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Abstract

The paper constitutes a comprehensive study of ten classes of self-
maps on metric spaces (X, d) with the local and pointwise (a.k.a. local
radial) contraction properties. Each of those classes appeared previously
in the literature in the context of fixed point theorems.

We begin with presenting an overview of these fixed point results,
including concise self contained sketches of their proofs. Then, we proceed
with a discussion of the relations among the ten classes of self-maps with
domains (X, d) having various topological properties which often appear
in the theory of fixed point theorems: completeness, compactness, (path)
connectedness, rectifiable path connectedness, and d-convexity. The bulk
of the results presented in this part consists of examples of maps that show
non-reversibility of the previously established inclusions between theses
classes. Among these examples, the most striking is a differentiable auto-
homeomorphism f of a compact perfect subset X of R with f’ = 0, which
constitutes also a minimal dynamical system. We finish with discussing a
few remaining open problems on weather the maps with specific pointwise
contraction properties must have the fixed points.
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1 Background

The famous 1922 Banach Fixed Point Theorem states that every self-map f of
a complete metric space (X,d) must have a fized point (i.e., an £ € X with
f(&) = &) provided there exists a constant A € [0, 1) such that d(f(z), f(y)) <
Md(x,y) for all x,y € X. Maps like this are called contractions, and Banach’s
theorem is also known as the Contraction Principle.

The Contraction Principle has a multitude of generalizations, where the
contraction assumption on f is weakened. Among them are two 1962 results of
Edelstein that f must have a fix point provided: (i) X is compact and function
f is shrinking, that is, d(f(x), f(y)) < d(z,y) for all distinct =,y € X; (ii)
X is compact connected and f is locally shrinking, that is, when for every
x € X there exists an € > 0 such that f restricted to the open ball B(z,¢),
centered at z and of radius ¢, is shrinking. In particular, (ii) implies that any
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f on a compact connected space X must have fixed point provided f is locally
contractive, that is, when for every x € X there exist an ¢ > 0 and a X € [0, 1)
such that d(f(y), f(2)) < Ad(y,z) for all y,z € B(x,e). Yet another group
of generalizations involves the functions f that are pointwise contractive, that
is, such that for every z € X there exist an € > 0 and a A € [0,1) for which
d(f(z), f(y)) < Ad(z,y) as long as y € B(x,<). Notice that this notion is closely
related to that of a derivative, see Remark 2.3. Here we have the following
results: (iii) 1978 theorem of Hu and Kirk, with proof corrected in 1982 by
Jungck, that f must have a fixed point, provided X is rectifiably path connected
and f is uniformly pointwise contractive, that is, pointwise contractive but such
that A is the same for all x € X; and (iv) 2016 theorem of the authors of this
paper, that f must have a fixed point, provided X is compact rectifiably path
connected and f is pointwise contractive [11]. Also, another 2016 paper [10] of
the authors gives a paradoxically-looking example providing a key insight into
a possible behavior of the pointwise contractive maps.

The four local and pointwise notions of contractive and shrinking maps men-
tioned above, together with their several uniform versions, lead to twelve classes
of mappings, of which only ten are distinct, precisely defined in Section 2. The
goal of these paper is to fully discuss the fixed and periodic point theorems avail-
able for these mappings (see Section 3), as well as the inclusions among these
classes of functions (see Section 4). In this work we restrict our attention to the
mappings defined in Section 3. In particular, the multitude of other contraction-
like notions that appear in literature (see e.g. 1977 paper [31] of Rhoades com-
paring 125 different global contraction-like conditions, most of which involve
distances of the form d(x, f(x)), or the more recent work [23, 24, 5]) fall outside
of the scope of presented material. Section 5 contains the remetrization results
on which the generalizations of Fixed Point Theorem are based.

The relations between the considered classes of maps depend on the topolog-
ical properties of the space (X, d) on which the maps act. We will restrict our
attention to the topological properties that already appeared in the context of
the fixed point theorems. These include: completeness, compactness, connect-
edness and path connectedness, rectifiable path connectedness, and, so called,
d-convexity, which encompasses convexity in the Banach spaces. There are eight
different topological classes that can be defined in terms of the aforementioned
properties. In Section 6, using diagrams, we summarize the inclusions between
the ten classes of maps we consider for the eight classes of topological spaces
mentioned above. We reference examples showing that no implication between
the classes exist, unless the diagrams force the implication. These examples are
described in Section 7. All examples are with no periodic and/or fixed points,
unless their existence is implied by an appropriate fix/periodic point theorem.
The last section discusses the few remaining open problems.

We should mention that a large portion of fixed point theory (including
locally contractive maps) is developed in metric spaces with additional algebraic
structure, like Banach spaces, partially ordered sets, complete lattices, and many
other. Such topics are not discussed in this paper and we refer interested readers
to the monographs [19], and more recent [3], [7] and [24].
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2 Dozen notions of contractive maps

In what follows, all self maps we consider are defined on the complete metric
spaces, with the space usually denoted by X and the metric by d. However,
the notions defined below are valid also for maps f: X — Y between arbitrary
metric spaces X and Y.

Definition 2.1. Let X be a metric space and let f: X — X. The following
properties are also identified with the corresponding classes of functions.

Global notions:

(C) f is contractive (with a contraction constant A), provided there exists a
A €10,1) such that d(f(x), f(y)) < Md(x,y) for every z,y € X;

(S) fis shrinking, provided d(f(z), f(y)) < d(z,y) for every distinct =,y € X.

Local notions:

(LC) f is locally contractive, provided for every y € X there exists an open
U 3> y such that f [ U is contractive;

(uLC) f is locally contractive with the same contraction constant, provided there
exists a A € [0, 1) such that for every y € X there exists an open U > y for
which f [ U is contractive with the contraction constant \; occasionally
we will use an abbreviation (A)-(uLC) when we like to stress that (uLC)
is satisfied with a constant \;

(ULC) f is uniformly locally contractive, provided there exist ¢ > 0 and A € [0,1)
such that for every y € X the restriction f | B(y,e) is contractive with
a contraction constant A; we will occasionally use an abbreviation (g, A)-
(ULC) when we like to stress that (ULC) is satisfied with the constants e
and A;

(LS) f is locally shrinking, provided for every y € X there exists an open U 3> y
such that f [ U is shrinking;

(ULS) f is uniformly locally shrinking, provided there exists an £ > 0 such that
f I B(y,¢) is shrinking for every y € X; occasionally we will use notation
(€)-(ULS) to stress that (ULS) is satisfied with a radius ¢;

Pointwise notions:

(PC) f is pointwise contractive, if for every x € X there exist an open U > x
and a A € [0, 1) such that d(f(x), f(y)) < Ad(z,y) for all y € U;!

IThe notions in this group are often named local radial contractions, see e.g, [20] or [21].
We feel that the term pointwise contraction better describes the nature of these functions, see
[18] or [12].
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(uPC) fis pointwise contractive with the same contraction constant, if there exists
a A € [0,1) such that for every 2 € X there is an open set U > « for which
d(f(x), f(y)) < Ad(z,y) for all y € U;

(UPC) f is uniformly pointwise contractive, if there exist a A € [0,1) and ane > 0
such that for every z € X, d(f(z), f(y)) < Ad(z,y) for all y € B(z,¢€);

(PS) f is pointwise shrinking, if there for every x € X there exists open U 3 x
such that d(f(x), f(y)) < d(x,y) for all y € U;

(UPS) f is uniformly pointwise shrinking, if there exists an € > 0 such that for
every € X we have d(f(x), f(y)) < d(z,y) for all y € B(z,¢).

The obvious relations among the defined properties, plus those indicated by
Remark 2.2, are shown in Figure 1. We have included notions (UPC) and (UPS)
in Definition 2.1 for symmetry. However, as they are redundant, we will drop
them from further considerations. (Compare also Figure 3.)

(©)
/
(S)

(ULC) — (uLC) (LC)

-

(ULS) (LS)
(UEC) + (WPC) - (PC)
(UPS) (PS)

Figure 1: The relations between the local contractive and shrinking properties
for the maps f: X — X, with X being a complete metric space. The upward
arrows are justified by Remark 2.2. No other implications in the figure exist,
see Theorem 6.1.

Figure 1, as well as the similar figures and the associated theorems for the
maps defined on the spaces X with other topological properties, will be discussed
in detail in Section 6.

Remark 2.2. (UPC) is equivalent to (ULC) and (UPS) is equivalent to (ULS).

ProOOF. Clearly (ULC) implies (UPC). Now assume that f: X — X satisfies
(UPC) with some ¢ > 0 and A\ € [0,1). Let z € X and suppose that y,z €
B (z,%). Then d(y,z) < d(y,z) +d(z,2) < §+ 5 =0 z € B(y,e). By the
(UPC) property d(f(y), f(2)) < Ad(y, z) which shows that f is (ULC) with the
same A and §. The argument for (UPS) = (ULS) is similar. [ |
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For a self-map f on (X, d) and a limit point z € X, let

d(f (=), f(y)

D* f(z) = lim SUPy sz~ dz,y)

and for isolated point x we set D*f(z) = 0. In particular, if X is a subset of
R (considered with the standard metric), X has no isolated points, and f is
differentiable, then D* f(x) = |f'(x)|. The (PC) and (uPC) properties can be
expressed in terms of this notion as follows.

Remark 2.3. For every f: X — X, the (uPC) property simply says that
sup{D*f(z): z € X} < 1; (PC) is equivalent to D* f(z) < 1 for all z € X.

ProoF. (uPC) gives us a number A < 1 such that D*f(z) < X for all limit

x € X because we have % < X for y sufficiently close but not equal to

x. Inversely, if sup{D*f(z): z € X} =n < 1, then f is (uPC) with any A such
that n < A < 1. The other equivalence follows similarly. [ |

In the next two sections we review the fixed/periodic points theorems uti-
lizing the above defined terminology and further discuss how the classes are
related.

3 Fixed and periodic point theorems

For f: X — X and a number n € w = {0,1,2,...}, the n-th iteration f(™ of
f is defined as f o---o f, the composition of n instances of f. In particular,
fO = f and £ is the identity function.

Nearly a century old theorem of Banach [4] states that

Theorem 3.1. (Banach 1922) If X is a complete metric space and f: X — X
is (C), then f has a unique fixed point.

PrROOF. Fix an 2 € X and notice that (f)(z): n < w) is a Cauchy sequence,
since the series formed by the distances d (™ (z), f"V(z)) < A"d(z, f(2)) is
is convergent as it is bounded by the geometric series > d(z, f(z)) A", where
A €[0,1) is a contraction constant for f. So, the sequence converges to a point
¢ € X, which is a fixed point, since

d¢, f(€)) = lim d(f"(x), f(f™(2)))
= lim d(f*(x), fV () = d(&,€) =0,

n—oo
implying that f(§) = £. Property (C) also implies the uniqueness of &. [ ]

This theorem, often called the Banach Contraction Principle, was studied in
great detail, see for example [31, 23, 24]. Here we focus solely on the fixed and
periodic point theorems for the mappings f, with properties from Definition 2.1.

An z € X is a periodic point of f: X — X provided f("(z) = x for some
n > 0. In particular, x € X is a fixed point of f if, and only if, it is a periodic
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point of f with period 1, that is, f()(z) = x. The (forward) orbit of an x € X is
defined as O(x) = {f(™(x): n < w}. Very significant contributions in the study
of shrinking and locally shrinking maps are due to Edelstein [16], see also [15].

Theorem 3.2. (Edelstein 1962) Let (X,d) be compact and let f: X — X.
(i) If f is (S), then f has a unique fixed point.
(ii) If f is (LS), then f has a periodic point.

(iii) If f is (LS) and X is connected, then f has a unique fixed point.

PrOOF. In case (i), notice that X > =z — d(z, f(z)) € R is a continuous
mapping on a compact space. Thus, it attains its minimum at some = € X,
which, by (S), must be a fixed point. This fixed point is clearly unique.

In case (ii), first notice (see Theorem 4.2) that f is actually (ULS) with
some constant € > 0. Fix an g € X and notice that there exist i < j < w such
that d(f® (x0), f9)(20)) < e. Put n = j —i > 0 and notice that f = f(" still
satisfies (ULS) with the constant e.

Fix a { € X at which the mapping X > z — d(z, f(x)) € R achieves the
minimum. So, d(&, f(€)) < d(fO(xo), F(£ (z0))) = d(f D (o), 19 (z0)) < ¢
and we must have d(§, f(§)) = 0, since otherwise d(f( ), F(F(€) < d(&, f(€)),
contradicting the choice of £. Hence, f(")(€) = f(€) = &, that is, that ¢ is a

periodic point of f.

In case (iii), notice that, by Proposition 5.2(ii), there exists a complete metric
D on X topologically equivalent to d, such that f is (S) with respect to this
metric. Thus, by (i), f has a unique fixed point. [ ]

It is worth noting that in [14, theorem 2.6 p. 796] Ding and Nadler generalize
items (ii) and (iii) of Theorem 3.2 to locally compact spaces X. Theorem 3.2 is
also discussed in [13].

To state our next theorem, of Hu and Kirk [21] with a proof corrected by
Jungck [22] (see discussion in [2, p 66]), we need the following definitions. A
metric space X is rectifiably path connected provided any two points z,y € X
can be connected in X by a path p: [0,1] — X of finite length ¢(p), that is, by
a continuous map p satisfying p(0) = = and p(1) = y, and having a finite length
£(p) defined as the supremum over all numbers:

Zd p(tic1)) withO<n<wand 0=ty <t; <--- <t, =1

Theorem 3.3. (Hu and Kirk 1978; Jungck 1982) If (X, d) is a rectifiably
path connected complete metric space and a map f: X — X is (uPC), then f
has a unique fixed point.

PRrOOF. The assumptions on (X, d) and f imply (see Proposition 5.5(iii)) that
there exists a complete metric D on X such that f is (C), when X is considered
with the metric D. So, by Theorem 3.1, f has a unique fixed point, see also [2,
theorem 6 p 66). ]
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It is worth noting that Rakotch, in 1962 paper [30], and Marjanovié, in 1976
paper [25], proved earlier Theorem 3.3 under the stronger assumption that f is
(uLC). The next theorem is very recent and comes from authors paper [11]. It
generalizes Theorem 3.3 to the (PC) maps, no uniformity assumption, at the
expense of requiring that the domain of f is compact.

Theorem 3.4. (Ciesielski and Jasinski 2016) Assume that (X, d) is com-
pact rectifiably path connected metric space. If f: X — X is (PC), then f has
a unique fixed point.

PrOOF.  Let D is the distance from Proposition 5.5. By part (iv) of the
proposition, f: (X, D) — (X,D) is (S). Let M = inf{D(z, f(z)): = € X}.
Then, by Corollary 5.4(ii), there exists an T € X such that D(z, f(z)) = M
(which is not completely obvious, since (X, D) need not be compact, see the
footnote to Proposition 5.5).

To finish the proof it is enough to notice that M must be equal 0, since
otherwise D(f(Z), f(f(Z))) < D(z, f(Z)), contradicting minimality of M. Thus,
D(z, f(z)) =0 and f(Z) = Z, as required. The uniqueness of the fixed point is
ensured by the fact that f: (X, D) — (X, D) is (S). [ |

The main part of the following theorem has been proved in 1961 paper [15]
of Edelstein. The proof the entire theorem can be also found in the authors
paper [11]. (We missed this 1961 result of Edelstein when writing [11].)

Theorem 3.5. Assume that (X, d) is complete and that f: X — X is (ULC).
(i) (Edelstein 1961) If X is connected, then f has a unique fixed point.

(ii) (Ciesielski and Jasinski 2016) If X has a finite number of components,
then f has a periodic point.

