of Chapter XX).

In addition, prove that the metric space (B(X), d) is Cauchy complete (for
which you will use Exercise 23.17).

Exercise 23.19: Let X C R' let p € X, and let f, : X — RY and f :
X — R?! be functions. If the sequence {f,}5%, converges uniformly on X to
f and {z,}22, is a sequence of points of X such that lim, .z, = p, then
limy, o0 frn(2n) = f(p). (See next exercise.)

Exercise 23.20: Show that uniform convergence can not be relaxed to
pointwise convergence in Exercise 23.19 by considering the sequence {f,}52,
where f,(z) = 2" for each n € N and all z € [0, 1].

Exercise 23.21: Let {f,}52, be a sequence of continuous functions from
the closed and bounded interval [a,b] to R such that {f,}5%; converges uni-
formly on [a,b] to a function f. Then, for each € > 0, there exists § > 0 such
that

|frn(z) = fr(y)| < e forall n € N and all z,y € [a,b] such that |x —y| < é.
(Hint: Make use of Theorem 12.31.)
3. Uniform Convergence and Continuity

In Theorem 23.22, we show that uniform convergence allows us to inter-
change the order in which we take limits. As a consequence, we obtain that the
uniform limit of continuous functions is continuous (Corollary 23.23). We con-
clude by giving a sufficient condition for pointwise convergence to imply uniform
convergence (Theorem 23.24).

Note that in Theorem 23.22 below, the point p is not necessarily a point of
X; this feature of the theorem is important as we will see when we prove our
result about derivatives in section 4.

Theorem 23.22: Let X C R, let p € R? such that p is a limit point of
X (we do not assume that p € X), and let f,, : X — R'and f: X — R! be
functions. Assume that the sequence {f,}52; converges uniformly on X to f
and that

lim,_,, fn(z) = ¢, for each n € N.
Then the limits lim,_.,, f(z) and lim,,_, g, exist and are equal; in other words,

limg . limy, o0 Jn(x) = lim,, lim,_,, fnl(z).
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Proof: Let € > 0. By Theorem 23.12, there exists N such that
(1) |fi(z) = fi(x)| < § foralli,j > N and all z € X.

Fix i,j > N. Then, since lim,_,, fn(x) = ¢, for each n € N, the definition
of limit gives us a 6; > 0 such that

|fi(x) —qi| < § forall z € X — {p} such that [z —p| < §;
and a 6; > 0 such that

|fj(x) —q;| < § forall € X — {p} such that |z —p| < §;.
Hence, for all z € X — {p} such that |z — p| < min {6;,6,},

la: = g1 < lgi = fi@)| + |fil) = fi(@)| +1fi(2) — a5 < F +|fi(@) = f;(@)];

Thus, by (1), |¢; — ¢;| < €. Hence, having proved this last inequality whenever
i,j > N, we have proved that the sequence {g,}5%, is a Cauchy sequence.
Therefore, by Theorem 20.12, the sequence {g, }5%, converges, say

We prove that lim,_,, f(z) = ¢, which will complete the proof of our theo-
rem. The proof is guided by the following inequality:

3) If (@) —ql < [f(z) = fu(@)] + [fal2) — gu| + |gn — g
for all z € X and n € N.

We proceed as follows. By the uniform convergence of {f,}°2, to f and by
(2), we can choose a single k& € N such that

4) |f(z) = fr(z)| < § for all z € X, and |q, — q| < §.

Furthermore, for this choice of k, since lim,_,, fr(z) = g, there exists 6 > 0
such that

(5) |fu(x) —qr| < § forall z € X — {p} such that |z —p| < 6.
Then, for all x € X — {p} such that |x — p| < §, we see from (3), (4) and (5)
that
|f(z) —ql <e

This proves that lim,_,, f(x) = q. ¥
Example 23.1 shows that pointwise convergence may not preserve continuity.

On the other hand, uniform convergence does preserve continuity:

Corollary 23.23: The uniform limit of continuous functions is continuous.
In fact, let X C R, let p € X, and let f,, be a function from X to R such that
fn is continuous at p for each n =1,2,...; if {f,,}°2,; converges uniformly on X
to a function f, then f is continuous at p.
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Proof: The corollary follows immediately from Theorem 23.22 and Corollary
3.13. ¥

We can see from Example 23.5 that a sequence of continuous functions can
converge pointwise to a continuous function and, yet, the convergence may not
be uniform. Thus, under the assumption that f is the pointwise limit of { f,,} 724,
the converse of Corollary 23.23 is false. However, with additional conditions,
the converse of Corollary 23.23 is true. We present one such theorem (the
assumptions in the theorem about X are each necessary — see Exercise 23.25).

Theorem 23.24: Let X be a closed and bounded subset of RY. Let {f,,}5%,
be a sequence of continuous functions from X to R? such that {f,}5%; converges
pointwise to a continuous function f on X. If

fu(x) > frv1(x) foralln € Nand z € X,

then {f,}22; converges uniformly on X to f.

Proof: For each n € N, let g, = f, — f. We prove that {g,}52; converges
uniformly on X to the zero function g (from which our theorem follows, as we
will see).

Note the following four facts (the first of which is by Corollary 4.4; the other
three follow immediately from the assumptions in our theorem):

1) g, is continuous on X for each n € N;

2) gn(z) >0 for all n € N and z € X
3) {gn}52; converges pointwise on X to the zero function g;

(
(
(
(4) gn(z) > gn+1(z) for all n € N and x € X.

Let € > 0. For each x € X, there is by (2) and (3) a natural number n, such
that 0 < gy, (x) < e. Thus, since g, is continuous at z (by (1)), we see from
Exercise 3.14 that there is an open interval J, such that x € J, and

0<gn,(y)<e forallye J,NX.
Therefore, by (4), we have that
(5)0<gn(y) <e foralln >n, and ally € J, N X.

We have shown that for each x € X, there are a natural number n, and
an open interval J, such that = € J, and such that (5) holds. The collection
C ={J,:z € X} is then an open cover of X; hence, by Exercise 15.13, C has a
finite subcover S, say

S ={Jur, Jugs s Jup }, k < 00.
In other words,
(6) X C U=y T,
and (5) holds for each J,,, which we state explicitly:
(7)0<gn(y) <e foralln >n,, and all y € J,, N X.
Now, let
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N =max{ng,, Ny, ey Ny }-

Fix n > N and € X. Then, by (6), x € J,,, for some m; thus, since
n > ny, , we have by (7) that 0 < g,,(x) < e. This proves that

0<gn(x)<e foralln> N and all x € X,

which proves that
(8) {gn}SZ; converges uniformly on X to the zero function g.

Finally, note that g, + f = f, for each n € N and g + f = f. Therefore, by
(8) and Exercise 23.16, { f,,}°2, converges uniformly on X to f. ¥

Exercise 23.25: Show that Theorem 23.24 fails when X is bounded but
not closed by considering the functions f, : (0,1] — R? defined by

fnlz) = ﬁ for each n € N and all z € X.

Also, show that Theorem 23.24 fails when X is closed but not bounded.

Exercise 23.26: Prove that Theorem 23.24 remains true when we replace
the assumption fy,(x) > fp+1(z) with the assumption f,(z) < f,+1(z) for all
n € N and x € X (and retain the other assumptions).

4. Uniform Convergence and Differentiability

Although uniform convergence preserves continuity, uniform convergence
does not preserve differentiability; this is shown by Example 23.2. Moreover, a
sequence {f,}52, of differentiable functions may converge uniformly to a dif-
ferentiable function and, yet, the sequence {f/ }52; of derivatives may not even
converge pointwise to any function (see Exercise 23.8).

If we assume that both of the sequences {f,}52, and {f}}52, converge
uniformly on an interval, then the limit of {f} }52; is the derivative of the limit
of {f.}52,1. The following theorem is more general:

Theorem 23.27: Let f,, : [a,b] — R! be differentiable for each n € N
such that for some point p € [a,d], the sequence {f,(p)}nL, converges. If the
sequence {f)}°2, of derivatives converges uniformly on [a,b] to a function g,
then {f,,}°2; converges uniformly on [a, b] to a function f and f’ = g, thus

() =lim, oo f}(z) for all z € [a,].

Proof: Let € > 0. Since {f.(p)}>X, converges, {fn(p)}5%; is a Cauchy
sequence (by Exercise 20.9); hence, there exists N7 such that

(1) fip) — f;(p)| < 5 for all i,j > Ni.

Since {f]}52, converges uniformly on [a,b], Theorem 23.12 shows there
exists Ny such that

(2) | fl(z) - fj'(x)} < 5y for all i,j > Nz and all z € [a, b].
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Fix i,5 € N such that i,j > N, and fix y,z € [a,b] such that y # 2.
Note that f; — f; is differentiable (by Theorem 7.3) and, hence, continuous (by
Theorem 6.14); therefore, by the Mean Value Theorem (Theorem 10.2), there
is a point ¢ such that

()~ 1) =i ) — 1 7.3
fi(z) fJ(Z)Z_(g W-fiw) _ (fL _fj)l(c) r.3 le(c) —f]/(c)

Hence,

\fi(2) = fi(2) = fily) + fi ()l = | fi(e) = fi()] |2 = yl.
Thus, by (2), we have proved the following:
(3) 11:(2) — 15(2) — 1i0) + F)] < sy 12 — 9] for
all i, > Ny and all y, z € [a,b] such that y # z;
Since 5y [z —y| < § for all y, z € [a, b], we have by (3) that
(@) 1£:(2) ~ ()~ Fo) + )] < 3
for all 4,7 > N, and all y, z € [a, b].
Next, let
N = max {N1, No}.
Note from the Triangle Inequality that for any 4,7 € N and = € [a, b,

[filw) = fi(2)] < [filz) = fi(2) = filp) + ;)| + | fi(p) = £i(D)];
hence, by (1) and (4),
|fi(x) — fj(x)] <e foralli,j >N and all z € [a,b].
Therefore, by Theorem 23.12; we have proved that

(5) {fn}5Z, converges uniformly on [a,b] to a function f.

This proves the first part of our theorem.

It remains to prove that f’ = g, where g is as in our theorem.

Fix a point ¢ € [a,b]. Let X = [a,b] — {q}. Define functions ¢,,,¢ : X — R?
as follows:

op(T) = %:gn(q) for each n € N, ¢(z) = LD=1@

T—q

By (5), {fn}>X, converges pointwise on [a,b] to f; Hence, it follows using
Theorems 19.3 and 19.4 that

(6) {p,,}°%, converges pointwise on X to p|X.
Note from Exercise 6.10 that
(7) imy_.q ¢, () = f(¢) for each n € N.

We prove that the convergence in (6) is actually uniform. For all i,5 € N
and all x € X,
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Li@—fi@ _ [i@-fi@]| _ \fi(w)—fj(ﬂll’)—f‘i(Q)+fj(Q)|.
r—q r—q r—q )

}%(»’3) - @j(x)| =
hence, by (3),
|s(@) — goj(ac)| < o=y foralli,j >N andallz € X.
Thus, by Theorem 23.12,

(8) {p,,}°%, converges uniformly on X to ¢|X.

