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Abstract

We present a simple example of a Weierstrass Monster—a continuous
nowhere differentiable function f: R — R—that is accessible to anyone
familiar with geometric series and epsilon-delta definition of derivative.
As such, it can be incorporated into one variable calculus.

The construction of Weierstrass Monster that follows contains elements of
those given by van der Waerden [5], McCarthy [1], and Minassian and Gaisser [3].
However, it uses mathematical tools simpler than those and other documented
constructions of such a function. (See e.g. [4, 2].)

For every nin Z* = {0,1,2,...}, let f,(z) = mingez |x — sin| be the distance
from x in R to the set ¢~Z = {&: k € Z}. Then

f(z) =307 4" fu(x) is continuous nowhere differentiable.

Figure 1 shows this Monster function and the first two approximations of it.
Note that 4" f,, (z) < 4" 387" = 27"~! for every n € Z.

Figure 1: The graphs of: fy (lower left), fo + f1 (upper left), and f (right)

Continuity of f: Choose g € R and € > 0. We need to find § > 0 such that
|z — x| < & implies |f(xg) — f(x)| < e. To see this, choose n € Z* such that
gt < 5. Since F,(z) = Y1 4'f;(x) is continuous, there exists a § > 0 such
that |F,(zo) — F(z)| < § provided |xg —x| < 0. Thus, [z — 2| < ¢ implies that

[f(xo) = f(2)] = [(Fu(wo) + 252,11 44 fiwo)) — (Fule) + 3052, 1 44 fi())]
S |Fn($0> - Fn($)| + |Z(i>in+1 4lf1(.’130>‘ + ’Z;}:nJrl 4zfl(x)|
< % + (Zjin-‘rl 21%) + (Ez?in-i-l 21%) = g +2 (2"%) <E.
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Nowhere differentiability of f: Fix an n € Z*. For every k € Z, let z3, =
%. Then, for every i > n, we have xg, Tr11 € %Z and f;(zx) = fi(zr41) = 0.
Also, we have %ﬁ:ﬁ“) = +1 for every i < n. Thus, using inequalities

la— 8] > [a] — [b] and Jay + -+ + ap_s| < as] + -+ an_a],

flxr)—f(@pt1)
Tk —Tk+1

= ’ Sy A filee) =30y 4 fi(whet1)

Tk —Tk+1

= |y Slemht) 4] - S | > et - [0+
> 4n—1 _ i:O ‘i4z| — 4n—1 _ 2?2—02 4i _ 4n—1 _ 4" 31—1 > %4n—1.

To proceed further, notice that for every a < b < ¢ and any function f,

max

c)—f(b b)—f(a c)—f(a
{lf(z_{:()lvlf(l))_ﬁ( )l}Z If(z_ic( iy (1)

Indeed, let AC be the segment joining A = (a, f(a))
and C = (¢, f(c)). If B = (b, f(b)) is above AC,
then f(C)*g(b) < L= f(a) (bl);f(a); otherwise,
f(b) f(a) < f(C) f(a) S f(e)= 'zf(b)v see Figure 2.
ThlS 1mphes (1). T

Now, for every z € R and every n € ZT, there Figure & kFé’ i/ %)Jﬁ?&? tRAt

T € [8";, kstl]. We claim that figurations for

flap)—f(@r+1) )

Th—Thk41

(*) there is Yn € {SL"’ kgtl }a Yn 7é z, such that ‘f(?:iiyn)

Indeed, if z is among the endpoints of [sn , %] then the other endpoint can
serve as y,. Otherwise, & g <z< ksfll and this follows from (1).

In particular, for every n € ZT, there is a y, such that 0 < |z — y,,| < Sn

and | 9275(1’") > ﬂm;gf;ii’j“) > 24771 -, co. So, f is not differentiable
at x.
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