PrOOF. To see (i), let € > 0 and A € [0,1) be such that f (g, \)-(ULC). By
Remark 5.1 and Proposition 5.2(i), there exists a metric D on X topologically
equivalent to d such that f: (X, D) — (X, D) is (C) with constant . Hence,
by the Banach Contraction Principle, f has a unique fixed point.

To see (ii), let C1, ..., Cy, be the connected components of X. Since i [Cy]
is connected, there must exist i < i +k with f)[C1] and fO+F)[C}] intersecting
the same component of X, call it C. Then f(®[C] c C. Applying (i) to
f® 1 C:C = C, we can find an z € C with f*)(z) = z. So, z is a periodic
point of f. [ |

Notice that Theorems 3.3 and 3.5 are reduced to the Banach Contraction
Principle by using appropriate (but different) remetrization results. Similar (but
different) connections between the Theorem 3.2 and the Banach Contraction
Principle were also discussed in 1975 paper [32] of Rosenholtz.
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4 Implications between the contractive notions

Following Jungck [22], we say that (X,d) is d-convex provided for any dis-
tinct points x,y € X there exists a path p: [0,1] - X from z to y such that
d(p(t1),p(ts)) = d(p(t1), p(ta)) + d(p(t2), p(ts)) whenever 0 < t; < to < t3 < 1.
Clearly, every d-convex space is rectifiably path connect. On the other hand,
any convex subset of a Banach space is d-convex. In particular, such is any
interval considered with the standard distance.

The part (i) of the next theorem is a particular case of [22, theorem p. 503]
of Jungck.

Theorem 4.1. Let (X,d) be d-convex and let f: X — X.
(i) (Jungck 1982) If f is (uPC) with a constant A, then it is (C) with the

same constant.
(ii) If f is (PS), then it is (S).
PRrROOF. First notice, that for every distinct y,z € X

(o) if L = %, then there exist € X and a sequence (x, # x: n < w)
in X converging to z such that 7d(’;((i),;c{ff") > L for all n < w.

Indeed, let p: [0,1] — X be a path from y to z from the definition of d-convexity.
Define a nested sequence ([s,,t,]: n < w) of intervals in [0, 1] such that, for
every n < w, [$p,t,] has length 27" and % > L: we start with
[so,to] = [0,1] and, having [s,,t,], at lest one of the halfs of [s,,t,] can be
chosen as [spy1,tny1]. Let {t} = (N, [5n,tn]. Then x = p(t) is as desired,
since for every n < w, there is u, € {s,,t,} for which z, = p(u,) # = and
d(f(gz)yf(l)n)) > L.

satisfies e
Now, to see (i), notice that if L = % for some distinct y, z € X then,
by (e), L < D*f(z) < A.
To see (ii), assume that f is not (S). Then there exist distinct y, z € X with

= % > 1. Let = be as in () for this pair. Then f is not ((PS)) at z.

H

For the compact spaces we have the following implications. (See [11, propo-
sition 4.3]. Compare also [14, theorem 4.2].)

Theorem 4.2. (LC)=—(ULC) and (LS)=(ULS) for maps f: X — X with
compact X.

PROOF.  Suppose X is compact. To see that (LC) implies (ULC), for each
y € X find an open set U, > y such that f | U, is Lipschitz with a constant
Ay € [0,1). By compactness of X, there is a finite Xo C X such that Uy =
{Uy: y € Xo} covers X. Let 6 > 0 be a Lebesgue number for the cover Uy of X.
(See e.g. [27, lemma 27.5].) Then € = §/2 satisfies (ULC) with the contraction
constant A = max{\,: y € Xo}.
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The argument for (LS)=-(ULS), when X is compact, is similar. [ |
The next result seems to be never published before.
Theorem 4.3. (S)&(ULC) = (C) for maps f: X — X with compact X.

PROOF. Let € >0 and X € [0,1) be such that d(f(z), f(y)) < Ad(z,y) for any
r,y € X with d(z,y) < e. Let Z = {{z,y) € X?: d(z,y) > €} and define g on

Z by g(z,y) = ‘W‘. Since Z is compact, g attains its maximum value
A1 on Z. We must have Ay < 1, since f is (S). Thus, f is (C) with a contraction
constant max{\, A1} < 1. [ |

5 Geodesics and remetrization results

For € > 0, we say that X is e-chainable, provided for every p,q € X there exists
a finite sequence s = (g, 21, . .., T, ), referred to as an e-chain from p to g, such
that xg = p, x, = ¢, and d(z;,x;11) < € for every i < n. The length of the
e-chain s is defined as I(s) = >, _, d(wiq1, 7).

Remark 5.1. All connected spaces are e-chainable for any ¢ > 0.

PROOF. (See Engelking [17, Exercise 6.1.D(a) p 359]) Fix z,y € X and € > 0.
Define, by induction on n < w, a sequence (B,, C X: n < w) as By = {z} and
Byy1 ={z € X:3be B,(d(z,b) < ¢)}. The union J,,., Bn # 0 is a clopen,
so by, connectedness of the space X, we have | J,,., B, = X. Thus, y € B, for
some n < w and so, there exists an e-chain, with n + 1 terms, from = to y. N

The part (ii) of Proposition 5.2 can be found (with slightly different proof) in
Rosenholtz [32]. The proposition resembles also the results of Jungck from [22]
and of Hu and Kirk from [21]. See also [2, Lemma 2 p. 70].

Proposition 5.2. Let ¢ > 0 and assume that (X,d) is connected or, more
generally, e-chainable. Then the map D: X? — [0,00) given as

D(z,y) = inf{l(s): s is an e-chain from x to y}

is a metric on X topologically equivalent to d. If (X,d) is complete, then so is
(X, D). Moreover,

(i) If f: (X,d) — (X,d) is (n,A)-(ULC) for some n > ¢, then f: (X, D) —
(X, D) is (C) with constant A.

(i) If (X,d) is compact and f: (X,d) — (X,d) is (ULS) with a constant
n>e¢, then f: (X, D) — (X, D) is (S).

PrOOF. To see that D is a metric on X it is enough to show that D satisfies
the triangle inequality. So, fix z,y,z € X and § > 0. Then, there exist the
e-chains s = (xq,...,2,) from x to y and t = (yo,...,Ym) from y to z with



K.C. Ciesielski, et al.: Locally contractive maps 11

D(z,y) > I(s) — 6 and D(y,z) > [(t) — 8. Since u = (To, ..., Tn, Yo, - - - Ym) s
an e-chain from z to z with [(u) = [(s) + [(t), we have

D(z,y) + D(y,z) > I(s) — 8+ 1(t) — 6 = I(u) — 26 > D(z, z) — 26.

Since the constant ) > (0 was arbitrary, we obtain the desired triangle inequality
D(z,y) + D(y, 2) > D(z, 2).

Also if d(z,y) < e, then we have D(z,y) = d(x,y) (since then d(z,y) <
D(z,y) < I({x,y)) = d(z,y)). This implies topological equivalence and com-
pleteness statements, finishing the proof of the main part of the proposition.

To see (i), fix z,y € X. We need to show that D(f(x), f(y)) < AD(z,y).
For this, fix a § > 0 and let s = (zg,...,z,) be an e-chain from z to y with
D(z,y) > I(s) — 8. Notice that, by (1, \)-(ULC), for every i < n we have
a(f (gczﬂ) f(x)) < Md(xi41, ;). In particular, t = (f(xq),..., f(z,)) is an e-
chain and [(t) = > ,_, d(f(ziy1), f(2i)) < Do Ad(2ig1, i) = M(s). Hence,
D(f(x), f(y)) < I(t) < Al(s) < A(D(z,y) + ). Since § > 0 was arbitrary, we
obtain the desired inequality D(f(z), f(y)) < AD(z,y).

To see (i), choose distinct z, € X. We need to show that D(f(z), f(y)) <
D(ac, y). So, let {Uy: k < n} be a cover of X by open sets of d-diameter less than
e. Notice that if s = (zg,z1,...,2Z,) is an e-chain from p to g and i < j < m
are such that x; and x; belong to the same Uy, then t = (zo,...,2;,2j,...,Zm)
is also an e-chain from p to ¢ for which [(¢) < [(s). In particular, for any e-chain
s from p to g there exists an e-chain ¢ from p to g such that any Uy contains at
most two of the terms in ¢. In particular,

ﬁ(x, y) = inf{l(s): s is an e-chain from z to y containing 2n terms}.

In other words, if Z C X?" is the set of all e-chains (zq, ..., %2, 1) from z to y,
then Z is compact (as a closed subset of X?*) and D(z,y) = inf{l(s): s € Z}.
Therefore, the Extreme Value Theorem implies that there exists an e-chain
s = (x0,...,Tan_1) from z to y with D(z,y) = I(s). To finish the proof, it is
enough to notice that, by the (n)-(ULS) assumption, (f(xo),..., f(z2n—1)) is
an e-chain from f(z) to f(y) and so

D(f(x) Z d(f(ziv1), flx)) < Z d(zig1,2:) = (s) = D(z,y)

1<2n—1 1<2n—1

as needed. |

In what follows we will use the following 1945 result of Myers [29, page 219].
For reader’s convenience, we include its short self-contained proof.

Lemma 5.3. Let (X,d) be a compact metric space and, for any n < w, let
pn: [0,1] — X be a rectifiable path such that ¢(p, | [0,t]) = tl(p,) for any
t € [0,1]. If L = liminf, ,o ¢(pn) < o0, then there exists a subsequence
(pn, : k < w) converging uniformly to a rectifiable path p: [0,1] — X with
{(p) < L.
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PROOF.  Select a countable dense subset U = {u,,: m < w} of [0,1]. By
compactness of X, it is possible to find a subsequence (p,, : k < w) with
L(pn,) —k—oo L such that limy_,cc P, (Um) = p(um) for all m < w. Then, maps
{Pn, : k < w} converge uniformly to continuous p: [0,1] — X with £(p) < L.

Indeed, let m € {ng: k < w} be such that ¢(p,,) < (pn,) for all k < w and
notice that for every 0 < s <t <1 we have

APy (8); Pny, (8)) < L(pny | [s,8]) = (E = 8)l(pny,) < (8 = 8)E(pm)-

To see that the maps p,,, form uniformly converging sequence, choose an € > 0.
It is enough to show that there exists an NV such that

d(pn,(5),pn,(8)) < e for all s €[0,1] and j,k > N.

So, let J be a finite cover of [0, 1] by open intervals each of length not exceeding
6 = m. For every J € J choose a v € U N J and an N; such that
d(pn, (u),p(u)) < €/4 for all k > N;. Then, for every s € J and j,k > N; we
have d(pn, (s), p(u)) < d(pn,, (), pny (w)) + d(pn, (v), p(u)) < |s = ull(pm) + § <
6(pm) + § = 5 and d(pn, (5),Pn; (5)) < d(pn,(s), p(w)) + d(p(u),pn,(s)) < e
Hence, py,, s converge uniformly to a continuous path p.

To see that ¢(p) < L notice that for every 0 =tp <1 <--- <t, =1

Z?:l d(p(t;),p(ti—1)) = limpeo Z?:l d(pry (ti)s Pry (ti-1))
limy oo D orq (B — tim1)l(pm) = (pm),

IN

so that £(p) < £(pm).

Finally, since for every ko < w, by removing from a sequence (p,, : k < w)
a finite number of elements we can ensure that that {(pm) = £(pn,, ), we have
that £(p) < €(py, ) for every k < w, that is, {(p) < limg— o0 £(pn, ) = L. [ |

Recall that a rectifiable path p: [0,1] — X from z to y is a geodesic provided
£(p) < £(q) for any other path ¢: [0,1] — X from z to y. From Lemma 5.3 it is
easy to deduce the following corollary, the first part of which is a 1930 theorem
of Menger [26].

Corollary 5.4. Let (X, d) be compact metric space.

(i) (Menger 1930) If there is a rectifiable path in X from x to y, then there
is a geodesic in X from z to y.

(ii) If (X, d) is compact rectifiably path connected, then for every continuous
f: X — X there exist an T € X and a path p from T to f(Z) such that
L(p) < L(q) for any path q from any x € X to f(x).

PRrROOF. First notice that any rectifiable path p: [0,1] — X admits a repara-
metrization p: [0,1] — X (i.e., a path with the same range and same length)
satisfying the condition from Lemma 5.3: ¢(p | [0,t]) = ¢t¢(p) for any t € [0,1].

Indeed, the map p = {<g(p€r([£)’t]),p(t)> 1t €0, 1]} is as required, since for any

5 — é(per([z(j)),t]), € [0,1], we have £(p [ [0,s]) = £(p [ [0,t]) = sl(p) = st(p).
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To see (i), assume that 2,y € X can be joint by a rectifiable path. Let L
be the infimum of the lengths of all such paths and choose rectifiable paths
Pn: [0,1] = X from x to y such that lim, , ¢(p,) = L. Application of
Lemma 5.3 to the sequence (p,: n < w) gives a path p: [0,1] — X from =
to y with ¢(p) = L.

To see (ii), let L = inf{l(q): ¢ is a path from = € X to f(z)}. Then, there
exists paths p,: [0,1] — X from x, to f(x,) such that lim,_, ¢(p,) = L.
Application of Lemma 5.3 to (P,: n < w) gives subsequence (P, : k < w)
converging uniformly to a rectifiable path p: [0,1] — X with ¢(p) < L. If
Z = p(0) = limg_, 00 P, (0), then p is from T = p(0) to p(1) = limg_yc0 P, (1) =
limg o0 f(Pn, (0)) = f(Z). So, T and p are as needed. [ |

The following proposition is an elaboration of the results from [21] and [22],
see also [2, Theorem 6 p. 66].

Proposition 5.5. If (X,d) is a rectifiably path connected metric space, then
the map D: X% — [0,00) given as

D(z,y) = inf{l(p): p is a rectifiable path from z to y}
is a metric on X. If (X,d) is complete, then so is (X, D).?

(i) If P is the range of a rectifiable path p in X, A > 0, and for every x € X,
D* f(xz) < X with respect to the metric d, then ¢(f o p) < M(p).

(ii) If A > 0 and, for every x € X, D* f(x) < X with respect to the metric d,
then f: (X, D) — (X, D) is Lipschitz with the constant A. In particular, if
0<A<1landf: (X,d) — (X,d)is (A\)-(uPC), then f: (X, D) — (X, D)
is (C) with the contraction constant \.

(iii) If f: (X,d) — (X,d) is (LC), then f: (X, D) — (X, D) is (S).

(iv) If X is compact and f: (X,d) — (X, d) is (PC), then f: (X,D) — (X, D)
is (S).

PROOF. The main part is straightforward and seems to be well known. For a
proof see, for example, Hu and Kirk [21] or Mycielski [28].
To show (i), fix an € > 0. First notice that

d(f(p(t)), f(p(s))) < (A+e)l(p [ [s,1]) for every 0 < s <t < 1. (1)

Indeed, for every z € [s,t] we have D*(f | P)(x) < A, so there exists a proper
open interval U, = (x — 0., x + ;) such that

d(f(p(x)), f(p(z")) < (A + €)d(p(x), p(a")) for every 2" € Us N[s, 2. (2)

2Notice that the metrics d and D do not need to be topologically equivalent. For example,
let X be union of the “topologist’s sine curve” (see Munkres [27, p. 156]) and a semi-circular
curve connecting one end of the vertical segment with the “end” of the sine curve. If d is the
standard metric on R?, then (X, d) is compact rectifiably path connected, while (X, D) is not
compact — it is homeomorphic to [0, c0).
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Let J be a finite subset of [s,t] such that U = {U,: = € J} is a cover of [s, ]
containing no proper subcover. Let (z1,3,...,2Z2,-1) be a list of elements of
J in the increasing order. Then, by minimality of U, for every 0 < i < n there
exists an x2; € Uyy,_, N Usy,y N (T2i-1,22i41). Moreover, 2o = s € U, and
Top =1 € Uy, _,. In particular, s =29 <21 <22 < -+ < Top_1 < To, =t and
T24, T2iq2 € Uy, ,, for every i < n. Therefore, by (2),

d(f(p1), f(0(5)) < Cpeon d(f(p(z0)), f(P(r41)))
< DkcanAFE)d(p(ar), p(wr41)) < (A+)lp [ [s,1]),
justifying (1).