With Theorem 23.22 in mind, we note the following: ¢ is a limit point of X;
{@n 221 converges uniformly on X to ¢|X by (8); and, by (7),

lim,_.q ¢, (x) = f},(¢q) for each n € N.
Hence, by Theorem 23.22, the limits lim,_., ¢(z) and lim, . f;,(¢) exist and
limg g (x) = limy, oo f1,(q);
furthermore, by the definition of ¢ and Exercise 6.10,
limg, .o () = f'(q)-

Therefore, f is differentiable at ¢ and f'(q) = lim,— f1,(¢) = g(q) (by the
definition of g in our theorem). ¥

Exercise 23.28: Let C([a,b]) = {f : [a,b] — R : the first derivative of f
exists and is continuous on [a,b]}. For each f,g € C*([a,b]), let (see Example
20.19 (3))

d(f,9) = subyepap (I (2) — g(@)| + |/ (x) — g'(2)])

Then d is a distance function for C1([a, b]) and the metric space (C1([a,b]),d)
is Cauchy complete.

5. Uniform Convergence and Integrability

We know from Example 23.4 and Example 23.5 that integrals do not behave
well with respect to pointwise limits. We show that uniform convergence pre-
serves integrability and that the integral of the uniform limit is the limit of the
integrals.

Theorem 23.29: Let { f,,}52, be a sequence of functions that are integrable
over [a,b]. If {f,}°%, converges uniformly on [a,b] to a function f, then f is
integrable over [a,b] and

[P F =limy oo [7 o
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Proof: We use the notation Up, Lp, M;(f), m;(f) and Ax;, which we
introduced at the beginning of section 2 of Chapter XII.

We first prove that f is integrable over [a,b]. Let € > 0. Then, by the
definition of uniform convergence, there is a natural number k such that

(1) |fe(@) — f(2)| < 5= for all z € [a,b].

Since f is integrable over [a,b], we have by Theorem 12.15 that there is a
partition P = {xg, 21, ..., m} of [a,b] such that

(2) Up(fr) = Lp(fr) < §5-
By (1), f(z) < fu(z) + 3555 for all @ € [a, b]; hence, considering 555 as
the function on [a, b] that is constantly 30—y We have that
13.2
(3) Up(f) S Up(fu + 35=5) < Upr(fx) + Ur(sp=—) = Upr(fx) + 5

By (1), f(z) > fu(x) — 355 for all ¥ € [a,b]; hence, as in the proof of (3),
we have that

(4) Lo(f) = Le(fi — sg=) = Le(fi) + Le(sisy) = Le(f) - 5.
Now, by (3) and (4), Up(f) — Lp(f) < Up(fx) — Lp(fx) +%; hence, by (2),
Up(f) — Lp(f) <e

Therefore, by Theorem 12.15, we have proved that f is integrable over [a, b].

Finally, we prove that f;f = lim,_ o0 f; fn. Let € > 0. Then, by the
definition of uniform convergence, there is a natural number N such that

(5) |fu(z) = f(x)] < 3= for all n > N and all x € [a,b].

Let n > N; then, since f and f,, are integrable over [a, b],

13.12 1317 (5),13.14 4 12.13
= S fa |f7f"| S fa bia = €&

S f=J2 f 1= fa)

Therefore, we have proved that lim,_ .o fab fn= f: f. ¥
Exercise 23.30: For each n € N, define £, : [0,1] — R? by

n —nlx ,if0§x<%
fn(x):

0 Jifl <z <1
Find the pointwise limit f of {f,}5%;, and show that folf # lim, oo f[f fn.

(This example is simpler than Example 23.5, but it is not as strong as Example
23.5 since the function f here is not continuous.)

264



Exercise 23.31: Use Theorem 23.29 to prove the following weaker (but
useful) version of Theorem 23.27: Assume that the sequence {f,}5%, converges
pointwise on [a, b] to f, that the sequence { [} }>2, of derivatives converges uni-
formly on [a, b] to g, and that f}, is continuous for each n. Then f is differentiable
and [/ =g.

(Hint: Use the Fundamental Theorem of Calculus (Theorem 14.2).)

Exercise 23.32: Use Exercise 23.17 and Theorem 15.33 to give another
proof that the uniform limit of integrable functions on [a,d] is integrable over
[a,b] (the first conclusion of Theorem 23.29).

Exercise 23.33: Give an example to show that Theorem 23.29 does not
extend to integrals over unbounded intervals (as defined above Exercise 21.30);
more precisely, give an example of a sequence {f,}5%; of functions defined
on [1,00) such that {f,}52; converges uniformly on [1,00) to a function f,
J1° fn < oo for each n € N, [ f < 00 and, yet,

JO7f A limce [17 fo

Exercise 23.34: Let X = {f : [0,1] — R! : f is continuous} with the
distance function d given by

d(f,9) = [} |f —g| forall f,g€ X

(see Exercise 20.23). True or False: If the sequence {f,}52, of continuous
functions converges on [0, 1] with respect to d to a continuous function f, then
{fn}5%, converges pointwise on [0,1] to f. (Convergence with respect to a
metric is the second definition below Exercise 20.20.)
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Chapter XXIV: Power Series

In section 1 of Chapter XV we defined a numerical series to be its sequence
of partial sums. We now define a series X2, f; of functions f; : X — R to be
the sequence {37, f;}°2, of its partial sums.

Thus, our study of numerical series and of sequences of functions in the
previous three chapters sets the stage for examining series of functions.

In section 1 we present three general results for series of functions that follow
directly from previous results about sequences of functions. Throughout the rest
of the chapter we focus on power series. Proofs of most of our results on power
series use one or another of the theorems in section 1 or use consequences of the
theorems in section 1.

A power series is a series that can be written in the form ag+ X2, a;(z — ).
It is convenient and customary to write the general form for a power series as
¥oa;(x — ¢)?, where we understand that the first term ag(x — ¢)° is ap when
x = c (i.e., 0° = 1 here, Chapter XVIII notwithstanding!). Note that if n > 0
and k; > 0 are integers and k; < k;+1 for each 4, then the series 52, a;(x — c)ki
is a power series (since it can be written in the required form by using zeros for
missing terms).

We show that power series always converge on an interval (section 2). We
then study properties of power series on their intevals of convergence — uniform
convergence and continuity (section 3), differentiation and integration (section
4).

We continue our study of power series in the next chapter, where we inves-
tigate the Taylor series for a function.

1. General Results for Series of Functions

We know from sections 1 and 2 of Chapter XXIII what it means for a se-
quence of functions to converge pointwise or uniformly; thus, we know what it
means for a series X2, f; of functions converges pointwise or uniformly. Nev-
ertheless, we state the definition for completeness and to emphasize what the
limit (or sum) of a convergent series of functions is understood to be.

Definition: Let X be a set, and let f; : X — R! be a function for each
i € N. We say that the series $52,f; converges pointwise (uniformly) on X
provided that the sequence {37-,f;}52, of partial sums converges pointwise
(uniformly, respectively) on X to the function f given by f(z) = 2, fi(z) for
each v € X. We call f the limit or sum of the series 324 fi.

We prove three fundamental theorems about the sum of a series of functions.
The first theorem concerns continuity of the sum, the second theorem concerns
differentiability of the sum, and the third theorem concerns integrability of the
sum. We apply the theorems to power series in sections 3 and 4.

Our first theorem is due to Karl Weierstrass (1815 - 1897):
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Theorem 24.1 (Weierstrass M Test): Let X be a set, and let 332, f; be
a series of functions f; : X — R* such that for each i, |f;(z)| < M; for all reX.
If 322, M; < oo, then the series X52, f; converges umformly on X. Hence, if
each f; is continuous on X, then Eool fi is continuous on X.

Proof: Let {s,}52; be the sequence of partial sums of the series $32; f;.
Let € > 0. Then, since X2, M; < oo, we have by Exercise 21.6 that there
exists N such that
> M; <e forallm>m > N.

1=m

Thus, for all n > m > N and all € X, we have (assuming m > 1)

[sn(2) = sm—1(2)| = [Biy, fi(0)| < Biey, [ fi(o)] < X, Mi <e.

Hence, by applying Theorem 23.12 to the sequence {s,}52;, we obtain that
{8n}3L, converges uniformly on X. This proves that the series 32, f; converges
uniformly on X (recall definition at the beginning of the sectlon)

To prove the last part of our theorem, assume that each f; is continuous
on X. Then, by Corollary 4.6, each partial sum s,, = ¥, f; is continuous on
X. Also, as we already proved {8n}2L, converges uniformly on X to X52, f;.
Therefore, X2, f; is continuous on X by Corollary 23.23. ¥

Our next theorem says that under certain conditions, we can find the deriva-
tive of the sum of a series of differentiable functions by differentiating the series
term by term (just as we do to find the derivative of a polynomial).

Theorem 24.2: Let 352, f; be a series of differentiable functions f; : [a, b] —

R1 such that the series 322, f;(p) converges for some point p € [a, b]. If the series

X2, fI converges uniformly on [a,b], then the series ¥52, f; converges uniformly
on [a,b] and

(B20fi) = B2y ff.

Proof: For each n € N, let s, = ¥»;f;. By assumption, the sequence
{sn(p)}521 converges; also, since

s 722" . f] for each n €N,

the sequence {s},}52, converges uniformly on [a,b] to the function 52, f/.
Therefore, by Theorem 23.27, the sequence {s,}52; converges umformly on
[a, ] to the function X2, f; and

(520 fi) = E20f]. ¥

Finally, we prove a theorem concerning when we can integrate the sum of a
series of integrable functions term by term.
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Theorem 24.3: Let 352, f; be a series of functions f; : [a,b] — R? such that
fi is integrable over [a, b] for each i. If the series ¥.92; f; converges uniformly on
[a, b], then X2, f; is integrable over [a,b] and

f E lfz 1f;fi-

Proof: For each n € N, let s, = ¥!»;f;. By assumption, the sequence
{8n}22, converges uniformly on [a,b] to the function X$2,f;. Therefore, by
Theorem 23.29, the function Eool /i is integrable over [a,b] and

f EEu e limy,— oo f Sp = limy, 00 f Y fi

hmn—»oo 1= lf fZ*Eoolf fL

Exercise 24.4: If X is a set and a series X2, f; of functions converges
uniformly on X, then the sequence {f;}2; converges uniformly on X to the
zero function.

134

Exercise 24.5: The series 32, M converges uniformly on R?.

Exercise 24.6: The series Eizlﬁ—l)

~ converges uniformly on RY.
(Hint: Use Exercise 21.13.)

Exercise 24.7: Consider a “double sequence” {a; ;}75=1. If
3221 |ai ;| = b; < oo for each i and ¥52,b; < oo,

then the order of summations over ¢ and j separately can be interchanged; that
is,

[es) [es) [e’s) .
N2y 272045 = X2 X244 5.