To finish the argument for (i) choose the numbers 0 =ty <t1 <--- <t, =1
such that £(f op) <37, d(f(p(ti+1)), f(p(ti))) + €. Then, by (1),

Ufop) < Yicnd(f(p(tizr)), f(p(t:)) +e
< Ve I [tica, ti]) +e = (A +e)l(p) +e.

Since this holds with any € > 0, the desired inequality, £(f op) < M(p), follows.
Item (ii) follows from (i). Indeed, for every a,b € X and ¢ > 0 there is a
rectifiable path p from a to b such that ¢(p) < D(a,b) + €. Then, by (i),

D(f(a), f(b)) = inf{l(q): q is a rectifiable path from f(a) to f(b)}
< U(fop) < M(p) < A(D(a,b) +¢).

Since € was arbitrary, we get D(f(a), f(b)) < AD(a,b) for every a,b € X.

X

(fop) M0,

Ad

Figure 2: In a rectifiably path connected space X, if f is (LC) with metric d,
then f is (S) in metric D = inf{i(p): P is a rectifiable path from z to y}.

To prove the property (iii), take distinct z,y € X. We need to show that
D(f(z), f(y)) < D(z,y). Notice, that, by (ii), f: (X, D) — (X, D) is Lipschitz
with the constant 1. Also, by (LC), there exists an open U 3 x such that f [ U
is d-contractive with a constant A € [0, 1).
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Choose a ¢ € (0, D(x,y)) such that z € U whenever d(z, z) < 0, a rectifiable
path p: [0,1] = X from z to y with ¢(p) < D(x,y) + (1 — A)é, and pick the
smallest € € (0,1) with D(z,p(g)) = § see Figure 2. Then, p(t) € U for every
t € [0,¢], since, for such ¢, d(z,p(t)) < D(x,p(t)) < D(x,p(e)) = §. Therefore,
by (i), £(f op I [0,]) < X(p | [0,<]). Hence

D(f(x), f(y)) D(f(x), f(p(e))) + D(f(p(e)), f(y))
{(fop110,e]) + D(p(e), y)
M(p
(1
(
(

IAIACIA

[[0e]) +€p I [,1])
= Np 1[0,€])
A)D(z, p(
—A)d+L(p) <

+£(p)
€)) + £(p)
D(z,y),

IN

as required.

To see (iv), fix distinct z,y € X. We need to show D(f(z), f(y)) < D(z,y).
By Corollary 5.4(i), there exists a path p: [0,1] = X from z to y with D(z,y) =
£(p). Since £(f op) > D(f(x), f(y)), it is enough to prove that £(p) > ¢(f o p).

To see this, let Y = p[[0, 1]]. Tt is easy to see that for every n < w the set
Ky, ={zxeY:d(f(x), f(z') < Jiqd(x,2') for all 2’ € Y with d(z,2") < 27
is closed in Y. Since f is (PC), we have Y = J,,_, K. So, by Baire category
theorem, there is an n < w such that the interior inty K,, of K,, in Y is non-
empty. Thus, there exist a < b such that [a,b] C p~*(inty K,,). In particular,
D*f(z) < o, B) and, by (), €(fop I [a,]) < =2(p | [a,b]).
Moreover, property (S) implies that D* f(x) < 1 for every z € Y so, again by (i),
Lfop][ed) <Llp]led]) for every 0 < ¢ <d < 1. Thus,

{(p)

o 1[0.a]) + £ 1 a.]) + o | . 1))
Up 1 [0.a) + = tp T [a.0]) + o | [b.1])
(
(

fopl0,a]) +4(fopla,b])+L(fop|[b1])
fop),

as needed. [ |

AVARAYS
~

L
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6 Discussion of the relations between the con-
tractive classes

In all theorems in this section we present the examples of maps which, if possible,
have no fixed and/or periodic points.

6.1 Complete spaces

(ULC) — (uLC)

A Y

(ULS) (LS)

v\v
/,.B
Q

(PS

Figure 3: The relations between the local contractive and shrinking properties
for the maps f: X — X, with X bemg an arbitrary complete metric space.
Maps from (C) are indicated as (C)3 1, to denote that they have the fixed point
property, F, according to Theorem 3.1. The maps from the other classes need
not have periodic points, the existence of which will later be denoted by a
superscript P. No other implications in the figure exist, see Theorem 6.1.

Theorem 6.1. No combination of any of the properties shown in Figure 3 imply
any other property, unless the graph forces such implication. In particular, for
the classes in the figure, listed by rows, we have:

(C): (C) <= (S)&(ULC) — Example 27, with no periodic point;
(ULC): (ULC) <= (S)&(uL.C) — Example 16, with no periodic point;
(uLC): (uLC) <= (S)&(LC)&(uPC) — Example 19, with no periodic point;

LC): (LC & (uPC) — Example 20, with no periodic point;

(LC): (LC) <= (S) ple 20, p point;

(S): (S) <= (ULC) — Example 24, with no periodic point;

(ULS): (ULS) < (uL.C) — Example 18, with no periodic point;
LS): (LS uPC) — Examples 28 and 21, with no periodic point;
(
(uPC): (uPC) <= (S)&(LC) — Example 4, with no periodic point;
(PC): (PC) <= (S) — Example 3, with no periodic point.
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6.2 Connected and path connected spaces

- -~

(ULC)35 — (aLC) —— (LC)

S /

(ULS) (LS

(S)

)

Figure 4: The relations between the local contractive and shrinking properties
for the maps f: X — X, with X being a complete metric space which is either
connected or path connected. The left dashed arrow indicates that, by Propo-
sition 5.2(i), there exists equivalent metric for which any map that is (ULC)
in the old metric becomes (C). No other implications in the figure exist, see
Theorem 6.2.

(PS

Theorem 6.2. No combination of any of the properties shown in Figure 4 imply
any other property, unless the graph forces such implication. In particular, for
the classes in the figure, listed by rows, we have:

(C): < (S)&(ULC) — Example 10, with fixed point;

c§ < (8)&(uLC), with no periodic point — see below (ULC) < (S)& (uLC);
(ULC):
(uLC):

(LC):

(
(
(ULC) <= (S)&(uL.C) — Example 16, with no periodic point;
(
(
(S): (
(
(
(
(
(

uL.C) <= (S)&(LC)&(uPC) — Example 19, with no periodic point;
LC) < (S)&(uPC) — Example 20, with no periodic point;

(ULC) — Example 6, with fixed point;
(ULS)&(uL.C) — Example 17, with no periodic point;

& #

(ULS):
(LS):
(uPC):

ULS) <= (uLC) — Example 18, with no periodic point;
LS) < (uPC) — Example 21, with no periodic point;
uPC) < (S)&(LC) — Example 4, with no periodic point;

(PC): (PC) <« (S) — Example 3, with no periodic point.
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6.3 Rectifiably path connected spaces

Figure 5: The relations between the local contractive and shrinking properties
for the maps f: X — X, with X being a complete metric space which is rectifi-
ably path connected. Each of the dashed (not dotted) arrows indicates that, by
Proposition 5.5, there exists another complete rectifiably path connected metric
on X that makes any map from the bigger class to belong to the smaller class.
No other implications in the figure exist, see Theorem 6.3.

Theorem 6.3. No combination of any of the properties shown in Figure 5 imply
any other property, unless the graph forces such implication. In particular, for
the classes in the figure, listed by rows, we have:

(C): (C) <= (S)&(ULC) — Example 10, with fixed point;

) <= (S)&(LC), with no periodic point — see below (uPC) < (S)&(LC);
(ULC): (ULC) < (S)&(uLC) — Example 11, with fixed point;
ULC) < (S)&(LC), with no periodic point — see (uPC) < (S)&(LC);

(uLC): (uL (S)&(LC)&(uPC) — Example 13, with fixed point;

C) «
uL.C) < (S)&(LC), with no periodic point — see (UPC) < (S)&(LC);

(LC): (S)&(uPC) — Example 14, with fixed point;

LC) <

LC) < (S)&(PC) — Example 5, with no periodic point;
S

S

) <= (ULC) — Example 6, with fixed point;
) <= (ULS)&(LC) — Example 7, with no periodic point;

(ULS): S) <= (uLC) — Example 12, with fixed point;

UL
ULS) < (LC) — Example 15, with no periodic point;

(LS): (LS) < (uPC) — Example 9, with fixed point;

S) <= (PC) — Example 8, with no periodic point;
(uPC):
(PC):

(€
(
(
(
(
(
(
(S): (
(
(
(
(L
(L
(uPC) < (S)&(LC) — Example 4, with no periodic point;
(

PC) <« (S) — Example 3, with no periodic point.
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6.4 d-convex spaces

(PS)

Figure 6: The relations between the local contractive and shrinking properties
for the maps f: X — X, with X being a d-convex metric space. The left and
upper portions of the equivalences «— follow from Theorem 4.1. No other
implications in the figure exist, see Theorem 6.4.

Theorem 6.4. No combination of any of the properties shown in Figure 6 imply
any other property, unless the graph forces such implication. In particular, for
the classes in the figure, listed by rows, we have:

(C): (C) <= (S)&(LC), see below the example for (uPC);
(ULC): (ULC) < (S)&(LC), see below the example for (uPC);
(uLC): (uLC) < (S)&(LC) see below the example for (uPC);

(uPC): (uPC)

(
( &

(LC): (LC) <= (S)&(PC) — Example 5, with no periodic point;
(uPC) <= (S)&(LC) — Example 4, with no periodic point;
(

(PC): (PC) <« (S) — Example 3, with no periodic point.
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6.5 Compact spaces

(C)z, (ULC)y, = (uLC);, <—> (LC)y,
<s>§/ <ULS>§2/< > <Ls>}i/
(uEC) > (PC)
<Ps>/

Figure 7: The relations between the local contractive and shrinking properties
for the maps f: X — X, with X being a compact metric space. The left
portions of the equivalences «+— follow from Theorem 4.2. Moreover, we also
have implication (S)&(ULC) = (C), see Theorem 4.3. No other implications in
the figure exist, see Theorem 6.5.

Theorem 6.5. No combination of any of the properties shown in Figure 7
imply any other property, unless the graph forces such implication, with the
exception of the implication (S)&(ULC) = (C). In particular, for the classes in
the figure, listed by rows, we have:
(C): (C) <= (S)&(ULC) — see Theorem 4.3;
(C) < (S)&(uPC), with fixed point — see below for (LC) < (S)&(uPC);
(C) <= (ULC), with periodic but not fixed point — see below (S) <= (ULC);
(C) <« (uPC), with no periodic point — see below (LS) < (uPC);
(ULC): see below the examples for (LC);
(uLC): see below the examples for (LC);
(LC): (LC) < (S)&(uPC) — Example 14, with fixed point;
(LC) <= (ULS)&(uPC) — Example 26, with periodic but not fixed point;
(LC) < (uPC), with no periodic point — see example for (LS) < (uPC);
(S
(S

(S):

) <= (ULC) — Example 23, with periodic but not fixed point;
) <= (uPC), with no periodic point — see example for (LS) <= (uPC);

(ULS): see below the example for (LS);
(LS):
(uPC):

S) <= (uPC) — Example 28, with no periodic point;

C) < (S)&(PC) — Example 2, with fixed point;
uPC) < (ULS)&(PC) — Example 25, with periodic but not fixed point;

(L

(uP

(

(uPC) <= (PC) — Example 30, with no periodic point;
(

(

(

(PC): (PC) < (S) — Example 1, with fixed point;
PC) < (ULS) — Example 22, with periodic but not fixed point;
PC

) <= (PS) — Example 29, with no periodic point.
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6.6 Compact (path) connected spaces

(C)3, (ULC);, © (uLC);, <—> (LC)3,

O / — <ULS>§L/ > (LS>§;/
(PO, > (PC)g,

<PS>§:/

Figure 8: The relations between the local contractive and shrinking properties
for the maps f: X — X, with X being a compact and either connected or path
connected metric space. The dashed arrows indicate that, by Proposition 5.2,
there exists a complete metric on X topologically equivalent to the original,
that makes any map from the bigger class to belong to the smaller class. The
left portions of the equivalences <+ follow from Theorem 4.2. Moreover, we also
have implication (S)&(ULC) = (C), see Theorem 4.3. No other implications
in the figure exist, see Theorem 6.6. The question marks in the graph refer to
open problems.

Theorem 6.6. No combination of any of the properties shown in Figure 8 imply
any other property, unless the graph forces such implication. In particular, for
the classes in the figure, listed by rows, we have:

(C): (C) <= (S)&(ULC) — see Theorem 4.3;
(C) <= (S)&(uPC), with fixed point — see example for (LC) <= (S)&(uPC);
(C) < (ULC), with fixed point — see below (S) <= (ULC);

(ULC): see below the example for (LC);
(uLC): see below the example for (LC);
(LC): (LC) <« (S)&(uPC) — Example 14, with fixed point;
(S): (S) < (ULC) — Example 6, with fixed point;
(ULS): see below the example for (LS);
(LS): (LS) < (uPC) — Example 9, with fixed point;
(uPC): (uPC) <« (S)&(PC) — Example 2, with fixed point;
(PC): (PC) < (S) — Example 1, with fixed point.
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6.7 Compact rectifiably path connected spaces

(C)5, (ULC)3, © (uLC); , <> (LC)3,

(PS)s

Figure 9: The relations between the local contractive and shrinking properties
for the maps f: X — X, with X being a compact and rectifiably path connected
metric space. The dashed arrows indicates that, by Propositions 5.2 and 5.5
there exists equivalent metric that makes any map from the bigger class to
belong to the smaller class. The left portions of the equivalences <> follow
from Theorem 4.2. Moreover, we also have implication (S)&(ULC) = (C), see
Theorem 4.3. No other implications in the figure exist, see Theorem 6.7. The
question mark in the graph refers to an open problem.

Theorem 6.7. No combination of any of the properties shown in Figure 9 imply
any other property, unless the graph forces such implication. In particular, for
the classes in the figure, listed by rows, we have:

(C): (C) < (S)&(ULC) — see Theorem 4.3;
(C) <= (S)&(uPC), with fixed point — see example for (LC) < (S)&(uPC);
(C) <= (ULC), with fixed point — see below (S) < (ULC);

(ULC): see below the example for (LC);
(uLC): see below the example for (LC);
(LC): (LC) < (S)&(uPC) — Example 14, with fixed point;
(S): (S) < (ULC) — Example 6, with fixed point;
(ULS): see below the example for (LS);
(LS): (LS) < (uPC) — Example 9, with fixed point;
(uPC): (uPC) <« (S)&(PC) — Example 2, with fixed point;
(PC): (PC) < (S) — Example 1, with fixed point.
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6.8 Compact d-convex spaces

F
3.1

(C)F | «=—> (ULC) §1

3.1 - (ULC)3F.1 € > (LC)

/ / A /
()5, ——> (ULS)}, < — (LS)%,
(uPC)y, > (PC);,
(PS);

Figure 10: The relations between the local contractive and shrinking properties
for the maps f: X — X, with X being a compact d-convex metric space. The
left and upper portions of the equivalences «— follow from Theorem 4.1 and
Theorem 4.2. No other implications in the figure exist, see Theorem 6.8.

Theorem 6.8. No combination of any of the properties shown in Figure 10
imply any other property, unless the graph forces such implication. In particular,

(C): see below the example for (uPC);
(ULC): see below the example for (uPC);
(uLC): see below the example for (uPC);
(LC): see below the example for (uPC);
(uPC): (uPC) < (S)&(PC) — Example 2, with fixed point;

(PC): (PC) <« (S) — Example 1, with fixed point.
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7 The examples

All examples presented in this section consist of the self-maps of complete metric
spaces. Actually, all these metric spaces will be subsets of R considered with
the standard topology; however, the metric we use will often be a non-standard
metric.

7.1 Examples on intervals with standard metric

Notice that, by Theorem 3.2(i), if X is compact, than any map f: X — X as
in Example 1 must have a fixed point.

Example 1. The map f: [0,1] — [0,1], f(z) = arctanz, is from (S)&—(PC).
It has a fixed point, as f(0) = 0.

Proor. It is not (PC) by Remark 2.3, as f/(0) = 1. It is (S) by the Mean
Value Theorem, since f’(z) € (0,1) for every z > 0. [ |

Notice that, by Theorem 3.2(i), if X is compact, than any map f: X — X
as in Example 2 must have a fixed point. Note also that although the map
in Example 2 is differentiable, it cannot be continuously differentiable since for

C10,1] maps (PC)=(uPC).

17 17
7 y=9x) y = fa(%)
8
3
y
1
2
- |
0 az b, a; by ap i’o_' 1 0 az 'bz a by ap i’o 1

Figure 11: The graph of g: [0,1] — [0,1] from Example 2 for which the map
fa(z) = [; g(t)dt is (S) and (PC) but not (uPC).

Example 2. There exists a map fo: [0,1] — [0, 1] from (S)&(PC)&—(uPC). It
has a fixed point, as f>(0) = 0.

CONSTRUCTION. Choose a sequence by > ag > by > a; > -+ converging to
0 such that 0 is a Lebesgue density point of the complement of (J, . (@, by).
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For every n < w let g, be a map from [0,1] onto [0,1 — 27 "~!] with support
in [ay,b,]. For example, take a tent-like g,(x) = 21;2:271dist(:c,R\ [@n, b))
Then g = >, ., gn, see Figure 11, is from [0, 1] onto [0,1) which is approxi-
mately continuous—it is ensured at x = 0 by the Lebesgue density requirement.

This implies that fo(x) = [ g(t) dt is differentiable from [0,1] to [0, 1] with
f4(x) = g, see e.g. [6, Theorem 7.36, p. 317]. By Remark 2.3, this property of
f% implies that fy is (PC) and not (uPC). Also, by the Mean Value Theorem,

f2 is (S) [ |

Notice that, by Theorem 3.2(i), if f: X — X is as in Example 3, then X
cannot be compact.

Example 3. The map f: [0,00) — [0,00), f(z) = z+e ", is from (S)&—(PC)
and has no periodic point.

PROOF.  Notice that f/(z) = 1 — 2ze~® . Thus, f/(0) = 1 and so, by Re-
mark 2.3, f is not (PC). Moreover, f'[(0,00)] C (0,1) so that f is (S) since, for
any distinct x,y € [0,00), the inequality |f(z) — f(y)| < |z — y| follows from
the Mean Value Theorem. Finally, f has no periodic point, since f(x) > x for
every z > 0. This inequality implies also that f is indeed into [0, c0). [ ]

The next example comes from Munkres [27, p. 182]. Notice that, by Theo-
rem 3.2(i), if f: X — X is as in Example 4, then X cannot be compact.

Example 4. The map f: R —» R, f(z) = % (x +Vr? + 1), is from the class
(S)&(LC)&—(uPC) and has no periodic point.

PROOF.  Notice that f/(z) = %(1—1— \/ﬁ) Therefore, for any a € R,

1'(—00,al]] = (0, ] for some ¢ € (0,1). Thus, the Mean Value Theorem implies
that f is (S)&(LC). On the other hand lim,_,~ f'(z) = 1 so, by Remark 2.3, f
is not (uPC). Finally, f has no periodic point since f(x) > z all z € R. [ |

Notice that, by Theorem 3.2(i), if f: X — X is as in Example 5, then X
cannot be compact.

Example 5. There exists a map f: [0,00) — [0,00) from (S)&(PC)&—(LC)
having no periodic point.

CONSTRUCTION. Let f5: [0,1] — [0,1] be as in Example 2 and let r = f5(1).
Define g,(z) = 1 (z + V&% + 4r + 4r?). This is a modification of the Munkres’
function from Example 4. It has the property that g.(1) = r+1 = fo(1) + 1.
Define
fo(z)+1  for z €[0,1],
fa) = { (x) 0.1]

gr(x) for x € [1, 00).

Clearly, f is continuous and f(z) > « for all € [0,00), so f has no pe-
riodic points. The restriction f [ [0,1] is (S)&(PC)&—(uPC), as these are
the properties of fo and both functions have the same derivative. In partic-
ular, f [ [0,1] cannot be (LC), since otherwise, by Theorem 4.2, f | [0,1]
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would be (uLC) and, therefore, (uPC). Hence, f is not (LC). Notice also that

gi(z) = 3 (1 + ﬁ) so, as in Example 4, f | [1,00) = g, is both (S)
and (PC). Since f | [0,1] has the same two properties, it is easy to verify that
the same is true for f, compare discussion in [1]. [ |

7.2 Examples on intervals with non-standard distances

In all examples f: X — X presented in Section 7.2 the space X is an interval.
However, in none of these examples X can be equipped with the standard metric
on R, as justified by Theorem 4.1 and further elaborated before each example.
Nevertheless, all metrics we use here are complete and topologically equivalent
to the standard metric on R (i.e., each X can be treated as a path in R?). The
only property about these spaces that we did not fully investigated is a question
of which of the spaces can be isometric to the subset of R? or, more generally,
of R™ with n > 1.

7.2.1 Using simple rectifiably path connected metrics

Notice that, by Theorem 3.2(i), if X is compact, than any map f: X — X as
in Example 6 must have a fixed point. Also, by Theorem 4.1, the metric p in

the example cannot be the standard metric (as, in such case, (ULC)=(uPC)
=(C)=(9)).

Example 6. There exists a function f: ([0,4],p) — ([0,4],p) from the class
(ULC)&—(S), where p is a rectifiably path connected metric on [0, 4] topologi-
cally equivalent to the standard metric. Clearly f has a fixed point.

CONSTRUCTION. Define p via formula p(z,y) = min{|z —y|, 1} and put f(z)
z/2. Tt is easy to see that f is (3, 3)-(ULC). It is not (S), since p(f(0), f(4))
5(0,2) = 1 = p(0,4). .

Notice that, by Theorem 3.2(i), if f: X — X is as in the Example 7, then X
cannot be compact. Also, by Theorem 4.1, the metric p in the example cannot
be the standard metric (as, in such case, (ULS)=-(PS)=-(S)).

Example 7. There exists a map f: ([0,00),p) — ([0,00),p) from the class
(ULS)&(LC)&—(S) having no periodic point, where ([0,00), p) is a rectifiable
path connected and topologically equivalent to [0, 00) with the standard metric.

CONSTRUCTION. The function f: [0,00) — [0,00) from Example 4 has the
desired properties, when the metric is defined as p(z,y) = min{|z — y|,1}.
Indeed, the properties (LC) and (ULC) are not affected by this metric change.
However, f is not (S), since there are 0 < a < b for which b—a > f(b)— f(a) > 1
and we obtain p(a,b) =1 = p(f(a), f(b)). [ ]

Notice that, by Theorem 3.4, if f: X — X is as in Example 8, then X
cannot be compact. Also, by Theorem 4.1, the metric p in the example cannot
be the standard metric (as, in such case, (PC)=(PS)=(S)=-(LS)). However, we
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actually prove that there is a map h: [0,00) — R for which the domain of f is
the graph of h considered as a subset of R? with the standard distance.

Example 8. There exists a map f: ([0,00),p) — ([0,00),p) from the class
(PC)&—(LS) having no periodic point, where ([0,00), p) is a rectifiable path
connected and topological equivalent to [0, 00) with the standard metric.

CONSTRUCTION. For n < w let hy: [n,n + 1] — R be defined by a formula

hn(x) = n_l‘_ldlst( ,{n,n +1}). Also, let h = |J,__, hn, see Figure 12, and

define p as

n<w

pla,y) = [[{z; h(z)) = (v, h(y)) I
Let f(z) =z + 1.

\
Y

[N

s ) ooo

0 X y 1 s—¢ s+e¢ é f(s+¢) If(s+e) 3
Figure 12: The graph of h: [0,00] — R from Example 8 for which f(z) =2 +1
is (PC) but not (LS).

Clearly, ([0, 00), p) is rectifiable path connected and f has no periodic points.
To see that f is (PC), it is enough to prove that so is its restriction to any of the
intervals [n,n + 0.5] and [n + 0.5,n + 1]. Indeed, if z and y are distinct points
of such an interval, then

1
plf(@) f () _ V't aeel vl 1t Gy .
P, y) 1+ (n+1 z|® =yl \/ 1+ (n+1)2
The function f is not (LS) at any point s = n + 1 since for any ¢ € (0,1/2)
we have p(f(s—¢), f(s+¢)) =2 =p(s—¢e,s+¢). [ |

Notice that, by Theorem 3.3, if f: X — X is as in Example 9 and X is com-
pact, then f must have a fixed point. Also, by Theorem 4.1, the metric p in the
example cannot be the standard metric (as, in such case, (uPC)=(C)=-(LS)).
However, we actually prove that there is a map h: [0,2] — R for which the
domain of f is the graph of h considered as a subset of R? with the standard
distance.

Example 9. There exists a map f: ([0,2],p) = ([0,2], p) from (uPC)&—(LS),
where ([0, 2], p) is a rectifiable path connected and topologically equivalent to
[0, 2] with the standard metric. Clearly, f has a fixed point, as f(2) = 2
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CONSTRUCTION. Let p be the restriction to [0, 2] of the metric from Example 8
and define f(z) = min{2,2 4+ 1}. The restriction f | [0, 1] is identical for this
example and Example 8. So, as in Example 8, it is not (LS) at = = %, while it
is (uPC). This ensures that our f is not (LS). However, it is (uPC), since so are
F110,1] and f | [1,2] (with f | [1,2] being a constant map). [ ]

Notice that, by Theorem 4.3, if f: X — X is as in Example 10, then X
cannot be compact. Also, by Theorem 3.4, the map in the example must have
a fixed point. Moreover, by Theorem 4.1, the metric d in the example cannot
be the standard metric (as, in such case, (ULC)=(uPC)=(C)). However, we
actually prove that there is a map h: [0,00) — R for which the domain of f is
the graph of h considered as a subset of R? with the standard distance.

Example 10. There exists a function f: ([0,00),d) — ([0, 00), d) from the class
(S)&(ULC)&—(C), where d is a rectifiable path connected complete metric on
[0,00) topologically equivalent to the standard metric. The map f has a fixed
point, f(0) =0.

CONSTRUCTION. Define d by a formula d(z,y) = In(1 4 |x — y|). It is a metric,
since the map [0,00) 5 ¢t — In(1 +t) € [0,00) is concave down on [0,00). It
is easy to see that the metric d is complete and topologically equivalent to the
standard metric. It is rectifiably path connected since the inequality In(1+t) < ¢
implies that the length, with respect to the metric d, of a path from x to y is
at most |z — y|.

Define f: [0,00) — [0,00) by f(z) = z/2. For any x € [0,00) and z > 0 we
have U 2)lSlet2)) _ IUE2/2) 1 Therefore, f is (S). The map f is not (C),

d(z,x+2) In(1+2)
since, by "'Hospital’s Rule, lim,_, A 2)f(@t2))

= lim,_, % = 1. On the

d(x,x+z)
other hand, lim,_,q % = lim,_,q %ii = % so, there exists an € > 0
such that % < % for every > 0 and z € (0,¢). But this means that
fis (5, 2)-(ULC). n

Notice that, by Theorem 4.2, if f: X — X is as in Example 11, then X
cannot be compact. Also, by Theorem 3.3, the map f must have a fixed point.
Moreover, by Theorem 4.1, the metric p in the example cannot be the standard
metric (as, in such case, (uULC)=(uPC)=-(C)=(ULC)). We actually prove that
there is a subset X C R? homeomorphic with R and a function f: X — X
which has the desired properties when X is taken with the standard metric.

Example 11. There exists amap f: (R, p) = (R, p) from (S)&(uLC)&-(ULC),
where p is a rectifiable path connected complete metric on R topologically equiv-
alent to the standard metric. The map f has a fixed point.

CONSTRUCTION. Choose numbers --- < a_s < a_1 < ag < a; < ay < --- such
that ag = 0 and if I,, = [an, an41] for every n € Z, then for every k < w:

_ k)| = 7355 Mokl = 25, and [Tapqa| = 755
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Notice that this choice ensures that R = J,,c;, I, and

[Ig—2|+[ k1] (3)

limg o0 [Ix| = 0 and limg o0 T st e sl

For every k < w define: g [ I_(x41) and g | Is as a constant 0 function;
g | Iik+2 as a constant 1 function; g | I4x41 as a linear increasing map onto
[0,1], and g [ I4x+3 as a linear decreasing map onto [0, 1]. Define the metric p on
R via formula p(z,y) = |[{z, g(x)) — (y, 9(y))||- Also, define f: R — R as follows.
Put f(x) = 0 for every z < 0 and, for every k < w, let f map each interval
I5j41 decreasingly and linearly onto I_j_1 = [a—_k—_1, a—] and each interval I
onto the singleton {a_}, see Figure 13. We claim that f is as needed.

— graphofg

A
Qg2

Figure 13: Illustration of g and f [ [agg, azg+4] from Example 11.

Indeed, f is not (ULC) because, for every k < w,

p(f(aart1), faar+a)) _ la_or — a—ok—2] _ [T_ok—2| + [T_2k—1]
paaks1, Gapa) |@ar4+1 — Gagtal |Liget1| + akt2] + |Laks]

which, by (3), converges to 1, as k — 0o, and limg_c0 p(@4k+1, Gakt4) = 0.

To see that the function f is (S), choose z < y in R. We need to show the
inequality p(f(z), f(y)) < p(z,y). But p(f(z), f(y)) = |f(z) — f(y)], since
f(x), f(y) € (—00,0] and p on (—o0,0] is the standard metric. Moreover,
plx,y) = ||[{z,g9(x)) — (y,9(y))|| > |x — y|. Hence, it is enough to show that
|f(z)— f(y)] < |x —yl, that is, that f is (S) when considered with the standard
metric. However, if p,, is the standard metric on I,,, then the metric p on R
induced by these metrics as in Lemma 7.1 is the standard metric. Clearly, with
respect to the standard metric g, f | I,, is (S) since it is linear and |f[L,]| < |In]-
Hence, by Lemma 7.1, f is (S) when considered the standard metric p, finishing
the argument.

Finally, to see that f is (uLC), it is enough to prove that, for every n € Z,

1 (InUIt) is (3)-(C). (4)
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Clearly, this is true when n < 0, since then f [ (I, U I,,41) is constant. So,
assume that n > 0. We will assume also that n is an odd number 2k + 1,
the even case being essentially identical. Thus, to see (4), fix x < y from
Iyj41 U Ioyo. We need to show that p(f(z), f(y)) < 2p(z,y).