(Hint: Let X = {£ :n € N} U{0}. For each i € N, define f; : X — R* by
fL(%) ¥ 1a” and f;(0) = Y32, a4,; (why is f;(0) < c0?). Let g, = X2, fi
and let g = X2, f;. Proceed as indicated in the four steps below:

1. Use Theorem 24.1 to show that g is continuous at 0, hence lim,, o, g(£) =
L2051 0i -

2. limy— oo gn (%) = limy_ oo i B gai = limy o X Bl a4 .

. 3. Explain why Theorem 23.22 can be applied to show X2,%%2,a;; =
lim,, E;";lEglai,j.

4. Complete the proof.)
2. The Interval of Convergence of Power Series

The definition of a power series is in the introduction to this chapter.

It is somewhat surprising that the set of points at which a power series
converges is always an interval. We prove this in Theorem 24.10, which shows
that a power series is actually absolutely convergent at each point of the interval
except possibly at the end points. Then we give examples that illustrate all
possible intervals that can be the set of points at which a power series converges.
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You should keep in mind throughout our discussion of power series that
absolute convergence implies convergence (by Theorem 22.1).

We use upper limits of sequences, which we discussed at the beginning of
section 2 of Chapter XXII.

Lemma 24.8: If {s;}92; is a sequence of nonnegative numbers and b > 0,
then

llIanOObSZ = bllHllHOOSz

where, if lim;_.os; = 0o, we interpret boo to be co.

Proof: Assume first that lim;_,.s; = co. Then, by Exercise 22.6, there
is a subsequence {s;;}32; such that lim; . s;; = oo. Thus, since b > 0,
lim; o bs;; = oco. Hence, lim;_obs; = oo. Therefore, lim;_,oobs; = blim;_oos;.
This proves our lemma when lim;_,,.8; = 00.

Therefore, we assume from now on that

(1) Tim; a0 8; < 00.
Let
A = {x € Rl : some subsequence of {s;}2, converges to '}
and let

B = {z € R! : some subsequence of {bs;}32; converges to x}.

By the definition of upper limit, we have that
(2) Tim;_,e08; = sup A and lim;_,~.bs; = sup B.

Since b # 0, we see from Theorem 19.4 that « € A if and only if bx € B. In
other words,

(3) bA = B, where bA = {bx : x € A}.

By (1) and Exercise 22.6, (Eiﬂoosi) € A. Thus, A is nonempty and, since
s; > 0 for all 4, A is also bounded. Therefore, since b > 0, we can apply Lemma
13.7 to obtain that

(4) supbA = bsup A.
Finally,

lim;_o0bs; @ sup B @ sup bA @ bsup A @ blim; o8, ¥

Exercise 24.9: Prove that Lemma 24.8 remains true for any sequence
{8:}52,. Is it necessary to assume in Lemma 24.8 that b > 07

We now prove our main theorem.
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Theorem 24.10: Let ¥2,a;(x — ¢) be a power series, and let

g = mi_,oo \i'/ |(LL|

(1) If 0 < 0 < oo, then ©2a;(x — ¢) is absolutely convergent (hence,
convergent) at all z such that |z — ¢| < £, and $24a;(z — ¢)’ diverges at all x
such that |z —c| > 1.

(2) If ¢ = 0, then X2qa;(x —c)’ is absolutely convergent (hence, convergent)
at all real numbers x.

(3) If o = 0o, then XXqa;(z — ¢)® diverges at all real numbers = # c.

Proof: We will use the Root Test (Theorem 22.17). For this purpose, note
that

;o0 v/]0:(2 — )] = Tmi—oe (+/]as] |7 — ) £ 0|2 — ¢f

(0 |z — ¢| = 0o when o = oo by the convention adopted in Lemma 24.8). There-
fore, by the Root Test, £2,a,(x —c)* is absolutely convergent at all x such that
olr—c| < 1and XZ4a;(z — c)® diverges at all  such that o |z —c| > 1. Our

theorem now follows easily. ¥

Theorem 24.10 shows that the set of all the points x at whch a power series
Y20ai(x — )" converges is an interval centered at c. This leads to the following
terminology:

Definition: Let 2ga;(x — ¢)* be a power series.

e The interval of convergence of Y32qa;(x —c)! is the set of all real numbers
z for which ¥2,a;(z — ¢)* converges.

e The radius of convergence of X2qa;(x — c)' is the radius of the interval
of convergence of ¥32ya;(z — ¢)! (as measured from the center c of the
interval of convergence). We will see in forthcoming examples that the
radius of convergence may be 0, any positive number, or co.

e The interior of the interval I of convergence of ©2qa;(z — c)i, denoted
by int(I), is the interval of convergence without its end points (more
generally, the interior of a subset X of R is the largest open set contained
in X). Thus, if 7 is the radius of convergence of X2ya;(x — ¢)?, then the
interior of the interval of convergence of X2qa;(z — ¢)® is (¢ — r,c + 1)
when 0 < r < 0o, R! when 7 = 00, and () when r = 0.

Let ¥24a;(x — ¢)* be a given power series for which we have found that
o in Theorem 24.10 satisfies the condition in part (1). Then we know that
(c— %, c+ %) is the interior of the interval I of convergence; however, we can
not conclude that I = (¢ — %,c + %) The reason is that Theorem 24.10 says
nothing about the convergence of the series at the end points ¢+ % In fact, the
series may or may not converge at one or another of the end points ¢+ %; thus,
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we must be careful to check the end points in order to find the entire interval
of convergence (see examples below).

We remark that the definition of the interval of convergence of a power series
is not specifically tied in a computational way to Theorem 24.10; indeed, it is
sometimes preferable to find the interval of convergence using the Ratio Test
(see Example 24.17) or other methods.

The statement of Theorem 24.10 is somewhat technical. It will be convenient
to have the following less specific formulation of parts (1) and (2) of the theorem:

Corollary 24.11: Let ¥%25a;(z — )’ be a power series with interval of
convergence I and radius of convergence r, where 0 < r < co. Then the series
Y220ai(r — ¢) is absolutely convergent at all x such that |z —¢| < r and, if
r < 00, the series ©2qa;(z — ¢)* diverges when |x — ¢| > r.

Examples of Intervals of Convergence

The six examples that follow illustrate all the types of intervals of conver-
gence that a power series can have. Regarding the types of intervals not in the
examples, see the comment following Example 24.17; also, see Exercise 24.18.

Example 24.12: We give an example of a power series whose interval of
convergence is a bounded open interval.

Consider the power series ¥22,x!. By Theorem 24.10 (note that o = 1
here), X2, 2% is absolutely convergent when |z| < 1 and diverges when |z| > 1.
Clearly, ¥22,2¢ also diverges when z = +1. Hence, the interval of convergence
of 22,2 is the open interval (—1,1), and the radius of convergence is 1. We
note that what we have shown also follows from Theorem 15.4. In fact, Theorem
15.4 shows that the series 332, 2 represents the function f given by f(z) = =
on the interval (—1,1); thus, it is interesting to observe that even though f is

naturally defined at z = —1, the series X2, 2% does not represent f on [—1,1).
Our next two examples involve the two types of bounded half - open intervals.

Example 24.13: We give an example of a power series whose interval of
convergence is of the form [a, b).
Consider the power series E‘Lﬁl%(x —1)%. By Example 19.8, lim; ., it =1;

hence, by Theorem 19.5, lim;_, \/% = 1. Thus, by Exercise 22.4,

Tl oo /2 = 1.

Therefore, by Theorem 24.10, E;ﬁl%(m — 1)% is absolutely convergent when
| — 1] < 1 and diverges when |z — 1| > 1. Hence, to determine the interval
of convergence, we have to see what happens at the points x = 0 and x = 2.
When x = 0, our series becomes the alternating harmonic series 25;;1(71)1'%,
which converges (by Theorem 21.10); on the other hand, when x = 2, our se-
ries becomes the harmonic series Efgl%, which diverges (by Example 21.29).
Therefore, the interval of convergence of Ei‘ﬁl% (x—1)* is the half- open interval

[0,2).
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Example 24.14: We give an example of a power series whose interval of
convergence is of the form (a, b].
This example is easily done by changing the series in example 24.13 to the

series X524 ( 11) (r —1)%. Then, as in the previous example, the series converges
on (0, ) but the convergence - divergence behavior at the end points is opposite

to that in the preceding example. Therefore, the interval of convergence is (0, 2].

Example 24.15: We give an example of a power series whose interval of
convergence is a bounded closed interval with different end po}nts.
Consider the series Eool =2'. By Example 19.8, lim; .., ¢7 = 1; hence, by

Theorem 19.4, lim; o ¢ it =1 Thus,

i/ 1

. . 1 19.5
lim; oo 4/ = lim; oo =

'z =1

)
K3

therefore, by Exercise 22.4,

Hence, by Theorem 24.10, Zool—zac is absolutely convergent when |z| < 1 and
diverges when |z| > 1. Furthermore, the series 22 1—zx is absolutely convergent
when x = +1 since the series X2 —2 converges by Example 21.29 and, hence,
the series 3£2, |7 } converges. Therefore, the interval of convergence of
¥, is the closed interval [—1,1]. Unlike the previous two examples, the
1nterva1 of convergence for this example is the same as the interval on which the
series is absolutely convergent.

Example 24.16: We give an example of a power series whose interval of
convergence is a single point (i.e., the closed interval [c, c]).

The series X52,4"2" only converges when « = 0 by part (3) of Theorem 24.10
since hmlﬁoo\/_ = limj_.i = o0o. Therefore, the interval of convergence of
Y04z is the closed interval [0, 0] and the radius of convergence is 0.

Example 24.17: We give an example of a power series whose interval of
convergence is (—00, 00). }

Of course, there is the trivial example, namely, 322,02'. But, let us give a
more meaningful and important example:

Consider the series »22 Oz,x In order to apply Theorem 24.10, we would
need to compute th_,oo\/7 It is much easier to use the Ratio Test (Theorem
22.10): For any given z,
i+l

= | =0

hence, by part (1) of the Ratio Test, the series EOOO ,x is absolutely convergent
at any given x. Therefore, the interval of convergence of 32 Oz,x is (—o0, )
and the radius of convergence is co. (You may suspect from Theorem 21.42 that

S2g%a’ =e” for all z € RY; this is true, as we show in Example 24.37).
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The only types of intervals we have not considered in the examples above
are intervals of the forms (a,o0), (—00,a), [a,00) and (—o0,a]. None of these
types of intervals can be intervals of convergence by Theorem 24.10. Also, note
the following exercise:

Exercise 24.18: Our purpose in Examples 24.12-24.16 was to illustrate
all types of bounded intervals of convergence that a power series can have. In
the examples, the five types of bounded intervals had specific end points. Show
that the specific nature of the end points did not matter; that is, for each of the
five types of bounded intervals with arbitrary end points a and b, construct a
power series whose interval of convergence is that interval.

Exercise 24.19: Find the interval I of convergence of the power series

Ef;l(—j;%ﬂ

Exercise 24.20: Find the interval I of convergence of the power series
yoo LA i
i=173Gn ¢

Exercise 24.21: Find the interval I of convergence of the power series
2 Vi(5x 4 2)°.