This inequality is obvious when x,y € Iokio, since f | Isgyo is constant.
For z,y € I3,y this follows from the fact that f [ Iopy: is linear with the

slope 2LlaeeMasis)) < p(f(ayy1y), flaskyn)) = [Tka| = 755 < 3. The

remaining case is when x < agr+2 < y. Then the inequality holds, since
p(f(@), f(y)) = p(f(2), flazrs2)) < 5p(x,a2k42) < 3p(2,y), where the last
inequality is justified by the fact that the angle between the segments g [ Iagy1
and g | Iok+2 is obtuse. |

7.2.2 Using more involved rectifiably path connected metrics

All remaining examples presented in Section 7.2 will be based on the next lemma.
It will be primarily used for the families J of the form {(a,, an+1): n < w}, with
0=ap <aj; <as <---. However, in several examples, it will be used also with
the families J of more complex format.

Lemma 7.1. Let J = {(at,b): t € T} be a family of pairwise disjoint non-
empty open bounded intervals in R and let J be a closed interval in R containing
U = Userlas, b). Let d be the standard metric on U¢ = J \ U and, for every
t € T, let p; be a metric on [a, b;] such that pi(a¢, by) = |ay — b|. Extend the
function § = d U J,cp ps to the metric p: J? — R by putting, for every z <y
from J,

pla,y) = p(y, ) = 6(z,27) +6(z",y7) + 8y, y),

where x+ = inf U¢N[z, 00) and y~ = sup U¢N(—o0,y]. Then p is a metric on J.
It is complete and topologically equivalent to the standard metric, provided so
is every p;. Moreover, for every mapping f from (J, p) into a metric space (Y, n)
the following hold.

(S): f is (S) provided all maps f | |at, bs] are (S) and U€ is discrete.

(uLC): f is (uLC) with a constant A\ € [0,1) provided all maps f | [a, bi] are
(uLC) with constant \ and U® is discrete.

(uPC): f is (uPC) with a constant A € [0,1) providedall maps f | [at,bs] are
(uPC) with constant A and U*€ is discrete.

(LC): f is (LC) providedall maps f | [at, b;] are (LC) with constant A and U°® is
discrete.

(C): f is (C) with a constant A € [0,1) provided f | U¢ as well as all maps
f 1 lat, be] are (C) with constant A.

PRrROOF. It is easy to see that p is a metric on J and that it is complete and
topologically equivalent to the standard metric, when every p; is such.
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To see (S), choose x < y in J. Since U® is discrete, there exists a finite
sequence x = xg < --+ < &, = y such that: for all i« < n, the pair {x;, z;41}
is contained in one of the intervals [a,,bs,]; and x; € U° for all 0 < j < n.
Then, p(z,y) = >, pr, (@i, Tiv1) > 32, n(f (@), f(wig1)) 2 n(f(@), f(y)) as
needed, where the equation is ensured by the definition of p, while the strict
inequality by the assumption on maps f | [as, be].

To see (uLC), choose z € J. We need to find open neighborhood U C J of
z such that f [ U is (C) with the constant A. If there is an open neighborhood
W C J of z contained in a single interval [a,b], then, by our assumption
on f | [at, by, there is a U C W as needed. Otherwise, there are distinct
s,t € T such that z = by = a;. Then, by our assumption, there are p € (as, bs)
and ¢ € (a,b;) such that both f [ (p,z] and f | [z,q) are (C) with constant
A. Then U = (p,q) is as needed. To see this, take z < y from (p,q). We
need to show that n(f(x), f(y)) < Ap(z,y). If 2 ¢ (x,y), then this holds by
what we know about f | (p,2] and f | [z,q). Otherwise, 2 = ™ = y~ and
Ap(@,y) = Ap(x, z) + Ap(z,y) = n(f (), f(2)) +n(f(2), f(y) = n(f(z), f(y)), as
needed.

The proofs of parts (uPC) and (LC) are straightforward variations of that
for (uLC).

To see (C), notice that for every x < y from J we have

M(z,y) = Ap(z,at) + Aoz, y7) + Aoy, y)

> n(f(@), (&) +n(f@), fly7) +n(fly7), f(v)
> n(f(z), f(y)),
as needed. |
P2n+1‘(x;)’)
m _____ fUznea] € lan fansy
Gzt o Gn flammen) Famed) 1 S T_ 1
M e ! Ti- A2n+1 Aotz = oy
ni3 — isgraphof g

Figure 14: Illustration of the graph of g from Example 12 for which the map f
is (uLC) but not (ULS). Notice that f[lop+1] C lon.

By Theorem 3.3, if the map f : X — X is as in Example 12 then it must
have a fixed point. By Theorem 4.1, the metric p on X cannot be the standard
metric (as, in such case, (uULC)=(uPC)=(C)=-(ULS)). Also, by Theorem 3.2(i),
X cannot be compact since, by Theorem 4.2, in such case any (uLC) map is
also (ULC), so it is (ULS).

Example 12. There exists a map f: ([0,00),p) — ([0,00),p) from the class
(uLC)&—(ULS), where ([0, 00), p) is rectifiable path connected and topologically
equivalent to [0, 00) with the standard metric. It has a fixed point, f(0) = 0.
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CONSTRUCTION. Choose a sequence 0 = ag < a; < --- such that if, for every
n < w, we put I,, = [an, any1], then each interval I5, 11 is centered at 9"+1 and
of length %H. Let g: [0,00) — [0,1] be such that g [ I, = 0 for every even
n < w, while, for every odd n < w, the graph of g [ I,, is an upper semicircle of
radius #—4 and centered at (9”1 0). See Figure 14.

For each n < w let p,, be a metric on I,, defined as

pu(z,y) = ({2, 9n(2)) — (¥, gu (W)l

and let p be the metric on [0,00) from Lemma 7.1 associated with metrics
{pn: n <w}. Then, p is complete and, clearly, rectifiable path connected.

Define an increasing bijection L: [0,00) — [0,00) as L(z) = £(g | [0,z])
and let f: [0,00) — [0,00) be defined as f(z) = L™ (2L(x)). In other words,
f(z) is the unique point r € [0,00) such that £(g | [0,7]) = 2{(g | [0,2]) or
equivalently,

L(f(2)) = §L(). (5)

We claim that f is as needed.

To see that f is (uLC), choose an arbitrary n € (1,3/2). By Lemma 7.1(uLC),
it is enough to show that, for every n < w, f | I, is (uL.C) with constant A = %n.
Indeed, if n is odd, then, for any = € I,, there is an open subset V of I, con-
taining x such that for any y,z € V, we have |L(y) — L(z)| < np(y,z) and,

by (5),
p(f (), f(2)) < IL(f(y) = L(f(2)] = 3IL(y) = L(2)| < 3np(y, 2) = Ao(y, 2).
On the other hand, if n is even, then the following holds for every vy, z € I,,:
p(f (), £(2)) < [L(f () — L(f(2))] = 3|L(y) — L(2)| = §p(y, 2) < Moy, 2).
To see that f is not (ULS), first notice that
fl2ny1] € Iz, for any n < w. (6)

Indeed, since (g | Iag+1) = Wﬁ% < 1 for every k < w, for every x € [0, ag;t1]
we have ¢ < L(z) < x 4+ n. In particular, L[Izp41] C [a2nt1, G2nt+2 + (0 + 1))

and [ag, + 1, a2n41] € L[I2,], since Ion11 C [0, ag(ny1)41] and lo, C [0, a2n41]-
Hence,

3L[Ini1] C  3[agny1, 02042 + (n+ 1)

2 [gn n 1
= 5{9 -9 +1+n—+4+(n+1)}

N

[0 + 5 +m o — ] (7)

g [aZn + n, a2n+1} g L[IQnL

where (7) is justified by the inequalities as 9™ + n%_?) +n < % (9”*1 — %H) and

n+4 n+4’
fllans1] = L7 [2L[I3p11]] € L7! [L{I,]] = Iz, and (6) is proved.

2 (9"+1 + A+ (n+ 1)) <97t — L which hold for any n < w. Therefore,
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Now, using (6), we can see that f is not (ULS). Indeed, for the endpoints y

and z of Ian 1, we have p(y,2) = |y — 2| = %H — 0, as n — oo, and

I
=
—~
=
<
SN~—
S~—"

I

~
—
=
—~
_
I
wivo
=
<
N—

I
=
Ny

I

wivo
3
<
o |
KN
V
=
—
&
N
N~—

p(f(y), f(2))

finishing the argument. |

By Theorem 3.3, the map from Example 13 must have fixed point while, by
Theorem 4.1, the metric p in the example cannot be the standard metric (as, in
such case, (uPC)=-(C)=-(uLC)). Also, by Theorem 3.2(i), if f: X — X is asin
the example, then X cannot compact.

Example 13. There exists a map f: ([0,00),p) — ([0,00),p) from the class
(S)&(LC)&(uPC)&~(uLC), where ([0,00), p) is rectifiable path connected and
topological equivalent to [0, 00) with the standard metric. The map has a fixed

point, f(0) =0.

CONSTRUCTION. Choose a sequence 0 = ag < a1 < --- such that if, for every
n < w, we put I,, = [an, an4+1], then each interval I5, 41 has length 2. Moreover,
the centers ¢, of intervals Is,,1 are chosen to ensure

[a2k+1, a2k+2+2(k+1)]ﬁ%[a2n+17a2n+2+2(n+1)] = () for every k,n < w. (8)

P2n+1\(x: y)

For example, (8) is satisfied when pick ¢, = 9"*1.
Ln41

/\ _____ [llapa] € lan

)
t + +
z2n-1 Cn-1 azn f(azn41) flazns2)  Cn—1=aani1 n Aan+z = Cp +1

; — is graph of g
Figure 15: Hlustration of the graph of g from Example 13 for which the map f
is is (S), (uPC), and (LC) but not (uLC). Notice that f[Izp+1] C Iap.

Choose an increasing sequence (m.,: n < w) of positive numbers for which

lim /14 m2 = 9)

n—oo
and define g: [0,00) — R via formula (see Figure 15)

() mpdist(x, {agnt1, a2ni2}) when x € Io, 1 for some n < w,
xTr) =
g 0 otherwise.

Notice that the segments forming the graph of g | I5,,41 are the sides of isosceles
triangles (with basis of length 2) which are approaching the sides of an equilat-
eral triangle, as n — oco.
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For each n < w let p,, be a metric on I,, defined as

pn(,y) = [[(z, 9(x)) — (v, 9(¥)) |

and let p be the metric on [0,00) from Lemma 7.1 associated with metrics
{pn: n < w}. Then, p is complete and, clearly, rectifiable path connected.

Define an increasing bijection L: [0,00) — [0,00) as L(z) = £(g | [0,z]).
Then, for every n < w,

L[Ign_i_ﬂ C [agn_,_l, a2n+2 + 2(n + 1)] (10)

as £(g | Iont1) < 4. Let f:[0,00) — [0,00) be defined as f(z) = L™ (3L(z)).
In other words, f(z) is the unique point r € [0,00) such that ¢(g [ [0,r]) =
24(g 1 [0,2]). We have

1
L(f(z)) = 5L(2). (11)
We claim that f is as needed.
To see this, first notice that, by (8) and (10), for every k,n < w,

fon+1] N Jogs1 = L7 [§L{I2p41] N L{l2g41]]
C L7 [Yazn+1, azny2 + 2(n + 1)] N [azkt1, azkro + 2(k + 1)]] = 0.

In particular, for all n < w,

fl2n1] N Uk L2641 = 0. (12)

The key fact for this construction is the following property.

(o |E(en—2) = Licnty)]

o on =z, ontD) achieves

() For every y € (0,1] the mapping [0,1] 5> z
its maximum value /1 +m2 for z = y.

_ _ Vitm?(z+y)

For th f =m. Th =

( or the prooti, put My m en 7’](33) \/(w+y)2+m2 (z—y)?
2m*VI+m2y(y—z)

(m+y)2+m2(z—y)?)3/2"

and 7 has only one

3 This is the maximum

critical point, at x =y, as n'(x) =
by the First Derivative Test.)

Now, for any p, q € Iany1, p(f(p), f(a)) = |f(p)—f(a)| = [L(f(p)) - L(f(2))I,
since, by (12), f(p), f(q) € f[l2ns1] C [0,00) \ Uy<,, [2k+1. From this, (11) and
(*) we conclude that, for any p,q € Ispi1,

plf (1), F(0)) = [L(f () — L(F(@)] = $L(p) — L(a)| < Y52 p(p,q),  (13)

3Here is the computation:

2
VEFy)2 +mZ(w—y)? — 2(z+y)+2m-(z—y) (z +y)

/ _ 1 3 2v/(z+y)2+m2(z—y)?
mle) = vitm @y T miz - y)?

VIt+m? ([(z+y)* +m?(@ —y)?] — [z +1)* + m?(2? — y?)])
(2 +9)? +m2( — y))*/*?
L+ m2m?[(z — y)* — (2* —y?)] 2m*V1 + m?y(y — x)

(@92 +m2 (e =) (@+y)? +m2e—y)2)**
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with equation holding when p and ¢ are symmetric with respect to the point

& = ¢,. This clearly shows that f is not (uLC), as ~ 1;"1% —n—soo L.
Notice also that (13) implies that f [ Izp4+1 is (C) for any n < w. Moreover,
for any n < w, f | Io, is (C) with the constant 3, since for any numbers

29
Y,z € I2n7

p(f(2), f(y)) < |L(f(2)) = L(fW))| = 3|L(2) = L(y)| = 5p(2,y). (14)
Therefore, by parts (S) and (LC) of Lemma 7.1, f is (S) and (LC).

Finally, notice that, for any n < w, each f | [agni1,¢n] and f | [cn, agnyo)

is (C) with the constant % since for y and z belonging to one of these intervals,

the formula (14) holds. In particular, for any n < w, f | Izp41 is (uPC) with

the constant 1. So, by (14) and Lemma 7.1(uPC), f is (uPC). [ |

Notice that, by Theorem 4.1, the metric p in Example 14 cannot be the
standard metric (as, in such case, (uPC)=-(C)=(LC)).

Example 14. There exist an a > 0 and a map f: ([0,a], p) — ([0, al, p) from
(uPC)&(S)&—(LC), where ([0, al, p) is a rectifiable path connected and topolog-
ical equivalent to [0, a] with the standard metric. The map f has a fixed point,
fla) = a.

CONSTRUCTION. Choose a sequence 0 = ag < a1 < --- such that if, for every
n < w, we put I, = [an,ani1], then each interval Iy, has length |Ip| = 272F

and each interval Is;y; has length Z—frg?_%. In particular, a = lim, o ay i
finite.

Po(x,y)

pl(x,‘y) =|x—y|

/ | L I I3 I; eoe

>
>

111
¥
1 : LA I A 1
9 4 40 16 176

Figure 16: Illustration of the graph of g from Example 14 for which the map f
is (S) and (uPC) but not (LC).

Define function g: [0,a] — R for every = € [0,a] as

V3dist(x, {agk, askr1}) if & € oy for some k < w,
g(x) = .
0 otherwise.

See Figure 16. Thus, the two segments forming g | Iox constitute the sides of a
equilateral triangle and so

g | [z,y]) =2|z —y| forevery x <y from Io. (15)
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For each n < w let p,, be a metric on I,, defined as

pn(z,y) = [[(z,9(z)) — (v, 9(¥)) |l

and let p be the metric on [0,a] from Lemma 7.1 associated with the metrics

{pn: n < w}. Then, p is complete and, clearly, rectifiable path connected.
Define f: [0,a] — [0,a] as an increasing function mapping linearly each

interval I,, onto I,,11. (So, f(a) = a.) We claim that this f is as required.
Indeed, f is not (LC), as it is not (C) on any open neighborhood of a, since

p(f(azk+1), flazk)) _ asky2 —askr _ k+38
= — koo 1.

p(azk1, ak) agk1 —az  k+9

To see the property (S) notice that f | I, is (S), even (C), for every n < w.
Gpys—0okyz _ 27 20D 1k+9
Qg2 —A2k+1 %2*% T 4E+8

Indeed, by (15) and equation for every x < y

from Ioxy1 we have

p(f(@), f(y) < Lg I [f(2), f(W)]) =2|f(x) = f(y)]

= 32w —yl < f5le —yl = Fp(z,y), (16)

while for every x < y from Ioy,

p(f(@), f() = 1f(@) = ()| = £5le —yl < $p(z,y).

In particular, by Lemma 7.1, f is (S) on every interval [0, a,] and so, on their
union [0,a). To finish the argument, it is enough to notice that this implies
that f is (S) on the entire [0,a]. Indeed, choose an z € [0,a). To see that
p(z,a) > p(f(x), f(a)) choose an n < w such that x < a,,. For every m > n we
have p(an, am) > p(f(an), f(am)) so, taking limit as m — oo, we get p(a,,a) >

p(f(an), f(a)). So,
p(x,a) = p(x,an) + plan, a) > p(f(x), flan)) + p(f(an), f(a)) > p(f(x), f(a))

as needed.
To see that f is (uPC), first notice that the maps f [ I,, are (uPC) with
the same constant: for odd n with constant -%, as follows from (16); for even

16°
n = 2k with constant 1%, since for every x < y from the same half of Iy,

p(f(x), f(v) = |f(z) = fy)| = 5o —y| = 53009 1 [z, 9]) < 5p(z,y).

Thus, by Lemma 7.1, f [ [0,a) is (uPC). To finish the proof, it is enough to
prove that f is (PC) at a, which will be achieved by finding a A € [0,1) such
that W < Afor all z € [0,a).

For this7 fix an x € I, C Iy, U I5,41 and notice that
pla,x) = p(a, ans1) + plant1, ) < p(a, any1) + lany1 — an| = a—a, < a— agg.

Hence, p(a,z) < a—ag <20, 47" = 547F,
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Next, we will show that there exists an « > 0, independent of k, such that
N(z) = p(a,z) — p(a, f(x)) > ad™ for every x € Ipp U Ippy1. (17)

Indeed, if x € Ik, then we have N(z) = p(asg+1, ) + p(a2k+1,f(x)) >
|a2k+1 — CC‘ + |a2k+1 — f(CC)l = f(l‘) —x > ‘[2k+1| = 2122 2k > 4 mdicating
that any o < g works for this case. On the other hand, if x = aggy2 —t|lops1] €
Ip 41 for some ¢ € [0, 1], then

N(z) tlakt 1| + [Loks2| — p(f (), a2k+3)

tl okt | + |I2k+2| —Lg I [f(x), azx13])

k+8 4—k k 14—k 84—k 14—k 14—k 14—k
tht8y—h  1a=k _oplg—h > ¢S4k 4 gk gLk > gk

2
>

showing that (17) holds with the constant v = 1.
Now, to finish the proof of (uPC) for f notice that, by (17),

pU(@), () | plas) = plf(a) f(@) _, _ad* . 3a
plaa) pla,) ST T T T
So, )\717— with a = 1, is as needed. [ |

4

All remaining examples presented in Section 7.2 will be constructed on
the space ([0,00), p) with p obtained using Lemma 7.1 with the family J =
{(an,ant1): n < w}, where 0 = ag < a1 < ag < -+ and @, —rp—y00 00. More-
over, the constructed mappings f will be non-decreasing and mapping each
interval I, = [an, ant1] onto Ipy1.

Notice that, by Theorem 3.2(i), if f: X — X is as in Example 15, then X
cannot compact. Also, by Theorem 4.1, the metric p in the example cannot be
the standard metric (as, in such case, (LC)=(uPC)=(C)=(ULS)).

Example 15. There exists a map f: ([0,00),p) — (][0,00),p) from the class
(LC)&—(ULS) having no periodic point, where ([0,00), p) is rectifiable path
connected and topological equivalent to [0,00) with the standard metric.

CONSTRUCTION. Choose a sequence 0 = ag < a1 < --- such that if| for every
n < w, we put I, = [an,anH] then each interval I, has the length —< when
n is even and the length fT when n is odd. This ensures that a,, %n%oo 0.
Let g: [0,00) — [0,1] be such that g [ I, = 0 for every even n < w, while,
for every odd n < w, the graph of g [ I,, is an an upper semicircle with its
diameter 001n01d1ng with I,,, see Figure 17. Notice that our choice ensures that
Lg | Ip) = n+1 for every n < w.
For each n < w let p,, be a metric on I,, defined as

pn(z,y) = [z, 9(x)) = (y, 9(v))l

and let p be the metric on [0, 00) from Lemma 7.1 associated with the metrics
{pn: n < w}. Then, p is complete and, clearly, rectifiable path connected.
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p1(%,y) 1 1
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Figure 17: Hlustration of the graph of ¢g from Example 15 for which the map f
is (LC) but not (ULS).

For every n < w and x € I, let f(x) be the unique point r € I,,+1 such that

L(glI, n
0g 1 ant1,7)) = Gt (g | [an, 2)) = 2EL0(g | [an, 2]).
In other words f: [0,00) — [0,00) maps each I,, onto I, linearly, according
to the length ¢ of g [ I, and ¢ | I,,41. We claim that this f is as required.
Clearly f has no periodic point as f(z) > x for all x > 0. Notice that the
equation above implies that for any z < y from I,

n+1

g | [f(x),f(y)]) = n+2

g I [z,y]). (18)

To prove that f is (LC), by Lemma 7.1(LC), it is enough to prove that f | I,
is (LC) for every n < w. The argument depends on the parity of n. If n < w is
even, then f [ I, is (C) with A = ”—"’1 This follows from the fact that, in this
case, g | I, =0 and, for any z,y € I Wlth x <y, by (18) we have

p(f(2), f(y) = [I{f(2), g(f(2))) = (F (), 9(f(¥)DI
(z

< Ug T [f(=), f()])
2L lg | [x,9)) = 25 p(2,y).

So, turn to the case when n < w is odd. We need to refine the argument
above, as, in this case, f [ I, is only (ULC). To see this choose an 77 € (1,1.5)
such that Zié n < 1. Notice that g [ I, is a semicircle of length — 1 and that
there exists an a € (0, Tﬂ) such that p(z,y) > n"Y(g | [z,9]) Whenever z<y
are from T, and such that £(g [ [z,y]) < « (as % — 1 when p(z,y) — 0).
Moreover, there exists an € > 0 such that ¢(g | [x,y]) < o whenever & < y are

from I,, and such that [ — y| < e Then f | I, is (5, 25n)-(ULC): for all

4If K is the family of all arcs on g | I, of length a and, for every x € K, p(x) is the
projection of k on the z-axis, then the number € the minimizer of the values of the continuous
mapping K 3 k +— £(p(k)) € (0,00) defined on the compact space K.
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x <y from I, with |z — y| < e we have np(z,y) > (g | [z,y]) and

p(f(x), f(y) = [{f(x),9(f(@)) = (FW)a(f W)

n+1

o T @) ) = T by 1 0)) < s ol )

The function f is not (ULS) since, for all odd indices n > 7’%‘21,

1 < 2
n+2 7wn+1

p(f(an), f(an-&-l)) = P(an+1v an+2) = ) = P(an» an+1)

and, at the same time, p(an,api1) = — 0 as n — oo. [ |

2
m(n+1)

7.2.3 Using non-rectifiably path connected metrics

The remaining examples on connected spaces will be constructed with the use
of the following lemma, which is extracted from an example given by Hu and
Kirk in [21, p. 123]. It is not difficult to see that the metrics from this lemma
are not rectifiably path connected. In what follows the length of an interval I
is denoted as |I|.

Lemma 7.2. Let 0 < By < B1 < 1 and let f be a linear function from Iy =
[ao, bo] onto I} = [ay,b;1]. For each i < 2 let p;: I; — R be defined by a formula

|a:—y Bi

Then p; is a complete metric on I; topologically equivalent to the standard
metric. The map f: (Iy,po) — (I1,p1) is Lipschitz with the constant L =
[I1]/|Lo|. It is also (ULC) with each constant A € (0,1).

PRrROOF. Clearly a sequence in I; is Cauchy with respect to the metric p; if, and
only if, it is Cauchy with respect to the standard metric on I;. Thus, indeed p;
is a complete metric on I; topologically equivalent to the standard metric.

To see the second part notice that for every x,y € Iy, the linearity of f

: fnq [f(@)—f)l _ |z—yl
implies that :’3‘ o vl — TID?IJ . Hence

b1 B1 B1—Bo
pr(f(), Fw) = 0] (5) T = i) (52) " = B (52) ™ pot ),

: 0 ( Ja—y PP il .o . . .
Thus, the inequality m( o] ) < il implies the Lipschitz condition
B1—PBo
statement. Also, for every A € (0,1), we have % (‘TI_DT”) < M if, and only

if ol (=) < (7] (El2) ™. Theret is (ULC) with
if, po(z,y) = |Io| 7ol < |Io] Al . Therefore, f is ( ) with a

5o
constant A for e = 3 |Iy| (%)\) e [ |
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Notice that, by Theorems 3.2(i) and 3.3, if f: X — X is as in Example 16,
then X can be neither compact nor rectifiably path connected. An example
of a periodic free mapping f: X — X from the class (uLC)&—(ULC) is also
given in [30, example 1], where X is a (non-rectifiable, non-compact) curve of
R? considered with the standard metric. However, this example is not (S), since
for every n < w it maps (n,0) € X to (n+1,0) € X.

Example 16. There exists a map f: ([0,00),p) — ([0,00),p) from the class
(S)&(uLC)&—(ULC) having no periodic point, where {[0,0), p) is a complete
metric topologically equivalent to the standard metric. Moreover, f satisfies
(uLC) with every contraction constant A € (0,1).

CONSTRUCTION. Choose strictly increasing sequence (8, € (0,1): n < w) and
let 0 = ap < a; < --- be such that each interval I,, = [an,a,+1] has the

length %_H For every n < w, let p, be a metric on I,, defined by formula

Brn
pn(z,y) = |L] (‘TI_?\A) and let p be the metric on [0,00) from Lemma 7.1

associated with the metrics {p,: n < w}. Then, p is complete and, clearly, path
connected. On each interval I,, define f as a linear increasing map onto I, 1.
Then f is as needed.

Indeed, by Lemma 7.2, for every n < w the restriction f [ I, is (C) with a

constant ‘I"}:‘ll = 4. soitis (S). Hence, by Lemma 7.1, f is (S).

Next fix a A € (0,1). Then, by Lemma 7.2, for every n < w the restriction
f I I, is (ULC) with constant A, so it also (uLC) with the same constant.
Hence, by Lemma 7.1, f is (uLC).

Finally, f is not (ULC) since for every A € (0,1) and £ > 0 there isan n < w

3 nj)s n I’VL
with LGN ne)) Ll — ntl > X and plan, ang1) = || = 31 < e
Clearly, f has no periodic points. [ |

Notice that, by Theorem 3.3, if f: X — X is as in Example 17, then X
cannot be rectifiably path connected. Also, by Theorem 4.2, X cannot compact.

Example 17. There exists a map f: ([0,00),p) — ([0,00),p) from the class
(ULS)&(uLC)&~(S) having no periodic point, where ([0, 00), p) is a complete
metric topologically equivalent to the standard metric. Moreover, f satisfies
(uLC) with every contraction constant A € (0,1).

CONSTRUCTION. Choose strictly increasing sequence (3, € (0,1): n < w) and
let 0 =ap < a; < --- be such that if, for every n < w, we put I, = [an, anyt1],
then |Ip| = 1 and |I,| = L for every 0 < n < w. For every n < w, let p, be

Bn
a metric on [,, defined by formula p,(z,y) = |I,| (lTI_nZ"‘) and let p be the

metric on [0,00) from Lemma 7.1 associated with the metrics {p,: n < w}.
Then, p is complete and, clearly, path connected. On each interval I, define f
as a linear increasing map onto I,,+1. Then f is as needed.

To see that f is (ULS) first notice that, by Lemma 7.2, for every n > 0 the
map f [ I, is (S), as it is (C) with constant w47+ So, by Lemma 7.1, f | [1,00)
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is (S). Also, by Lemma 7.2, f | Iy is (ULC), so also (ULS) with some constant
radius €. Thus, f is (ULS) with the same radius.

To see (uLC), fix A € (0,1) and notice that, by Lemma 7.2, for every n < w
the restriction f | I, is (ULC) with constant A, so it also (uLC) with the same
constant. Hence, by Lemma 7.1, f is (uLC).

Finally, f is not (S), as p(f(a0), f(ar)) = plar,az) = || = 1 = plap,ar).
Clearly f has no periodic points. [ |

Notice that, by Theorem 3.3, if f: X — X is as in Example 18, then X
cannot be rectifiably path connected. Also, by Theorem 4.2 (that any (LS) map
on a compact space is also (ULS)), X cannot compact.

Example 18. There exists a map f: ([0,00),p) — ([0,00),p) from the class
(uLC)&—(ULS) having no periodic point, where ([0, 00), p) is a complete metric
topologically equivalent to the standard metric. Moreover, f satisfies (uLC)
with every contraction constant A € (0,1).

CONSTRUCTION. Choose strictly increasing sequence (8, € (0,1): n < w) and
let 0 = ag < a; < --- be such that if, for every n < w, we put I,, = [an, ant1],

then the intervals I, and Isg41 have length k%_l for every k < w. For every

Br
n < w, let p, be a metric on I,, defined by formula p,(z,y) = |I,]| (lTI_ZI")

and let p be the metric on [0,00) from Lemma 7.1 associated with the metrics
{pn: n < w}. Then, pis complete and, clearly, path connected. On each interval
I,, define f as a linear increasing map onto I, 1. Then f is as needed.

To see this, fix A € (0,1) and notice that, by Lemma 7.2, for every n < w
the restriction f | I, is (ULC) with constant A, so it also (uLC) with the same
constant. Hence, by Lemma 7.1, f is (uLC).

At the same time, f is not (ULS) since for every € > 0 there is a k < w with

) Iok
p(fpgzl;fz,iit,:iﬁl)) = ||2II;:|1‘ =1 and p(agy, azry1) = [ok| = ﬁrl <e. Clearly f
has no periodic points. [ |

Notice that, by Theorem 3.3, if f: X — X is as in Example 19, then X can-
not be rectifiably path connected. Also, by Theorem 3.2(i), X cannot compact.

Example 19. There is a map f from (S)&(LC)&(uPC)&—(uLC) having no
periodic point, where f: ([0,00),p) — ([0,00),p) and p is a complete metric
on [0,00) topologically equivalent to the standard metric. Moreover, f satis-
fies (uPC) with an arbitrary constant A € (0,1). Also, there exists a perfect
unbounded X C R such that p on X is the standard metric on R and f [ X
belongs to the same class.