3. Uniform Convergence of Power Series

A power series may not converge uniformly on the entire interior of its inter-
val of convergence; examples illustrating this are in Exercises 24.24 and 24.25.
However, we prove that a power series converges uniformly on any closed and
bounded interval in the interior of its interval of convergence (Theorem 24.22).
This theorem is of central importance to our development of the calculus of
power series in the next section.

Even though uniform convergence may not be present, we prove that a power
series is always continuous on its entire interval of convergence (Corollary 24.30).
This result is a consequence of Abel’s Theorem on uniform convergence (Theo-
rem 24.29).

We conclude with an application of the continuity of power series to Cauchy
products of numerical series (Exercise 24.33); we briefly discussed the applica-
tion at the end of section 6 of Chapter XXII.

Theorem 24.22: Let X25a;(x — ¢)’ be a power series with interval of
convergence I. Then, for any « > 0 such that [c — a, ¢ + o] C int(I), the series
Y%2ai(x — ¢)t converges uniformly on [c — a, ¢ + af.

Proof: Let r < oo denote the radius of convergence of X2a;(x — ¢)’. Let
J =[c—a,c+a] and let p = ¢+ «. We make two observations in order to apply
the Weierstrass M Test (Theorem 24.1), which will prove our theorem.

First, since [p—¢| = a < r, 2, }ai(p — c)i} converges by Corollary 24.11;
thus, since p — ¢ = q,

320 }aiai| < 00.
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Second, for all z € J and all i,
|ai(z — )| = |ai| |z — ¢’ <a;|a’ = la;a’|.

Therefore, we can now apply Theorem 24.1 to see that X2qa;(z — ¢)® con-
verges uniformly on J. ¥

We note the following corollary (which is a special case of our main result
about continuity in Corollary 24.30).

Corollary 24.23: Assume that Xqa;(z—c)’ is a power series with interval
of convergence I. Define f : I — R by

f(z) =X2qa;(x —c)' forallzel.

Then f is continuous on int(I).

Proof: Let p € int(I). Then there is a closed interval [c — o, ¢ + ] C int(1)
such that p € (¢ — a, ¢+ ). Therefore, f is continuous at p by Theorem 24.22
and by Corollary 23.23 applied to the partial sums Xl ga;(x — ¢)* (which are
continuous by Theorem 4.16). ¥

In the next section we strengthen Corollary 24.23 by proving that the func-
tion f is differentiable on int(I) (Theorem 24.35).

The following three exercises below illustrate the necessity of considering
closed and bounded subintervals of int(I) in Theorem 24.22.

Exercise 24 24: We know from Example 24.13 that the interval of conver-
gence of X2 (x 1)? is the half- open interval [0,2). Thus, by Theorem 24.22,
the series Z (ac —1)% is converges uniforrnly on any closed interval [e,2 — €],
e> 0. However prove that the series X2 (x 1)? does not converge uniformly
on [0,2). (Compare with Exercise 24. 27 )

Exercise 24.25: The interval of convergence of the power series E»_Oz,x is
R! by Example 24.17. Prove that %22, !x does not converge uniformly on RL.

(Hint: Find a lower bound for £2y42" — %427 in terms of n and z for
all z > 0.)

Exercise 24.26: The interval of convergence of the power series ¥72 oo xt is
the open interval (—1, 1) by Theorem 15.4. Prove that X2, 2" does not converge
uniformly on (—1,1).

(Hint: From the proof of Theorem 15.4, ¥ 2t = ””_lfr;:l when —1 <z < 1.)

The power series in Exercise 24.24 is conditionally convergent at the end
point of its interval I of convergence and not uniformly convergent on I. In
contrast, the following exercise shows that absolute convergence at an end point
implies uniform convergence on the entire interval of convergence.

Exercise 24.27: Let YXXqa;(x — ¢)® be a power series whose interval of
convergence I includes an end point 7. If £2,a,;(n—c)* is absolutely convergent,
then X22qa;(z — ¢)? is uniformly convergent on I.
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Exercise 24.28: Assume that the power series ¥%2a;(x — ¢)’ converges on
the open interval I = (¢ — a, ¢ + @), where a > 0, and that a; # 0 for at least
one i. Then there exists € > 0 such that £2,a;(z — ¢)? # 0 for all z # ¢ such
that | — ¢| < €. (An interesting application is in Exercise 25.28.)

Abel’s Theorem

We know from Corollary 24.23 that a power series is continuous on the
interior of its interval of convergence. We show that a power series is continuous
on its interval of convergence even when the interval of convergence includes an
end point (Corollary 24.30). The following theorem, due to Niels Abel (1802-
1829), shows even more:

Theorem 24.29 (Abel’s Theorem): Let X2ga;(x —c)* be a power series
with interval of convergence I and radius of convergence r < oco. If c+1r € [
(i.e., ¥2pa;7" converges), then X2qa;(x —c)? converges uniformly on [¢, c+7]; if
c—r el (ie., ¥2qya;(—r)" converges), then X2a;(x — ¢)* converges uniformly
on [c—r,d].

Proof: We only prove the first part of the theorem (the proof of the second
part is similar).

Assume that ¢+ r € [; that is, £32ya;r" converges. Let

Aj =32 a;r" for all j,

and note from Exercise 21.1 that A; < co and that A; — A;41 = a 77 for all j.
Thus, since we can assume that r > 0, we have that

(1) aj = é%ﬁ for all j.
Now, let € > 0. Then, since X2ya;r® converges, there exists N such that
(by Exercise 21.2)
(2) |4;| = |22 a7 < § forall j > N.
Fix x such that ¢ < x < ¢+ r and fix n > N. Then

a1 — o 2w, A (i g

=% (Ai(x B ===y c)z>

T T

= (0" + D, (4@ - o + S (r - o)

n oo Aix i i

= éﬁ‘(l’ - C) + Ez:n ri“'ll [*T(SL' - C) + (x - C) +l]

= éﬂ-(w —e)" + (v — c)"E;’in—i—ffIl [—r(z — )i " + (x — )i~
n nyoo Ai+ i—n

=(z—o)"+ (x—o)"S2, Tt (z — o) " [-r + (z — ¢)]

=a(z— )" + (x — )" [~7 + (x — O)|NR,, 2t (z — ¢)' ™.

1=n pi+l

Thus, since x — ¢ > 0 and —r + (z — ¢) < 0 and since 7 > 0,
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|22, ai(x — o)
<z — o 4 (2 — )" — (2 — )=, [Aiva| E52—.
Hence, by (2),

|92, ai(x — 0| < g5 (@ — )" + (z— )"l — (z — )] §552, 2.

i—n _ Ni-n
Thus, since & 121 = (=9)""

0@ — o) | < g5 (@ — )" + (@ — )" — (v — &) g, (559) 7

also, since 0 < £ < 1,

z—c

2z (45

x )1 n 154

24

T

=
s

[ c

il —o)| < g5m(r =)+ (@ = )"r - (& - O)grmr o=y

=55 (@ ="+ (-5 = (@ — o = e (59)"

Thus, since 0 < £=< < 1,

}E x—c}<e

We have proved that for any e > 0, there exists IV (depending only on the
fact that 325a,r" converges) such that

}E n0i(T —c) }<€f0ralln>Nandallac€[c c+r).

The inequality in (3) also holds when x = c+7 by (2) with j = n. Therefore,
we have proved that 22,a;(z — )’ converges uniformly on [c,c +7]. ¥

Corollary 24.30: Every power series is continuous on its entire interval of
convergence.

Proof: Let I denote the interval of convergence of a power series X52ya;(x —
c)!. The case when I is an open interval (including when I = R?) is taken care
of by Corollary 24.23. So, assume that I is not an open interval. Then [ is a
bounded half-open interval or a bounded closed interval (recall the comment
above Exercise 24.18); hence, the corollary follows from Abel’s Theorem and
Corollary 23.23 (applied to the partial sums X" qa;(z — ¢)* on one and/or the
other intervals [¢,c + r] and [c —r,c|.) ¥

Exercise 24.31: If ¥2a;(x — ¢)" be a power series with interval of con-
vergence I, then ©22,a;(z — ¢)? converges uniformly on any closed and bounded
subinterval of I. Hence, if I itself is a closed interval, then ¥%2ja;(z — c)°
converges uniformly on 1.

We summarize some main aspects of what we have shown. Let I denote the
interval of convergence of some power series 32qa;(x — ¢)*. The power series
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always converges uniformly on any closed and bounded subinterval of I (Exercise
24.31). Assume that I contains an end point 7, say n < ¢. Then, whereas
Abel’s Theorem shows that mere conditional convergence at 7 is strong enough
to guarantee uniform convergence on [n, ¢], the example in Exercise 24.24 shows
that conditional convergence at 7 is not strong enough to guarantee uniform
convergence on all of I. On the other hand, the result in Exercise 24.27 shows
that absolute convergence at 1 guarantees uniform convergence of the power
series on all of I.

Exercise 24.32: Look carefully at the proof of Abel’s Theorem; state the
theorem in a slightly more general way so that the proof of the more general
result is essentially the same as the proof of Abel’s Theorem and so that the
more general result immediately implies Theorem 24.22. (Thus, we could have
written the section more concisely!)

We conclude with an application of Abel’s Theorem to numerical series.
The application concerns Cauchy products, which we introduced in section 6 of
Chapter XXII.

First, recall that when the termwise product of two convergent numerical
series converges, it is not necessarily the case that the termwise product con-
verges to the product of the sums of the two series (a simple example is in the
discussion following Exercise 21.3). This does not happen for Cauchy products:

Exercise 24.33: If ¥25a;, 245b; and (X2qa;) x (524b;) each converge,
then

(BZ0a:) X (BZ0bi) = (EZ0a:) (X720bi)-

(Hint: Show that the three power series $24a;2%, 820b;z’ and (S24a;2) x

(2220biz’) converge on the interval [0,1]. Recall Theorem 22.39.)
4. Calculus of Power Series

We show that derivatives and integrals of power series can be computed the
same way that they are computed for polynimials — term by term. We show
that term-by-term differentiation is valid at each point of the interior of the
interval of convergence (Theorem 24.35) and that term - by - term integration is
valid over any closed subinterval of the interior of the interval of convergence
(Theorem 24.41). We conclude with an application to numerical series; namely,
our theorem on integration of power series and other results enable us to find
the value of the series 352, (1)’ (Exercise 24.43).

Differentiating Power Series

We require the following lemma for proving our theorem about differentiating
power series.

Lemma 24.34: If the power series ¥32a;(x — ¢) has radius of convergence
r < 0o, then the power series %22, ia;(z — ¢)*~1 also has radius of convergence
r.

Proof: By Theorem 24.10, it suffices to show that
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(*) mL—K)O \i/ |az-| = mL—K)O \i/ |ZCLZ|
Proof of (*): By Exercise 22.7, lim;_...v/|ia;| is the largest subsequential
limit of {/Jia;[}52;. Also, note that since v/i > 1 for all i, {/]a;| < v/Jia;] for all

i. Thus, since lim;_.o,v/]a;] is a subsequential limit of {y/]a;]}$2, (by Exercise
22.6), we have that

(1) Timy—00v/]as] < Timy—ooy/Jia].
Now, assume by way of contradiction that
mi_,oo{'/ |CLL| < mi_,oo\i'/ |ZCLL|
Then there is a point p such that
(2) mi_,oo \/ |(LL| <p< mi_,oo \/ |iaz-|.
By Exercise 22.6, there is a subsequence {i;a;; }3, such that
Hence, by (2), there exists N such that

(3) iM>p for all j > N.

Since lim; .o vi = 1 (by Example 19.8), lim; o {/Z = 1 (by Exercise
20.3); hence, we see from (3) that there exists M such that

i |ai],| >p forall j > M.

It follows that lim; . </]a;| > p; however, this contradicts (2). Hence, we have
proved that

(4) mz—wo \I/ |aL| Z mz—»o@ \I/ |Za1|
By (1) and (4), we have proved (*). ¥
Theorem 24.35: Let X2qa;(x — ¢)’ be a power series with interval of
convergence I. Define f: I — R! by
f(z) =X2qa;(x —c)* forallzel.
Then f is differentiable at all points in int(I) and
f'(z) = B2 ia;(x — )it for all z € int(I).

Proof: Fix a > 0 such that [c — «,c+ a] C int(I) (we assume that int(I) #
() since, otherwise, the theorem is true vacuously). We need only prove our
theorem for all z € [c — a, ¢+ .

Let J be the interval of convergence of ¥52;ia;(x — c)"~1. By Lemma 24.34,
int(J) = int(I). Hence, [¢c — a,c+ a] C int(J). Thus, by Theorem 24.22,
¥ ia;(z — ¢)*~1 converges uniformly on [c — a, ¢ + a]. Therefore, by Theorem
924.9,
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!/
(E;ﬁoai(x - c)L> =2 ia;(x — )t forallz € [c—a,c+al. ¥

One point about Theorem 24.35 should be clarified: Even though the radii
of convergence of the power series for f and f’ are the same (by the theorem),
the intervals of convergence of f and f’ may be different. This is because the
interval of convergence of f’ may omit an end point of the interval of convergence
of f. We give an example in the following exercise:

Exerc1se 24.36: By Example 24.13, the interval of convergence of the power
series ©22, (2 — 1)? is [0,2). Define f on [0,2) by f(z) = £2,2(z — 1) for all
x € ]0,2). Find the interval of convergence of f’. Is f differentiable at z =07

At the end of Example 24.17, we said that E;’ioﬁxi = e” for all z € RY; we
are now in a position to prove this.

Example 24.37: As an application of Theorem 24.35, we show that the
series 372q7 ,x converges to e® for all x € RL.

Let f(x ) =X2 Ol,x We showed in Example 24.17 that f is defined on all
of R. Hence, by Theorem 24.35, we see that for any given point z € R,

f'(x) = Ezoolzll() Ezool(z )Ix Eio%xz:f(x)

Thus, by Exercise 16.25, there is a constant ¢ such that f(z) = ce® for all
x € RL. Therefore, since f(0) = 1 (remember, 0° = 1), ¢ =1 and f(z) = €®

We strengthen Theorem 24.35 in the corollary below. First, we introduce
some terminology and notation.

Definition: Let f be a function that is differentiable at a point p. We
define the n'™ derivative of f at p, written f0(p), by induction as follows:
f®(p) = f'(p) and, assuming that f*)(p) exists and that f*) is differentiable
at p for a given k € N, &+ (p) = (£F®)(p). (Do not confuse the notation f(™
with the notation f™ for the n'" iterate of f used in the latter part of section 3 of
Chapter XIX.) In addition, it is convenient to adopt the notational convention
that f© = f.

We say that a function f is infinitely differentiable at a point p provided
that £ (p) exists for all n € N; we say that f is infinitely differentiable on a
set X provided that f is infinitely differentiable at each point of X.

Corollary 24.38: Let ¥%2,a;(x — ¢)’ be a power series with interval of
convergence I. Then the function f : I — R defined by

f(z) =X20a;(xz —c)? forallz el
is infinitely differentiable on int(I) and, for any n € N,
FO (@) =52, (0)(i = 1)+ (i —n+Dai( — )" for all x € int(I).

1=n

Hence, f(c) = nla,, for each n > 0 (recall that f© = f).
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Proof: The first part of the corollary follows by a straightforward induction
using Theorem 24.35. The formula f(c) = nla, comes from setting z = ¢
in the formula for f((z) in the first part and observing that all terms in the
summation are zero except the first term, which is nla,, (recall our conventional
agreement at the beginning of the chapter that 0° = 1 for power series). ¥

The formula f((c) = nla, in Corollary 24.38 is more interesting than it
may appear to be at first glance: Assume that a function f can be represented
by a power series on an open interval I centered at c, say f(z) = X2qa;(x — c¢)*
for all 2 € I; then the formula f(™(c) = nla, shows that the coefficients a; of
the power series representation of f are uniquely and completely determined by
f(c) and the values of the derivatives of f at the single point c.

A word of caution: A function f that is infinitely differentiable on an

open interval I centered at ¢ may not be represented by the power series
@ (e ,

DI Z.!(°) (x — ¢)". An example is in the next chapter (Example 25.1); in fact,

we devote the next chapter to investigating when such a representation is valid.

Exercise 24.39: Define f : (—1,1) — R! by f(z) = . Find a simple
formula for £ (0) for each n = 1,2, ....
(Hint: Use Theorem 15.4.)

Integrating Power Series

We use the result in the following exercise in the proof of our theorem about
integrability; the proof of the result is similar to the proof Lemma 24.34, and
you are asked to fill in the details.

Exercise 24.40: If the power series X2qa;(x —c)® has radius of convergence
r < 00, then the power series ¥§24-55 (x — ¢)"*1 also has radius of convergence
r.

Theorem 24.41: Let ¥25a;(z — ¢)’ be a power series with interval of
convergence I. Then, for any a,b € int(I) such that a < b, ¥24a;(x — ¢)* is
integrable over [a,b] (with respect to x) and

b ; b ;
Jo BZoai(x — ) =X, [, ai(z —c)’
= X077 (0 — )t~ Zorrrla— c) .
~ Proof: Fix a,b € int(I) such that a < b. Then, by Exercise 24.31, ¥2qa;(z—
¢)" converges uniformly on [a,b]. Also, each term a;(z — ¢)* of the series is

integrable over [a, b] by Theorem 12.33. Hence, by Theorem 24.3, X2 a;(x —c)*
is integrable over [a,b] and

fab Y2gai(z —c)f = B2, f: a;(x — ).
Thus, since

ff a;(z — )t ' Lo (b— )t — i (a— )™ for each i,
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we have that

I} Eioai(e — o) = Dz (£1(6 — ) — Fgla—)™);

furthermore, since a,b € int(I), we see from Lemma 24.40 that each of the series
o7z (b—c)*t and 5207%; (a— )™ converges. Therefore, by Exercise 21.3,

S Soai(x — o) = £2o 85 (b — o)™ — Do tz(a — o)t ¥

Exercise 24.42: True or false: If the interval of convergence of the power
series X220a;(x — ¢)? is the interval [a, b], then

f E20a;(x — ¢)' = 204 (b — ¢)* — B2-%x (a — )L

Exercise 24.43: Prove that 32, (—1)’2 = In(3) as follows:
First, show that l_it = 32, t""! when —1 < t < 1 by using Theorem 15.4;

then use Theorem 14.2 and Theorem 24.41 to show that In($1-) = £, & 2 when
—1 < x < 1; finally, apply Corollary 24.30. Other results are also needed show
all details.
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Chapter XXV: Taylor Series

We say that a real - valued function f defined on an interval I centered at ¢
is represented on I by a power series at ¢ provided that

f(z) =220a;(x —¢)* forallzel.

We are concerned with the question of what functions f can be represented
by a power series. In other words, we shift our emphasis from starting with
a power series and obtaining a function on the interval of convergence, as in
the preceding chapter, to starting with a function and trying to obtain a power
series that represents the function.

Corollary 24.38 shows that our investigation is restricted to special types of
functions and to power series that have a particular form: If a function f is
represented on an interval I by a power series £25a;(z — c)?, then f is infinitely
differentiable on int(I) and the coefficients a; are unique, namely

F(2) = 52029 (5 — )i forall € 1.

For any function f that is infinitely differentiable at a point ¢, we call the

power series Y22, < (°)( c)* the Taylor series of f at ¢ (whether or not the
series represents f on an interval centered at c). Taylor series are named after

Brook Taylor (1685-1731). The Taylor series £52, 1« (C)x of f at 0 is called
the Maclaurin series of f, named after Colin Maclaurm (1698-1746).

For example, the function e® is represented on R? by its Maclaurin series
(Example 24.38).

It is natural to conjecture that any function that is infinitely differentiable
on an open interval I centered at c is represented on I by its Taylor series at ¢, or
at least that it is represented by its Taylor series at ¢ on some small subinterval
of I centered at c. However, this is not the case as we will show in Example
25.1.

Thus, we are led to try to find conditions under which an infinitely differ-
entiable function is represented by its Taylor series at ¢ on an open interval
centered at c¢. We give such conditions in terms of the remainder that we define
in section 2. We write the remainder in two ways (sections 3 and 4); we give
applications of the two forms of the remainder to the evaluation of integrals and
to the approximation of values of functions and integrals (mostly in exercises).

In the final section, we study properties that functions which are represented
by their Taylor series have in common with polynomials. Among other results,
we prove the following theorem: If a function is represented by its Taylor series
at ¢ on some open interval I centered at c, then the function is represented by
its Taylor series at any point b of I on the largest subinterval of I centered at
b (Theorem 25.27). This result sounds straightforward, but it requires a clever
proof with new ideas. In addition to the new ideas involved in the proof of the
theorem, the proof of the theorem is partly based on the Lagrange form of the
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remainder which we introduced in section 3; thus, we change our emphasis from
computational applications of the remainder in sections 3 and 4 to a theoretical
application.

We remark that in addition to the inherent scholarly reasons for studying
Taylor series, there is a practical reason as well. Many calculators and comput-
ers use Taylor polynomials to provide provide approximate evaluations for tran-
scendental functions (the trigonometric functions, the logarithmic functions, the
exponential functions, the hyperbolic functions, and so on). In order to evaluate
the limitations of answers provided by technology, it is important to understand
the method that is used by technology (see the comment in Exercise 25.17).

1. Infinitely Differentiable Functions Not Represented by Taylor
Series

As mentioned in the introduction, the natural conjecture — an infinitely
differentiable function on an open interval I centered at c is represented by
its Taylor series at ¢ — is false. The key to constructing a counterexample to
the conjecture comes from Exercise 24.28: Suppose that we were able to find
an infinitely differentiable function g on [0,00) such that ¢ (0) = 0 for all
n > 0 and such that g(x) > 0 for all > 0; then, extending g to h by letting
h(z) = g(—=x) for all x < 0, we see that h is infinitely differentiable but that, by
Exercise 24.28, h is not represented on any open interval (—a, a) by its Maclaurin
series. However, finding a function g with the required properties is not as easy
as we may imagine. One such function is defined by g(x) = ¢ when >0
and g(0) = 0 (it is not easy to show that g (0) = 0 for all n > 0; we do so in
Example 25.1).