CONSTRUCTION. Choose a sequence 0 = ag < a; < --- such that each in-

terval I, = [an,an41] has length %ﬂ Define a function h: [0,00) — [0, 00),

approximating f, by putting, for every x € I,

n+1.5

@) = 5+ Dl = a)] 5 +ana
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Notice that h is strictly increasing and maps every I,, onto I,, 1. Moreover, the
maps h, = h [ I, are convex, differentiable, and with derivatives h} (a,) = 0
. It is important for the construction that

__ n+1.5
— n42

Sn = hl (apy1) /1 as n— co.
converging to ap = 0 such that

and s, = h} (an+1)

Choose a sequence a; = ¢} > ¢ > -

(0]

(&

’Zérl koo 1, €8, ) = i, and, for every n,k < w, let ¢ = R (),
where h(™ = ho...oh is the nth iteration of h. Since, as an easy induction on

0 < n < w can show, h(") | I, is given, for every = € Iy, by a formula

R (z) = %_Hxa" +an, where a,, = [[;_; “t22,
we have
Chy1 — Gn
— e s 1 for every n < w. (19)

Cpp — Qp
Indeed, for n = 0 this is ensured by our choice of numbers ¢, while, for n > 0,

C(li+1 Qn
( ) —7k—o0 1.

0

1 /.0
nti (°k+1 )
Ck

Chy1—0n
we have " = ndtp_AEL
cp—an m(ck) n
4k
h(cd)
' | 5|
slope=s; = A
h(eh) LTS
h(cd) S
h(c§) =15 R
| slope= sy =~ L ______
[N .4
[N .5
0 1 ~ L
h(c?) N
" '\ “,
1 R
he) T
IS c? bd d=a=1 c} bl cl b} ay=ci=15
—y=fx)

Figure 18: Functions h and f from Example 19 restricted to the interval [ag, ag].

For every n, k < w, choose unique b7 € (cj,,cy) such that the slope of the
segment joining points (bj, h(cj,,)) and (c}, h(c})) is equal to s,. The map f

for x = ¢} for some k,n <w

is defined as
for x € [c}, |, b7] for some k,n < w

h(z
fla) =4 1)
h(eR 1)
and as a linear function on each interval [b}}, c}], see Figure 18.
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To define metric p, choose an increasing sequence (8, € (0,1): n < w). For
every k,n < w define metric p} on the closure of the interval Jj> = (b}, c}) by

a formula 8
lz —y[\"™"
n — J?’L
siten) =171 (K

and notice that p! (b}, cp) = |J}'| = |bf — cj|. Let p be the metric on [0, co)
from Lemma 7.1 associated with the metrics {p}: k,n < w}. We claim that f
has the desired properties as a self-mapping of ([0, 00), p).

To see this, let U = {J,, ,,,, Ji and X = [0,00) \ U. Notice that f maps X
into X and that p on X is the standard distance. First we prove that f [ X is not
(uLC). Indeed, for every A € [0, 1) there exists an n < w such that A < s,, and
on no open neighborhood V of a,, in X the map f is (C) with constant A, since

every such V' contains points b, ¢ for some k < w while % =5n > A
k k
So, neither f [ X nor f is (uLC).
Next, we will prove that,

for every n < w, f [ I, is (C) with a constant A = s, € (0, 1). (20)

Indeed, for every k < w, both f [ [}, ,,b;] and f [ [bf,c;] are (C) with
constant s,: the first being constant, the second by Lemma 7.2. Hence, by
Lemma 7.1, f | b}, ant1] is (C) with constant s,, for every k < w, and thus, so
is f I (an,ans1]. This and continuity of f imply (20).

Clearly (20) implies that, for every n < w, f [ I, is both (S) and (LC).
Hence, by Lemma 7.1, f is (S) and (LC).

To finish the proof, choose a A € (0,1). We need to show that f is (uPC)
with constant A\. By Lemma 7.1, it is enough to show that, for every n, f | I,, is
(uPC) with constant A. So, fix an n < w and notice that, for every k < w, both
[l ciq, byl and f [ [b, ;] are (uPC) with constant A: the first being constant,
the second by Lemma 7.2. Hence, by Lemma 7.1, f [ [b}, apt1] is (uPC) with
constant \ for every k < w, and thus, so is f | (an, an+1]. Therefore, to finish
the proof it is enough to show that there exist an open V 3 a,, in I, such that

W < Afor every x € V, & # a,. But, for every x € [c} ,c}],

p(f(an), f(x))

p(f(an)a f(Cz)) CZ+1 — Gp41 CZ — Qnp

S = —>k 07
plan, ) plan, ciyy) Ch —an  Ciyy —Gn e
. v —an ha (i) =hn(an

since Ckcg—znﬂ = (C’Cﬁg_an(“ ) e k! (a,) = 0 and, by property (19),
A 1 1. Therefore, there exists a kg < w such that plf(an).flei)) -\

k+1 n P(an7ck+1)

for every k > ko, implying that V' = [a,, c}; ) is as needed.

Clearly f has no periodic points. [ |

Notice that, by Theorem 3.3, if f: X — X is as in Example 20, then X can-
not be rectifiably path connected. Also, by Theorem 3.2(i), X cannot compact.
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Example 20. There is a map f from (S)&(uPC)&—(LC) having no periodic
point, where f: ([0,00),p) — ([0,00),p) and p is a complete metric on [0,c0)
topologically equivalent to the standard metric. Moreover, f satisfies (uPC)
with an arbitrary constant A € (0,1). Also, there exists a perfect unbounded
X C R such that p on X is the standard metric on R and f | X belongs to the
same class.

CONSTRUCTION. The example is obtained by a slight modification of one de-
scribed as Example 19. Specifically, the modification is obtained by choosing a
sequence sg =ty < t; < --- converging to 1 and then, for every k < w, choosing
thg) unique b} € (cg+1,cg) S'U.Ch that the slope of the segment joining poipts
(b, h(chy1)) and (cf), h(c})) is equal to tg. All other parts of the construction
from Example 19, including the choice of points b} for n > 0, remain unchanged.
We claim that f has the desired properties as a self-mapping of ([0, 00), p).

Indeed, as before, we let U = Uy ,,,, Ji' and X = [0,00) \ U. Once again,
f maps X into X and p on X is the standard distance. To finish the proof it
is enough to show that f [ X is not (LC) and that f has the remaining two
properties.

To see that f | X is not (LC) notice that for every A € (0,1) and every
open V' containing 0, there exist k < w such that A\ < ¢ and b%, cg € V. Then

PO FED] tr > A. So, indeed, f [ X is not (LC).

69 —c3]
By Lemma 7.1, to finish the proof it is enough to show that, for every
A€ (0,1) and n < w,

f 11, is (S) and (uPC) with a constant A = s,, € (0,1). (21)

Indeed, for every k < w, both f | [c,,,b%] and f | [bf, c] are (S) and (uPC)
with a constant A: the first being constant, the second by Lemma 7.2. Hence,
by Lemma 7.1, for every k < w the map f | b}, an+1] is (S) and (uPC) with a
constant A. Therefore, f | (an,an+1] has the same property.

To see that f | [an,ant1] is (S) first notice that the continuity of f imply
that, for every y € (an, ant1] we have p(f(ay), f(y)) < p(an,y). Therefore, for
every € (an,any1), if y = ¢ =2~ for some k < w, then f(y) = f(z)~ and we
have

p(flan), f(2)) = p(f(an), f(y)) + p(f (), f(x)) < plan,y) + p(y, x) = p(an, x)

proving (S) of f | I,.
Since f | (an,an+1] is (uPC) with a constant A, to finish the proof it is
enough to show that there exists an open V' 3 a,, in I,, such that W <A

for every x € V, x # a,,. But, for every z € [}, c}/],

p(f(an)v f(.]?)) < p(f(an)’ f(CZ)) CZJrl — Gp41 CZ — Qnp

< = —>k O,
plan, ) pan, CZ_H) Ci —an  Ciyp—an e
net1_ ny_
since C’“szz:“ = h“(°’g£7zz(a”) koo hh(an) = 0 and, by property (19),
Ck—An_ _y, . 1. Therefore, there exists a ky < w such that plf(an).fei)) -\

Chy1—0n p(an,cg'+1)
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for every k > ko, implying that V = [an,cgo) is as needed. Clearly f has no
periodic points. [ |

Notice that, by Theorem 3.3, the space X from Example 21 cannot be rec-
tifiably path connected. It is shown in Example 28 that such X can be path
connected. However, it is not clear if X in such example can be simultaneously
compact and connected, see Problem 8.1.

Example 21. There exists a map f: ([0,00),p) — ([0,00),p) from the class
(uPC)&—(LS) having no periodic point, where p is a complete metric on [0, c0)
topologically equivalent to the standard metric. Moreover, f satisfies (uPC)
with every contraction constant A € (0,1).

CONSTRUCTION. Choose strictly increasing sequence (8, € (0,1): n < w) and

let 0 = ap < a; < --- be such that each interval I,, = [an,a,+1] has the
length n%_l For every n < w, let p, be a metric on I, defined by formula

Brn
on(z,y) = |L] (‘Tl_ﬁ’l) and let p be the metric on [0,00) from Lemma 7.1

associated with the metrics {p,,: n < w}. Then, p is complete and, clearly, path
connected.

1.5 4

Po(x,cz2n)

0=a, Can+2 X =Cm+1 C2n G c=a;=1

Figure 19: Hlustration of g and f on [cay42, ¢op] from Example 21.

Define increasing function g: [0,00) — [0, 00) such that it maps each inter-
val I, onto I, linearly (with respect to the standard metric). The map f is
a modification of ¢g: it coincides with g on [a1,00), while on Iy is defined as
follows. Choose a sequence a3 = ¢y > cg > ¢4 > --- converging to ag = 0.
For every n < w, put f(can) = g(can) and let £,: R — R be a line through
point (¢ant2, f(cant2)) having slope which is half of the slope of g [ Iy. Let
Cont1 € (Can+2,Con) be a solution of the equation p(¢, (), f(con)) = p(x, can),
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see Figure 19. Such a solution exists by the Intermediate Value Theorem, as

limgsec,, 7“[’;((?7;2552 n)) = oo and 2lnlc2nta).flcan)) (e”;)((cci’::i)”cj; Ef)z")) < % < 1. Define f(cont1) =

£ (can+1) and on each interval [¢,, 11, ¢,] extend f linearly. The function f is as
desired.

Indeed, f is not (LS), since any open neighborhood V of 0 contains, for
some n < w, the points co,+1 and cg, which satisfy the the following equation
p(f(c2n+1); f(e2n)) = p(ln(x), f(c2n)) = p(z, c2n) = p(cant1,c2n).

To see (uPC), choose A € (0,1). By Lemma 7.2, f is (uPC) with constant
A on each interval I,, for 0 < n < w, and [cp41, ¢,] for every n < w. Therefore,
by Lemma 7.1, f is (uPC) with constant A on (0, c0). Finally, it is (uPC) with
constant \ at point 0, since p(fés&g)(o)) < ’)(%8%0)) < A for small enough =,

)

since, by Lemma 7.2, D*¢(0) = 0. |

7.3 Examples on disconnected X C R with standard dis-
tance

Notice that, by Theorem 3.2(iii), if f: X — X is as in Example 22, then X
cannot be connected. Also, by Theorem 3.2(ii), such map must have a periodic
point.

Example 22. There exists a compact set X C R and a map f: X — X from
(ULS)&—(PC) having no fixed point. It has a periodic point, as f()(0) = 0.

CONSTRUCTION. Let X = [0,1] U [2,3] and define: f(x) = 2 + arctanz for
z € [0,1] and f(x) =0 for x € [2, 3], compare Example 1. Such f is as needed.
]

Notice that, by Theorem 3.2(iii), if f: X — X is as in Example 23, then X
cannot be connected. Also, by Theorem 3.2(ii), such map must have a periodic
point.

Example 23. Let X = [-2,—-1]U[1,2] and let map f: X — X be defined as
fz) = —17z1- Then fis (ULC)&~(S) having no fixed point. It has a periodic
point, as f*) (1) = 1. [ ]

Notice that, by Theorems 3.2(i) and 3.5, the space X in Example 24 cannot
be compact and it must have infinitely many components.

Example 24. There exists a map f: X — X from (ULC)&~—(S) having no
periodic point, where X is an unbounded perfect subset of R.

CONSTRUCTION. Let X = J,,,[2n,2n + 1] and define f as f(z) = 2(n + 1)
for # € [2n,2n + 1]. Clearly, f satisfies (ULC) with A = 0. It is not (S), as
f(2)— f(0) =4 —2=2—0. It has no periodic points since f(x) > x for every
zc X. ]

Notice that, by Theorem 3.2(iii), if f: X — X is as in Example 25, then X
cannot be connected. Also, by Theorem 3.2(ii), such map must have periodic
point.
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Example 25. For X = [0,1] U [2,3] there exists a map f: X — X from
(ULS)&(PC)&—(uPC) having no fixed point. It has a periodic point, f(2(0) = 0.

CONSTRUCTION. Let fo: [0,1] — [0,1] be a map from (S)&(PC)&—(uPC)
constructed in Example 2. We define f(z) = fa(z) + 2 for z € [0,1] and
f(z) = fa(z — 2) for x € [2,3]. Such f is as needed. [ ]

Notice that, by Theorem 3.2(iii), if f: X — X is as in Example 26, then X
cannot be connected. Also, by Theorem 3.2(ii), such map must have periodic
point.

Example 26. There exists a compact perfect set X C R and amap f: X — X
from (ULS)& (uPC)&—(LC) having no fixed point. Such map must have periodic
point.

CONSTRUCTION. For n < w let a, = 272" so that Up41 = afl and a, \, 0.
Let bp = 1 and, for 0 < n < w, let b, € (an,a,—1) be such that the slope of
the segment joining points (b,,a2) and {a,_1,a2_;) is 1 — 5~ ™. Then, the set
Y = {0} Up<w [an, by] is perfect. Define g: Y — Y by putting ¢g(0) = 0 and
g(z) = a2 for every z € [ay,by]. See Figure 20.

ap

az

ay =

N =

Space Y
Figure 20: Function g : Y — Y for Example 26.

Notice that g (uPC) with any constant A € (0,1). It is easy to verify that
g is (S). Also, g is not (LC), since for any A € (0,1) and any open V 3 0in Y
there exists anon-zero n < w such that b,,a,-1 € V and 1 — 57" > A, giving

2,2
lg(bn)—g(an—1)| _ s, n—ll —1-5"7> )\

\bn—an_1| |b,,,—an_1

Let X =Y U (2+Y) and define f: X — X by putting f(z) = g(x) + 2 for
z €Y and f(z) = g(x —2) for x € (24 Y). It is easy to see that such f is as
needed. [ ]

Notice that, by Theorems 3.2(i) and 3.5, the space X in Example 27 cannot
be compact and it must have infinitely many components.
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C3
dy
C2
dy
Cq
do
1 1 1
8 16 32
co do el iy ity
1 + 1 11 1 ; 1
272 24 2'8

Figure 21: Function f: X — X for Example 27.

Example 27. There exists a map f: X — X from (S)&(ULC)&~(C) having
no periodic point, where X is an unbounded perfect subset of R.

CONSTRUCTION. Let X =, . [cn,dy], where we define, by induction, ¢y = 0,
dp =cn+27) and ¢y = d,, + 5+ 27D = ¢, 427043 4 14 o= (nFD),
The space X is complete, since ¢, > 5§ " 00 as n — oo. Put f(u) = cnq1
for u € [en,dy] and n < w, see Figure 21. Clearly f has no periodic point
and is (ULC) with any A > 0 and 0 < € < § (since the length of any [c,,d,,] is
2-(n+3) < 1). To see that f satisfies (S), choose u < v from X. We need to show

that ‘M‘ < 1. This is obvious, when u and v belong to the same interval

v—Uu

[¢n, dy]. So, assume that u € [¢,, d,,] and v € [¢4k, dntk] for some k > 1. Then

FO) =) | o |entirr—cnsr | | (enppt2” HEFD 43427 (D) (4 + 5427 (D)
v—u - Cnik—dn - Crnik—dn )
since 2~ (Hk+3) 4 o=(nth+l) _ 9=(n+1) < () completing the argument. [ |

Notice that, by Theorem 3.3, the space X from Example 28 cannot be rec-
tifiably path connected. It is shown in Example 21 that such X can be path
connected. However, it is not clear if X in such example can be simultaneously
compact and connected, see Problem 8.1.