We give three examples of functions f that are infinitely differentiable on
R! but that are not represented on R by their Maclaurin series. In the first
example, the Maclaurin series converges on R but does not converge to f except
at x = 0. In the second example, f is represented by its Maclaurin series on an
open interval but not on all of R. In the third example, the Maclaurin series
for f diverges at all x # 0 (this example is in Exercise 25.3).

Example 25.1: Define f : R* — R! by

@=10  iezo

{ e yifx #0
Then f is infinitely differentiable on R' but the Maclaurin series of f is con-
stantly zero.

By various previous results, f is infinitely differentiable at each x # 0 (use
Corollary 16.24, Theorem 7.13 and the Chain Rule (Theorem 7.23)). Thus, we
must show that f is infinitely differentiable at £ = 0 and that the Maclaurin
series of f is constantly zero; specifically, we must show that f®(0) exists and
is 0 for all integers ¢ > 0. We first prove (1) and (2) below.

283



(1) For each i € N and each = # 0, f®(x) = ef%Pi(%),
where P;(t) is a polynomial in ¢.
Proof of (1): Fix  # 0. Using Corollary 16.24, the Chain Rule (Theorem
7.23) and Lemma 7.5, we see that

() fO(@) = e ():
hence, letting P (t) = 2t° for all t € RY, we have that
fO(z) = eZ Py (L)

Now, assume inductively that for some i € N, f®(z) = ef%Pi(%), where P;(t)
is a polynomial in ¢. Then

JED@) H eF (L) + P ()

f(i+l)(q;) — e?} PZ-+1(%),

Therefore, by the Induction Principle (Theorem 1.20), we have proved (1).
-1

(2) For each integer k > 0, lim,_o e=Z .

xk

Proof of (2): On making the substitution u = %, we see using Exercise 18.4
that (2) becomes

(#) limy,— o0 :Tkz =0 for each integer k > 0.
Clearly, (#) holds when k = 0. Assuming inductively that (#) holds for some

integer k > 0, we see that (#) holds for k + 1 as follows (the final equality uses
Theorem 18.5 for the case of Theorem 4.9):

. wk+l 18.9 .. (k‘+1)uk . k+1 F 18.5
llmuﬂoou’e—ur = hIl'luﬂoo et :hIHuA,OO We—uz =" 0.

Therefore, (2) holds by the Induction Principle (Theorem 1.20).

Finally, we show that f®(0) = 0 for all integers i > 0. By definition,
fO(0) = f£(0) = 0. Assume inductively that f®(0) = 0 for some i > 0. Then,
letting P; be as in (1), say

Pi(t) = S gant™ for all t € RY,

284



we have )
FED(0) L tim, o L@ W gy T

x

. - 1\n+1 . 1\n+1
= lim,_.g <e? XM an (;) > = lim,_.g (E" Oez an (;)

thus, since lim,_.g ez an (1)n+1 @ 0 for each n, we have by Theorem 4.5 that

Therefore, by the Induction Principle, we have proved that f®(0) = 0 for all 4.

Example 25.2: We give an example of an infinitely differentiable function
f on R such that f is represented by its Maclaurin series on an open interval
centered at 0 but such that f is not represented by its Maclaurin series on all
of RL.

Define f : R — R by letting f(x) = 1+I2 for all z € RY. It is easy to check
that f is infinitely differentiable on RY. We find the Maclaurin series for f as
follows: By Theorem 15.4 (and Exercise 21.1)

7= =32 when —1 <r < 1;

hence, substituting —a? for r, we obtain that
(*) f(x) = BX24(—2?)! = £24(—1)'2% when —1 <z < 1.

Thus, the series ¥52,(—1)%x?" is the Maclaurin series for f for all x € R%.
Therefore, the Maclaurin series for f only converges when —1 < z < 1 (by (*)
and Theorem 15.4).

Exercise 25.3: Define f: Rt — R! by
f(x) = S%2ge t cos(iz) for all z € RL.

Prove that f is, indeed, defined at each x € R? (i.e., £82pe~% cos(ix) < oo for
all z € RY) and that f is infinitely differentiable at each € R! using Theorems
24.1 and 24.2. Prove that the Maclaurin series for f diverges for each x #£ 0 as
follows:

Since the odd terms of the Maclaurin series are all 0, we need only consider
the even terms. Fix x € R! such that = # 0. For any given k € N, verify that
the absolute value of the (2]{:)th term of the Maclaurin series satisfies

@00 ok i ok o\ 2k
(DI ) (2k)l Zoe T (1%)%" >(2k).e ((2k)?)

— 1 (2@r? w(@2\ " _ (2kx)2k

= n (x o ) > (lee ) = (22)7,
and apply the i'" Term Test (Theorem 21.8) to see that the Maclaurin series
for f diverges at x.
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2. Taylor Polynomials and the Remainder Term

We define and discuss Taylor polynomials and remainder terms in general.
Let I be an interval centered at ¢, and let f : I — R! be a function that is
oY .
at least n times differentiable at c¢. The polynomial 37, ! i!(°) (x — ¢)* is called
the n'™® - degree Taylor polynomial of f at c. For each x € I, we let

@ (e .
Ry(z;¢) = fla) — i 52 (x — o)

R, (z;¢) is called the n'" remainder term at x. (The notation and terminology
do not reflect the dependence of the remainder term on f, but it will always be
clear from context what function f we are considering.)

We briefly discuss the relationship between Taylor polynomials and linear
approximation. Recall that one motivation for the derivative at the beginning
of Chapter VI was the idea of a tangent line; this led to a discussion of linear
approximation in section 3 of Chapter VI. The equation for linear approximation
is the equation of the tangent line to the graph of a differentiable function f at
the point (¢, f(¢)),

y= 1)+ (g —c);

clearly, f(c) + f’'(c)(z — ¢) is the Taylor polynomial of f at ¢ of degree 1. Thus,
Taylor polynomials are a natural extension of linear approximation.

Moreover, if T is a Taylor polynomial of f at ¢ of degree n > 1, then T
almost always approximates f on a (small) open interval at ¢ more accurately
than linear approximation does. This is because the first n derivatives of T
at ¢ are the same as the first n derivatives of f at ¢ — in particular, even
when n = 2, T takes into account the shape (concavity) of the curve y =
f(z), whereas linear approximation does not take into account the shape of
the curve. On the other hand, with respect to numerical computations, there
is a disadvantage in using Taylor polynomials of high degree rather than linear
approximation: it is obviously more complicated to compute approximate values
for f(z) using Taylor polynomials of degree greater than 1 than it is using linear
approximations.

We complete this section with a simple theorem.

Theorem 25.4: Assume that f is defined on an interval I centered at ¢ and
that f is infinitely differentiable at ¢. Then f is represented on I by its Taylor
series at c¢ if and only if

limy, 00 R (x;¢) =0 for each x € 1.

Proof: The theorem follows from the definition of convergence of a series
since the n'" degree Taylor polynomial of f at ¢ is simply the n'" partial sum
of the Taylor series of f at c. ¥

Even though Theorem 25.4 is very obvious, the theorem points establishes a
method for determining when a function is represented by its Taylor series. We
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will find two ways to evaluate remainder terms (Theorems 25.6 and 25.18), and
we will apply the results in various ways.

Exercise 25.5: Prove that any polynomial is represented by its Taylor series
on R! at any point c.
Find the Taylor series for the polynomial f(z) = z* —32? + 2z +5 at ¢ = 2.

3. The Lagrange Form of the Remainder

In Theorem 25.6, we give a formula for R, (x;c) in terms of the (n + 1)
derivative of the function f. The formula is called the Lagrange form of the
remainder. Joseph-Louis Lagrange (1736-1813) was the first person to state
the Mean Value Theorem; in fact, when n = 0, the Lagrange form of the
remainder reduces to

f(@) = fle) = f'(2)(x — o),

which is the formula in the Mean - Value Theorem (Theorem 10.2). This suggests
proving Theorem 25.6 by using the Mean Value Theorem, which we will do (we
actually use Rolle’s Theorem).

The Lagrange form of R, (x;c) is similar to the (n+ 1) term of the Taylor
series for f at ¢; however, note that f(»*1) is evaluated at a point z # ¢ in the
theorem.

Theorem 25.6 (Lagrange Remainder Theorem): Let I be an open
interval centered at ¢, and let f : I — R?! be a function that is n + 1 times
differentiable on I for a given fixed n. Then, for each point x € I, there is a
point z strictly between x and ¢ (unless & = ¢, in which case z = ¢) such that

(n+1)
Rn(x; C) = ﬁ(l’ - C)n+l'

Proof: Fix x € I. Since the theorem is obvious if z = ¢ (recall that 0° = 1
for series), we assume that x # c¢. Then we can define a function g : I — R? as
follows:

(@) . r— n+1
g(t) = fa) — Do I8 (x — t)F — Ry (x; c)# for all t € I.
We see that g(x) =0 and g(c) = 0 since
@, . eyl
9(2) = f(2) = Do T2 (w — 2)' — Ru(a;¢) =D
= f(2) = fO) =0

() . z—c n+1
9(0) = f(@) = oI5 2w — o) = Ru(w; o) E=3

(@@=t

and

= R, (x;¢) — Rp(x;¢) = 0.

Thus, since g is differentiable on I (because f is n+ 1 times differentiable on T),
Rolle’s Theorem (Lemma 10.1) shows that there is a point z strictly between x
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and ¢ such that ¢’(z) = 0. On the other hand, differentiating g at z directly by
using formulas in Chapter VII, we obtain (remember, x is fixed)

@ (z) . i o OO, i
¢(2) =0 — (2 52 — 2) (1) + S LD a — 2)7)

A

Ry (x,c n
*ﬁ(n + 1)z —2)"(-1)

(O] . (i+1) .
=S 8 (@ — o) - L D (a — )

+(n+1) (ffﬁfg?l (x—2)"

I Al ©)
- n!

n R, (x,c n
(x—2)"+(n+1) (w_é),ﬁ)l (x —2)™.

Thus, since ¢'(z) =0,

(n+1)
A O) (w . z)" + (n + 1) R, (z,c) (w . z)” =0,

n! (z—c)n+i
which, since z # x, gives us that

.f(n+l)(z) (JJ _ C)n+1. ¥

R"(x; C) = (n+21)!

Let X be a set, and let F be a family of real - valued functions defined on
X. We say that the family F is uniformly bounded on X provided that there is
a number M such that

|f(z)] <M forall feCandallz e X.

Corollary 25.7: Let I be an open interval centered at ¢, and let f : I — R?
be a function that is infinitely differentiable on I. If the family of all derivatives
of f is uniformly bounded on I, then f is represented on I by its Taylor series
at c.

Proof: By the definition of uniformly bounded (above), there is a number
M > 0 such that
(1) [f¢*D(z)| < M for all integers n >0 and all z € 1.

o (mic)nﬂ»l
n=0"(n+1)!

by the Ratio Test (Theorem 22.10), we have that lim, o % = 0 by the
i'h Term Test (Theorem 21.8). Hence, there exists N such that

Now, fix a point « € I. Let € > 0. Since the series X converges

(z—c)™*?
(n+1)!

< 57 foralln > N.

Thus, by (1) and Theorem 25.6,

|R,(z;c)| < e foralln>N.

288



We have proved that lim,_,o Ry(x;¢) = 0 for each € I. Therefore, by
Theorem 25.4, f is represented on I by its Taylor series at c. ¥

We discuss the function f(z) = sin(z) in the next two examples.

Example 25.8: The function f(x) = sin(x) is represented on R! by its
Maclaurin series. This follows immediately from Corollary 25.7 since the deriva-
tives of sin(z) are 4 cos(x) and +sin(z), which are uniformly bounded on R%.
In addition, we can easily compute the Maclaurin series for sin(z) as follows:

FO) =0, fD0)=1, f@0)=0, fO0)=-1, fP0)=0

at which point the pattern begins to repeat since f®(x) = sin(z). Therefore,
for all 2 € R,

sin(z) =1z — ¥ + 2%+ - = Z;ﬁo(g%ig!xz“l.

Example 25.9: The first three nonzero terms of the Maclaurin series for

sin(z) in the preceding example approximate sin(1) as %. Thus, since the
coefficient of 28 in the Maclaurin series for sin(z) is 0, we can use Re(1;0) to

estimate the error between sin(1) and 39%. Hence,

|sin(1) — 298| = |Re(1;0)] 2 | =2 (1 — 0)7| < & = L5
Corollary 25.7 is somewhat limited since even very simple functions whose
families of derivatives are not uniformly bounded are represented on an open
interval by their Taylor series at the center point c¢; for example, the function
f(x) = 2? is obviously represented on R! by its Maclaurin series, but f® is
not bounded. Nevertheless, we can easily extend Corollary 25.7 to a situation
where the derivatives of f are need not be uniformly bounded on the entire
given interval I :

Corollary 25.10: Let I be an open interval centered at ¢, and let f : I — R*
be a function that is infinitely differentiable on I. Let I C I, C I3 C --- be
open intervals centered at ¢ such that I = U2, I,,. If the family of all derivatives
of f is uniformly bounded on I,, for each n, then f is represented on I by its
Taylor series at c.

Proof: For each n = 1,2,..., f is represented on I,, by its Taylor series at ¢
by Corollary 25.7. ¥

The first three exercises below are concerned with Corollary 25.10.

Exercise 25.11: In Example 24.38, we showed that the function f(z) = e”
is represented on R! by its Maclaurin series. Explain why this fact follows
immediately from Corollary 25.10.

Exercise 25.12: Show how to work Exercise 25.11 using the Lagrange
Remainder Theorem (Theorem 25.6). Compare your work with what you did
to work Exercise 25.11.
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Exercise 25.13: Can Corollary 25.10 be used to show that the function
f(x) = 1% is represented on (—1,1) by its Maclaurin series?

(Hint: See Exercise 24.39.)

Exercise 25.14: Let f(x) = cos(z) for all z € RY. Prove that f is rep-
resented on R by its Maclaurin series and find the Maclaurin series series for

f.

Exercise 25.15: Note that we can not use the Fundamental Theorem of
Calculus (Theorem 14.2) to evaluate [, sin(z?) since we do not know a specific

function whose derivative is sin(z?). Evaluate (write) fol sin(2?) in the form
of a numerical series. Estimate the answer to within three decimal places of
accuracy using Exercise 21.13.

Exercise 25.16: Define f : Rt — R by

sin(z) .

—= ifx#0
flz) = ¢ : ’

1 ,if x=0.

This is the function f in Exercise 18.30, where we asked if you thought the
function is infinitely differentiable at £ = 0. We can now answer this question
easily: Use Example 25.8 to find the Maclaurin series for f and to conclude
that f is represented on R! by its Maclaurin series; therefore, f is infinitely
differentiable by Theorem 24.35.

Find a concise formula for f(0).

Exercise 25.17: Let f be the function in Exercise 25.16. Use the first three

(nonzero) terms of the Maclaurin series for f to show that ffl f is approximately

%. (As in Exercise 25.15, we have no way to evaluate this integral exactly

except as an infinite series. Most hand calculators will not give an answer for
the integral since the integral is entered as f_ll &y) and there is a division by
zero that the calculator can not handle.)

4. The Integral Form of the Remainder

In Theorem 25.18, we give a formula for R, (x;c) in terms of an integral of
the (n+1)%" derivative of the function f (and other terms). The formula is called
the integral form of the remainder. We give an example of when the integral
form of the remainder can be applied to show that a function can be represented
by its Taylor series but the Lagrange form of the remainder can not be applied
for that purpose (Example 25.19). Just as in the case of the Lagrange form of
the remainder, the integral form for the remainder is useful for estimating the
error between the value of a function and the values of its Taylor polynomials.

Theorem 25.18 (Integral Remainder Theorem): Let I be an open
interval centered at ¢, and let f : I — R?! be a function that is n + 1 times
differentiable on I. Then, for each point x € I,

Ro(w;0) = [7L2W 5 gy g,

n!
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Proof: Fix x € I. Since the lemma is obvious when x = ¢, we assume that
x # c. Define a function g : I — R as follows (g is the first two expressions for
the function g in the proof of Theorem 25.6):

g(t) = f(x) - ;;o@(x —t)t foralltel.

We observe the following (for the first equality, recall from the introduction
to Chapter XXIV that 0° = 1 for power series):

(1) g(x) = 0 and g(c) = Ry(; c).

Since f is n + 1 times differentiable on I, g is differentiable on I. Hence, as
in the proof of Theorem 25.6,

(n+1)
g(t) = ~L O — 1y,

Hence, by part (2) of the Fundamental Theorem of Calculus (Theorem 14.2),

(7 L2020 ( pyndt = g(a) — g(c).

c n!

Thus, by (1),

[F L@ (x —t)"dt = —R,(x;¢).

c n!

Therefore, since

(n+1) < (n+1)
f: _ £ ]I- ® (JT _ t)n dt 13':11 _ fx ! L () (l’ _ t)n dt,

n! c n!

we have proved our theorem. ¥

We can apply the Integral Remainder Theorem in situations when we can
not apply the Lagrange Remainder Theorem or Corollary 25.10. We illustrate
with the following example:

Example 25.19: Let f(z) = In(x) for all z € (0,2). We can not use the
Lagrange Remainder Theorem or Corollary 25.10 to show that f is represented
on (0,2) by its Taylor series at 1. The reason is that

(*) fM(z) = ()" =D for all p > 1 and all z € (0,2)

and, thus, the family of derivatives of f is not uniformly bounded on any open
interval at at 1.
However, we can use the Integral Remainder Theorem to show that f is
represented on (0,2) by its Taylor series at 1: Fix z € (0,2); then
5 —1)n*+2_nl _ _qyn+2
Ru(ese) 2 [ S @ e G [ a0 e

n!

14.2 (_l)n+2 (:L‘—l)"+1 . (_1)n+2 (I_*l)n_._l
- g+l n—+1 - n+l T

and, thus, lim, . R,(z;¢) = 0 by Lemma 15.3. Therefore, by Theorem 25.4,
f is represented on (0, 2) by its Taylor series at 1. Thus, as is worth noting, we
see from (*) that In(z) = £, (—1)"*13(z — 1) for all z € (0, 2).

Exercise 25.20: Evaluate fol(l —t)%e! using Theorem 25.18.
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5. Analytic Functions

A function that is represented by its Taylor series at ¢ on some open interval
centered at ¢ is said to be analytic at c¢. A function that is analytic at each
point of an open interval [ is said to be analytic on I.

It is natural to think of analytic functions as being the infinite analogue of
polynomials. This leads us to try to find properties that analytic functions have
in common with polynomials. We obtain three basic properties of analytic func-
tions that are analogues of properties of polynomials (Theorem 25.21, Theorem
25.27 and Exercise 25.28).

One elementary property of polynomials is that two polynomials with the
same value and the same derivatives at a given point are actually the same
polynomial. Analytic functions have the same property:

Theorem 25.21: Let I be an open interval, and let f,g : I — R! be
functions that are analytic on I. If there is a point p € I such that

fO(p) = g™ (p) for all n >0,

then f =g.
Proof: Let

A={zel: fM(x)=gM () for all n > 0}.

We prove that A is an open set. Let a € A. Since f and g are analytic at a,
there exists € > 0 such that

(1) f(z) = 520 L2@ (2 — 0)i and g(z) = N2y L@ (2 — a)i
for all z € Je(a) = (a —€,a +¢€).

Since a € A, f@(a) = ¢®(a) for all i > 0. Hence, by (1), g(z) = f(z) for
all € J.(a). Thus, clearly, for each i > 0, ¢ (x) = f@(x) for all z € J.(a).
Hence, J.(a) C A. This proves that each point of A lies in an open interval
contained in A. Therefore, A is an open set by Theorem 15.6.

Next, we prove that A contains all its limit points in I. Let g € I such that
q is a limit point of A. Then, by Exercise 2.29, ¢ ~ A. Hence, by Theorem
19.38, there is a sequence {a;}$2, of points in A such that

(2) lim; 00 a; = q.
Since a; € A for each i, we have that
(3) @ (a;) = g™ (a;) for all n and for all 4.

Since f and g are infinitely differentiable at ¢ (by Corollary 24.38), f(™
and g are continuous at g for each n (by Theorem 6.14). Thus, by (2) and
Theorem 19.39,

292



limi oo /(@) = /O (q) and limg_og g (a;) = ¢ (q) for each n.
Therefore, by (3),
™ (q) = g™ (q) for each n.

This proves that ¢ € A. Therefore, we have proved that A contains all its limit
points in [.

Next, we prove that A = I (the argument we are about to give is not
necessary for those readers who are familiar with connected sets). Suppose by
way of contradiction that A # I. Then there is a point ¢ € I such that ¢ ¢ A.
We assume without loss of generality that p < ¢, and we let

B={recA:z <t}

Then, since p € A, we have that B # (). Hence, lubB = { exists. If £ € A, then,
since A is an open set, it follows easily that £ is not the least upper bound of A,
a contradiction. Hence, ¢ ¢ A. Then it follows easily using Theorem 19.39 that
£ is a limit point of A; thus, since A contains all its limit points in I, we again
have that ¢ € A, a contradiction. Therefore, we have proved that A = I.

Finally, since A = I, f™(z) = g () for all n > 0 and all # € I. Therefore,
since f© = f and ¢ = g, we have in particular that f = g. ¥

Another property of polynomials is that they are represented on R! by their
Taylor series at every point of R! (Exercise 25.5). We prove the analogue of this
for analytic functions in Theorem 25.27.

The proof of Theorem 25.27 is somewhat intricate, and we break the proof
down into several lemmas. We prove three lemmas about power series and a
lemma about Taylor series. The first two lemmas together give a characteriza-
tion for lower bounds of the radius of convergence of a power series (Corollary
25.24). We state the first two lemmas separately since the characterization we
obtain is not specific enough in one direction to be able to be used directly in
the proof of Theorem 25.27.