Example 28. There exists a compact perfect X C R and a map f: X — X
from (uPC)&—(LS) having no periodic point that satisfies (uPC) with every
contraction constant A € (0, 1).

CONSTRUCTION. In [10, theorem 1] the authors present a perfect compact set
X C R and a differentiable homeomorphism f: X — X which is (uPC) with
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any A > 0. All orbits of the map f are dense in X, so f has no periodic points.
Hence, by Theorem 3.2(i), f is not (LS). [ ]

y

do B 5™ T
AX) /\ —

=== jsthe set X

Figure 22: Relation between sequences {a,: n < w), {d,: n < w), and the set X.

It is not clear if the space X from Example 29 can be simultaneously compact
and connected, see Problem 8.1. However, X can be [0,00) with the standard
metric, as shown by Example 3.

Example 29. There exists a bijection f: X — X from (PS)&—(PC) having no
periodic point, where X is a compact perfect subset of R considered with the
standard metric. Moreover, we will have f'(x) = 0 for all but one x € X.

CONSTRUCTION. Let f: X — X be as in Theorem 1 of [10], that is, f is a periodic
point free differentiable auto-homeomorphism of a perfect compact nowhere
dense X C R such that f'(z) = 0 for all x € X. We will construct an appropriate
increasing bijection g: R — R for which X = g[X] and f = gofog™': X - X
will be as needed.

Translating X, if necessary, we can assume that minX = 0. Now, since
(0) = 0, the function A: X — R defined as

[f(@) =) 0
Alz) = ~ or x f
0 forx =0

is continuous. In particular, it is an easy task to choose a strictly decreasing
sequence (a, € (0,00) \ X: n < w) converging to 0 and associated numbers
d,, = sup A[[0, a,,] N %] such that:

e f[XN[0, ao]] is disjoint with [0, ag] (possible, as f(0) > 0 and f is continuous),
e dy < 1/2, and

o dyi1 < %dn for all n < w. See Figure 22.
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Let (b, € (an,an-1): 0 < n < w) be a decreasing sequence such that
[bn;an—1] N X = 0. Define function g as the identity on the complement of
(0,aq), while, for every 0 < n < w, put

g(z) = wx on [ay, by,

/

and extend it linearly on [b,, a,—1], see Figure 23.

Ao

2d,by f

2d,aqt

5dabz |

Edzaz |

4
3dabs

4 I
§d3a3

as b3 a bz a, bl Qo

Figure 23: The thick line is the graph of g from Example 29.

(n+2)dp41 (n+2) 1 (n+1)d,,
n+1 S n+1 §d" < n for

Notice that g is indeed increasing, since
all 0 < n < w. Moreover,

g(x) < x for all x > 0, (22)

since %Slforallo<n<w.
To see that f is as desired, first notice that

f'(x) = 0 for every nonzero z € X. (23)

Indeed, for any such z there exists a nonzero s € X with z = g(s). Choose
¢ € (0,z) with ¢ < f(z) in case when f(z) # 0. Then the graph of g [ [¢, 00)
is a union of finite number of segments of positive slope and so, g | [¢,00) is
bi-Lipschitz with some constant M > 0, that is,

M~a = b| < |g(a) — g(b)| < Mla — 0|
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whenever a,b € [¢,00). Choose y € X \ {z} and t € X with y = g(¢).
Now, if f(z) # 0, then for every d < f(x) and y close enough to 2 we have
s, t,§(s),§(t) € [d,00), so that

[f(x) = f)l _ 19(i(s)) = 9G] _ Mlj(s) —§(*)]
—glt

lz—yl  fg(s)—g(®)] T M-ls—t]

—t—ss Oa

as needed for (23). Similarly, for f(z) = 0 and y close enough to z, using (22)
we obtain

[f@) = f@l _ _9G@) _ _ §O  _ [i(s) i)

|z —y| l9(s) —g()] = M~ts—t| — M~1[s 1]

—t—s 07

completing the proof of (23).

Clearly, (23) implies that f is (PS) at every z € X \ {0}. To see that f is
(PS) notice that every y € X N (0,a0p), there exists a t € X N (0,ap) such that
y = g(t). Moreover, t € [ay,by,] for some 0 < n < w and g(f()) = f(¢), as g is
the identity on [ag, 00) 3 f(¢). Thus

F() = FO _ lg(i(®) = gGO)] _ i) —j©) _ " n
ly =0l l9(2) (ptl)dny do n+1-n+1

ensuring (PS) of f at 0.

Finally, to see that f is not (PC) at 0, it is enough to notice that, by the
definition of numbers d,,, the inequality < in the last display becomes equation
for some t € [ay, by]. (The maximum d,, of A on [0, a,] N X must be be attained
on [an,by], since for any s € [0, an41] N X we have A(s) < dpq1 < dy.) [ |

It is not clear if the space X from Example 30 can be simultaneously compact
and connected, see Problem 8.1. However, X can be [0,00) with the standard
metric, as shown by Example 4.

Example 30. There exists a bijection f: X — X from (PC)&—(uPC) having
no periodic point, where X is a compact perfect subset of R considered with
the standard metric. Moreover, f'(x) = 0 for all but countably many x € X.

CONSTRUCTION. The construction is a variation of one used in Example 29. A
difficulty here is that, instead of having just one point € X with D* f(z) # 0,
we will need to have a sequence of points (a, € X: n < w), with D* f(a,) /1
as n — 00.

As before, we start with the function f: X — X from [10, theorem 1], so
that § is a periodic point free differentiable auto-homeomorphism of a perfect
compact nowhere dense X C R such that f'(z) = 0 for all z € X. We also assume
that min X = 0. We will construct an increasing bijection g: R — R for which
X =g[X]and f =gofog™t: X — X are as needed.

Since f(0) > 0, by continuity of f we can find an a_; € X such that f(z) > a_y
for every x € [0,a_1] N X. Choose a sequence f(0) > a_1 > ap >a; > --- in X
converging to 0 and such that for every —2 < n < w there exists a ¢, < a,, with
(cnyan,) NX =0 (so, a,s are isolated from the left, but not from the right).
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Notice that, for every n < w, the function A, : X — R defined as

[f(z)—F(an)|
An(l') = [z—an| for x ;é n
0 for x = a,

is continuous, as § (a,) = 0. By induction on k < w choose a strictly decreasing
sequence (b} € (apn,an—1) \ X: k < w) converging to a, and the associated
numbers d} = max Ay, [[an, b} N X] such that:

e by <2ay,, dj <1 and dp < dp forall k <w.

Let (¢} € (b},b7_;): 0 < k < w) be such that [c},b}_;]NX = 0. Define function
g as the identity (i.e., via g(x) = z) on R\ U, (an,by), for every n < w and
0 <k <wput

n -+ 2
n+1

g(x) =an + dp(x — ay,) for x € [bf, ¢,

and extend it linearly on each interval [c},b}_,], see Figure 24.

A

1 (a_ya_)

a-y
+1: i
by bg b§,
- L | >
F —_ r 1 T

0 nt2  n+2 ntl +1

(0,0) Antz €2 C1 Cpnt1 Ont1 G2 ot Cn an C-1 a—y

= Marks open intervals disjoint with X
Figure 24: The graph of y = g(x) between a,+2 and a,,.

Notice that g is indeed strictly increasing, since so is g | [an, b]] for every
n < w: every line £} containing g | [b},c}] passes through the point (a,,an)
and the slope Z—ﬁdzﬂ of £}, does not exceed the slope Z—ﬁdz < 1of £}.

Let A = {0}U{a,: n < w}. Notice that, for every n < w, we have g[[a,, bj]] =
[an,bg]. This, the slopes of lines ¢} being less than one, and that fact that
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g(z) =z forall z € R\ U, (an, by), imply that

lg(t) — g(a)| < |t —a| forevery a € Aand t>a. (24)

To see that g, X = g[X], and f = gofog™': X — X are as desired first
notice that, for every n < w, a,, = g(a,) € X and D*f(a,) = Z—ié Indeed, if
y € X and |y — a,| < 8, = min{b}} — an,a, — ¢, }, then there exists a non-zero
k < w such that y = g(¢t) for some ¢ € [b},c}]. Then, by the definition of g
on [by,cpl, g(t) —an| = Zﬁd}ﬂt — ay|. Therefore, as g(f(z)) = f(z) for any
S [O,a_l] nx,

[F(t) —=f(an)]

Lf@)=flan)l _ [9G()—g(lan))| _ 1f(O=Fflan)l _ "T=an]  n+l » ntl
ly—an| lg(t)—an]| %ﬁdz|t—aﬂ,\ dy n+2 — n42?

since W < d7 by the definition of d}}. Hence, D* f(a,) < Z—ié Moreover,

the equality holds, since there exists an s € [a,,, ¢}'] with d}} = W Also,

s & [an,cil ], since df,; < dj}. Hence, s € [b7,c}] and oD =flan)l _ ntl

l9(s)—an n+2’
proving that D* f(a,) > Z—i;
The equation D* f(a,,) = Z—i; proves that f is not (uPC) and that it is (PC)

at every = a,. So, to finish the proof, it is enough to show that f’(z) = 0 for
any ¢ € X \ {an: n <w}.
So, choose such x. We consider the following three cases.

Case 1:  =0. Then 2 =0 = g(0) and, for every y = g(t) € X close enough

to z, we have f(y) = g(f(t)) = §(t). Notice that having by < 2a,, for all n < w
gives us g(t) > 1t for all t > 0. So, for y # 0, we obtain

1£(0) = f)l _ [§50) —§@) _ [§(0) =) _ ,Ii(0) — i(2)]
10—yl gty = 5t 10—

giving required f/(0) = 0.

—t—0 2f’(0) = 0,

Case 2: z,f(x) ¢ A. Then, neither g~ (z) nor f(g~*(z)) belongs to A, as
g(a) = a for every a € A. Tt is easy to see that every z € R\ A admits an open
neighborhood U > z for which the graph of g | U is a union of at most two
non-constant linear functions. In particular, g [ U is bi-Lipschitz, that is, there
exists an L > 0 such that

L™a —b| < |g(a) — g(b)| < Lla — b| for all a,b € U. (25)

Let Uy and U; be the neighborhoods of g=1(z) and f(g~!(x)), respectively,
satisfying (25). Since g and § are homeomorphisms, we can find an open neigh-
borhood V of x in X such that g~ (V) C Uy and §f(g~*(V)) € U;. Then, for
every y € V, y # x, we have

F@)=f) _ ol @) =alia~ )| — LiHa~ @)=fa~ )] N
oyl T Te@ T @) el T S LT g T e L (97 (@)

Since /(g7 (x)) = 0, we obtain required f'(0) = L*f'(¢g~'(z)) = 0.
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Case 3: © ¢ A and f(x) € A. Let a € A be such that f(z) = ¢ and notice
that f(g~1(2)) = g7 (f(x)) = g~ *(a) = a. Since a is isolated from the left, there
exists an open neighborhood U; of a = f(g~*(=)) in X such that U; C [a,c0) and
so (24) holds for every t € U;. Moreover, since x ¢ A, we have also g~!(z) ¢ A
and so, there exists an open neighborhood Uy of g~1(x) in X satisfying (25).
Now, as in the previous case, we can find an open neighborhood V of x in X
such that ¢g=1(V) C Uy and f(g~*(V)) C Uy. Then, for every y € V, y # x, we
have

f @)Wl _ _lola)=9Gla N la—f(g~" ()]
lz—yl lg(g=1(=))—g(g= ()] — L7tg~'(z)—g~ (y)]

“1 () )—f(g— 1 _
= EEEEEE e LT (67 @),

Since (g~ (x)) = 0, we obtain required f’(0) = Lf’(¢g~(x)) =0 . ]

8 Remaining open problems and remarks

The in-depth analysis of this article, for the most part, presents a clear picture
of the place of fixed and periodic point theorems among classes of functions
described in Definition 2.1, considered in various topological configurations.
However, there remain a few cases, indicated in the problems below, which
“locally” cloud this image. In particular, the first of this problems, seems to be
particularly intriguing, especially for the classes (PC) and (uPC).

Problem 8.1. Assume that (X,d) is compact and either connected or path
connected. If the map f: (X,d) — (X,d) is (PS), must f have either fix or
periodic point? What if f is (PC)? or (uPC)?

Note that, for the class (PC), the answer to Problem 8.1 (and Problem 8.2) is
affirmative when the space (X, d) is rectifiably path connected, see Theorem 3.4.

Problem 8.2. Assume that (X,d) is compact and rectifiably path connected.
If the map f: (X,d) — (X,d) is (PS), must f have either fix or periodic point?

Notice also that a large number of examples of functions we discussed are
defined on spaces (X, p), where X is an interval and p cannot be the standard
metric from R. However, in all such cases with the exception of Example 11, it
seems to be unknown if in these examples the space (X, p) can be isometric to
a subset of R™ for some n > 1. We believe that in the cases when (X, p) can
be rectifiably path connected — that is, in Examples 6, 7, 10, 12, 13, 14, and
15 — it is indeed possible to find the examples with (X, p) being isometric to
subsets of R3. Verifying this conjecture might be an interesting project. In the
cases when (X, p) cannot be rectifiably path connected — that is, in Examples
16, 17, 18, 19, and 20 — the possibility of finding the examples on the subsets
of R™ seems still possible, but it is less clear to us. Somewhat encouraging is
[30, example 1], see also our comment preceding Example 16.
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We like to finish here with few words on what brought us to pursue the work
on this project since, perhaps surprisingly, it was not our interest in the fixed
point theorems. Instead, it stemmed from examining differentiability of the
Peano-like maps g from the subsets X of R onto X2, see [8, 9, 10]. It is easy to
see that the differentiability of such g implies that X has Lebesgue measure 0.
But, in [8], we gave an example of an infinitely many times differentiable function
g: R — R? which maps an unbounded perfect set X C R (clearly of measure 0)
onto X2. We also showed that for every continuously differentiable function
g: R — R? X2 ¢ g[X] for every compact perfect set X C R. However, the
following problem from [8] remains open.

Problem 8.3. Let X C R be compact perfect and let g be a function from X
onto X?2. Can g be differentiable? continuously differentiable?

If such a g = (f, h) exists, then f maps X onto X and, as we remarked in
[8, lemma 3.2], f'(z) = 0 for all x € X except possible of a first category subset
of X.

GOSH, | SHTUNK tHiS compact Set at every point;
$0 WHy iS it StiLL tHe Same!

2 2
X’ IE
Figure 25: The result of the action of {2 = (f,f) on X2 = X x X

Can surjection with such properties exist? What if f/(z) = 0 for all (rather
than “almost” all) x € X7 Our (false) intuition was that f with this last
property (i.e., being a map from compact perfect X C R onto X with f/ = 0)
cannot exist. In our attempt to show such claim, we proved (see [10, theorem 9])
that for any such f there exists a perfect X C X such that f = f [ X has no
periodic points, bringing us to the realm of fixed point theorems and (uPC)
maps. Of course, we eventually discovered (see [10, theorem 9] and Example 28)
that such paradoxically behaving function f (see Figure 25) indeed exists. So
one may say that this entire study stems from Example 28.

Finally, notice that the existence of map f seems to indicate, that the answer
to Problem 8.3 is affirmative. However, the delicate construction of § so far
defied any attempts to transform it to the example confirming this indication.
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