Lemma 25.22: Assume that the power series ©2,a;(z — ¢)® has radius
of convergence at least r, where r > 0. Then, for each number « such that

0 < a < r, there exists 8 > 0 such that
la;| < -C% for all i.

Proof: Fix « such that 0 < a < r. Let I = (¢ — r,c+ ), and note that
I is contained in the interval of convergence of ¥%25a;(x — c)®. Thus, since
c+a € I, the series ©2,a;a! converges. Hence, by the i*! Term Test (Theorem
21.8), lim; ., a;a = 0. Thus, there exists 3 > 0 such that 3 > }aiai| for all 4.
Therefore, since o > 0,
lag) < 2 for all i. ¥

at
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Lemma 25.23: Let ©%2a;(z —c)’ be a power series. Assume that o, 3 > 0
satisfy

la;| < -C% for all i.

Then, for all  such that |z — ¢| < «, the series £22ya;(z — ¢)? converges (abso-
lutely).

Proof: Fix x such that |z — ¢| < a. Then

2220 i@ — )| = 20 las| |2 — o < 8205 | — o = 552052

=0 '

Thus, since }’”;°| < 1, the series ¥2,0 }*;‘ }z converges by Theorem 15.4 (and

Exercise 21.1). Hence, by the Comparison Test (Theorem 21.18), the series
$22 |ai(z — ¢)| converges. Therefore, by Theorem 22.1, we have that the series
Y2oai(xr — ¢) converges. ¥

The preceding two lemmas give the following characterization:

Corollary 25.24: Let r > 0. A power series X2qa;(z — )’ has radius of
convergence at least r if and only if for each number « such that 0 < a < 7,
there exists 8 > 0 such that

la;| < -aé for all s.

Our next lemma concerns the sum of a specific power series. We use the
lemma in the proof of Lemma 25.26.

Lemma 25.25: For any given integer n > 0 and any « such that —1 < z < 1,

i—n n!

o) i!
R G I e Tt
Proof: Define f: (—1,1) — R by
flx) =% forallze (-1,1).

An easy induction using the way we differentiate quotients (Theorem 7.6)
shows that

(1) f™(2) = =t foralln > 0 and all z € (~1,1).
By Theorem 15.4, ¥32 2t = 17— for all € (—1,1); hence, by Exercise 21.1,
f(z) =X2xt for all z € (—1,1).
Thus, by Corollary 24.38,
(2) fO(2) = B2, hogra ™
Our lemma follows from (1) and (2). ¥

It is convenient to have the following technical lemma since we use it twice
in the proof of Theorem 25.27.
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Lemma 25.26: Assume that a function f is represented by its Taylor series
at ¢ on an open interval I = (¢ —n,c¢+n). Let p € I. Then, for any number «
such that |p — ¢| < o < n, there is a number 5 > 0 such that

|f™(p)| < —”"8— for all n > 0.

‘p Cl)n+l
@
Proof: Let a; = % for each integer ¢ > 0. Then, by assumption,
f(z) =X%0a;(z —c)t forallx €I

Hence, by Corollary 24.38, we have that
(1) fO(p) = 22, ayrai(p — )~ for all n > 0.

Fix a such that [p—c| < a < 1. Then, since the series 2ya;(z — ¢)°
converges for each x € I, we have by Lemma 25.22 that there exists 8 > 0 such
that

(2) |as| < £ for all 4.

i
Now, for any integer n > 0,

i—n <<) 00 il |p |z'—n

(1)
}f(n)(p)} < 2Oon(z n)l |a1| |p | 1= n(L n)l at

_@20@ il p—c imn 2525 8 n!
=N (1 n)l o - amn (1_ p—c )n+1

_ n!Ba ¥
— (a=[p—chn*t:

We are now ready to prove our main theorem. The proof makes use of the
Lagrange Remainder Theorem (Theorem 25.6).

Theorem 25.27: Assume that a function f is represented by its Taylor
series at ¢ on an open interval I = (¢c—1n,c+n) centered at c¢. Then f is analytic
on I. Moreover, let b € I, and let J denote the largest subinterval of I centered
at b; in other words,

J=0b-7,b+7), where r =n—1b—c|;

then f|J is represented by its Taylor series at b on the entire open interval J.
Proof: Let b and J be as in the theorem.
By Lemma 25.26, we have that for any « such that |b—c¢| < a < 7, there
exists G > 0 such that
|f(")(b)} < Ba) g alln > 0;

(a—[b—ch)m+t

thus, letting v = and A = a — |b — ¢|, we have

(04
a—|b—c|

)%)<f— for all n > 0.
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)
Hence, by Lemma 25.23, the series E;’fzof n!(b) (x — b)™ converges for all x such

that |z —b] < A. Furthermore, we could have chosen « as close to 1 as we
wished, which means that we can assume that A is as close to n — [b — ¢| = T as
we wish; therefore, since J = (b — 7,b+ 7), we have shown that

(1) E;’fzof(n—)!(b)(:c — b)™ converges for all x € J.

n

We define a function g : J — R* using (1) by
g(x) = Ei’io%(x —b)t forallx € J.

We will show that g(z) = f(x) for all x € J, which will complete the proof of
our theorem.
We first prove that ¢ = f in an open subinterval J of J about b. Let

Je=(b—e€b+e), wheree=2(n—|b— ).

Fix a point ¢ € J.. Since f is represented by its Taylor series at ¢ on
I =(c—mn,c+n), fis infinitely differentiable on J. (by Corollary 24.38). Hence,
we can apply the Lagrange Remainder Theorem (Theorem 25.6) to see that for
each n > 0, there is a point z,, strictly between ¢ and b (unless ¢ = b, in which
case z, = b) such that

@ (p . +D,
f(@) = Sieo 52 g - ) = L (g - o)

Therefore, to show that ¢(q) = f(q), it suffices to show that

. (1)
(#) lim,, o0 f(Tl()Zln)(q - b)n+1 =0.

Proof of (#): We assume throughout the proof of (#) that b > ¢ (the proof
when b < ¢ is analogous, and the theorem we are proving is obvious when b = ¢).

We first consider the case when ¢ < b. Then ¢ < 2, < b for all n. Fix «
such that |b—¢| < a < n. Then, since |z, — ¢| < a < 1, we see form Lemma
25.26 that there exists § > 0 such that

}f(n+l) (Zn) | < (n+1)!8a

= (a=Tzn—c)"*2"
Thus, since o — |b — ¢| < a — |z, — ¢| for all n, we have that
+1)!
|f(n+l)(zn)} < %_
Hence, we have that

. (D), o b n+1

() [ oo = 0| < i (42)

Now, note that |b — ¢| + € < n; thus, we can assume that o > |b — ¢| + ¢. Then
b < 1. Therefore, it follows from (i) and Lemma 15.3 that

a—|b—c|
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[0 G) (o pynrt| = .

limy, .o (n+1)!

This proves (#) when ¢ < b.

To finish the proof of (#), assume that ¢ > b. Then b < z, < ¢ for all n. Fix
« such that |g — ¢| < o < 1. Then, since |z, — ¢| < o < 71, we see form Lemma
25.26 that there exists § > 0 such that

}f(n+l) (Zn)| < (n+1)!8a

> (ozf\znfc\)"+2 .
Thus, since a — |q¢ — ¢| < a — |z, — ¢| for all n, we have that

1 (n+1)!8
}f(n+ )(Z7L)| < W_

Hence, we have that

.. (D, o _p \"+1
() | S a - 0] < oo (F452)

Note that

b—cl+2e=[b—cl+3m—b—c)=3m+[b—c)) <n

lg—b|
a—lg—c]|

Hence, we can assume that a > |b — ¢| + 2¢. Then < 1. Therefore, we

see from (ii) and Lemma 15.3 that

. (n+1)
llm7z—>oo ! (7_L+1()Z!n) (q — b)n+1 =0.

This completes the proof of (#).

Since we proved (#) for any point ¢ € J., we have proved that g|J. =
f|Je. Hence, by the way we defined g, we have proved that f is analytic at b.
Therefore, since b was any point of I, we have proved that f is analytic on I.
This proves the first part of the theorem.

We prove the last part of the theorem using the first part and Theorem
25.21. Since g = f on J., g0 (b) = f(b) for all n > 0. Thus, the definition of
g may be written as

g(@) = 22, L@ (2 —b)i forall z € J.

In other words, g is represented by its Taylor series at b on J. Hence, by the first
part of the theorem, g is analytic on J. Also, by the first part of the theorem,
f is analytic on J. Thus, since g0 (b) = f(b) for all n > 0, we have by
Theorem 25.21 that ¢ = f on J. Therefore, in view of the way we originally
defined g, we have that f|J is represented by its Taylor series at b on the entire
open interval J. ¥

Recall that a nonconstant polynomial has only finitely many roots (Exercise
9.21). This is false for analytic maps: the sine function is analytic (Example
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25.8) but sin(nm) = 0 for all n = +1, +2, ... (also, see Exercise 25.29). However,
nonconstant analytic functions have the next best property — their roots are
isolated — which you are asked to prove:

Exercise 25.28: If f is a nonconstant analytic function on an open interval
I, then {z € I : f(x) = 0} does not have a limit point in I. Thus, f has only
finitely many roots in any closed and bounded subinterval of I.

(Hint: Make use of Exercise 24.28.)

Exercise 25.29: In relation to the preceding exercise, give an example of
an analytic function on a bounded open interval I that has infinitely many roots
in [.

Exercise 25.30: If f is analytic on an open interval I, then there is a largest
open interval J containing I for which there is an analytic function g on J such
that g|I = f. (The function g is called the analytic continuation of f.)

(Hint: By Theorem 25.21, if ¢ and 1 are analytic functions on an open
interval K D I such that ¢|I = f and |I = f, then ¢ =1.)

Exercise 25.31: Let f and g be analytic at a point ¢. Quote results in
previous chapters that show that f+ g, f — g and the product f-g¢ is analytic at
¢. (The result for -5, g(c) # 0, is also true, but not by merely quoting previous
results.)

Final Comments

We conclude with two suggestions for the further study of analytic functions.

First, we have only covered very few of the many important basic results
about analytic functions of a real variable. A treatment of such results is in, for
example, the book by Steven G. Krantz and Harold R. Parks entitled A Primer
of Real Analytic Functions, published by Birkh#iuser (Boston, Basel, Berlin),
1992. This book also contains important results about analytic functions of
several variables.

Second, analytic functions of a complex variable is a fascinating and profound
subject with numerous applications to other areas of mathematics and to the
physical sciences. The complex plane is a natural setting for analytic functions
since, for example, the “pathology” exhibited by the examples in section 1
does not exist for functions of a complex variable — namely, if a function f
on the complex plane C is differentiable (meaning that for each point zy € C,
lim, (0,0 %ﬁézo) exists), then f is represented locally by a power series. (For
this reason, differentiable functions of a complex variable are called analytic
rather than differentiable often before the result we just stated is proved.) You
are well prepared to begin your study of complex function theory.
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