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Abstract

Let X be a set and let . be an ideal on X. In this paper we show how to find a
topology 7 on X such that r-nowhere dense (or 7-meager) sets are exactly the sets in 7.
We try to find the “best” possible topology with such property.

In Section 1 we discuss the ideals {#} and £(X). We also show that for every ideal
F+P(X) there is a topology T, making it nowhere dense and that this topology is T, if
{J #=X. Section 2 concerns principal ideals 2(S) for § ¢ X. It contains characterization
of cardinal pairs (x, A)={(] S|, | X\ §]) for which (S) can be made nowhere dense or
meager by compact Hausdorff, metric, and complete metric topologies. Section 3 deals with
the ideals containing all singletons. We prove there that it is consistent with ZFC + CH that
for every o-ideal .# on R containing all singletons and such that every element of .# is
either null or meager, there exists a Hausdorff zero-dimensional topology making .#
nowhere dense. Section 4 contains the discussion of the above theorem. In particular, it is
noticed there that the theorem follows from CH for the ideals with the cofinality <w,.
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1. Preliminaries

Most notation used in this paper will follow [10]. If 7 is a topology on X then
N(r, X) (respectively M(r, X)) is the family of all r-nowhere dense (respectively
r-meager) sets. We also write N(7) or N(X) if the other parameter is clear from
the context.
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For an ideal .7 on a nonempty set X we say that a topology v on X makes ¥
meager (nowhere dense, respectively) if %= M(r, X) (_F= N(r, X), respectively).
We will start with some easy remarks.

Fact 1.1. If 7 makes ¥ nowhere dense then:
T makes ¥ meager if and only if ¥ is a o-ideal.

Since every ideal on a finite set is a o-ideal we immediately conclude

Fact 1.2. Let S be a finite subset of X and let ¥ CP(S) be an ideal. If 7 is a
topology on X then:
T makes ¥ meager if and only if T makes .7 nowhere dense.

Let us begin with considering two special cases of ideals: the trivial ideal {#}} and
the improper ideal 2(X). For the trivial ideal the following is true.

Fact 1.3. If 7 is a T, topology on X then the following conditions are equivalent:
(1) 7 makes {@} nowhere dense;
(2) v makes {#} meager;
(3) 7 is a discrete topology on X.

Proof. Equivalence of (1) and (2) and the implication “(3) = (1)” are obvious.
To see that (1) implies (3) first notice that the set cl({x}) is clopen for every
x € X, since otherwise a nowhere dense set cl({x})\ int(cl({x})) would be nonempty.
Now, if y € cl({x}) then also x € cI({y}) since cl({y}) is open and contains y. But
X is T, so y =x. This means that {x} = cl({x}) € 7 for every x € X. Fact 1.3 has
been proved. D

Notice that in the above the assumption of X being 7, is important since the
indiscrete space (X, {#}, X}) also makes the trivial ideal nowhere dense.

In the case of improper ideal Z2(X) on a set X the situation is a little bit more
complicated, as described in the following fact.

Fact 1.4. Let X be a nonempty set.

(1) There is no topology on X making (X)) nowhere dense.

(2) If X is finite then there is no topology on X making (X ) meager.

(3) There is neither a compact T, nor a complete metrizable topology on X making
P(X) meager.

(4) If X is infinite then there is a metrizable topology v on X making P(X)
meager.

Proof. (1) is obvious, since X is dense in itself.
(2) follows from (1), by Fact 1.2.
(3) follows immediately from the Baire Category Theorem.
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To see (4) let Y be a set with the same cardinality as X and identify X with
Y x Q, where Q stands for the set of rational numbers considered with the natural
topology. If we equip Y with the discrete topology (or any other metrizable
topology), then the product topology on Y X Q is metrizable, and it makes
P(X)=2(Y X ) meager, since the sets Y X {q} are nowhere dense in Y X Q. O

Facts 1.3 and 1.4 fully describe the situation with the trivial and improper ideals.
Thus, in what follows we will consider only proper and nontrivial ideals.

Now, let .# be an ideal on X. Define 7(.%)={X\A4: A€.7}U{#}). The
following fact is easy to verify. (See [8]. Compare also Lemma 3.5.)

Theorem 1.5. If _# is a proper ideal on X, then 7(.%) is a topology on X making ¥
nowhere dense.

It is easy to see that
Fact 1.6. If U.#=X then 7(_#) isa T, but not a T, topology.

However, in general, the elements of X\ U.¥ are not separated by r(.7).
Thus, to prove the next theorem, we need to modify topology 7(.#).

Theorem 1.7. For every proper ideal .7 on X there is a T, topology T on X making .¥
nowhere dense.

Proof. Extend topology 7(.#) to 7o(#) =7(F)UP(X\ UF5). It is easy to see
that 7o(.#) is a T;; topology on X. It is also not difficult to see that all sets from .#
remain closed nowhere dense, while no new nowhere dense sets are added. O

Since Theorem 1.7 closes the problem of the existence of 7, topological spaces
making a given ideal nowhere dense (meager), for the rest of the paper we will
study the spaces that are at least T,. The paper is organized as follows. In Section
2 we consider the case where .# is principal. This case seems to be well
understood. However, two open problems are stated near the end of Section 2.
Section 3 is devoted to the ideals containing all singletons. Here two main results
are based on additional axioms whose role, in several instances, is not entirely
clear.

2. Principal ideals
Recall that an ideal ¥ C(X) is said to be principal if there exists a subset

S c X such that #=2(S). This section is devoted to a problem of making such
ideals nowhere dense or meager. Since such problems depend only on the
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cardinality of sets § and X\ S the following definition will be useful. For cardinal
numbers x and A we say that a topological space X (or its topology) is (k, A)
nowhere dense (meager) provided there exists § € [ X]* such that | X\ §| = A and
N(X) =2(8) (M(X) =2(S)).

Let us note the following obvious facts, that follow directly from Fact 1.1.

Fact 2.1. If k < w then topology = is (k, A) nowhere dense if and only if it is (k, A)
meager.

Fact 2.2. If a topology 7 is (k, A) nowhere dense then it is (k, A) meager.

Now, suppose that a topology 7 on X makes .#=4(S) meager. For any
y € X\ S the singleton {y} must be dense in some nonempty open set U. Thus,
y €V for all nonempty open subsets V' C U. It follows that either U={y} or 7 is
not T,. This observation can be stated as follows.

Fact 2.3. If a T, topological space X makes P(S) meager then {y} is open for every
y EX\S.

Lemma 2.4. Let v be a T, topology on X and let § C X. Topology + makes % =3(S)
nowhere dense iff

(1) {y} is open for every y € X\ S; and

(2) int(8) = @ (equivalently, X\ S is dense in X).

Proof. “ =" Assume that N(r)=_7. (1) follows from Fact 2.3. Thus, S is closed.
Now, if U < S is open then it is empty since S is nowhere dense, which proves (2).

“«=" Assume (1) and (2). For any 4 € N(r) we must have 4 C S because of (1).
On the other hand, if S was dense in an open set U then, by (1), U C S and, by (2),
Uisempty. O

Lemma 2.4 shows that any T, topology making .7 =2(S) nowhere dense is a
union of #(X\ S) and a family ¥ of sets meeting S. In general & does not need
to be closed under supersets but in case of S being a singleton these topologies
have a nice characterization.

Theorem 2.5. Let X be a set and let s € X. Topology © is a T, topology making
P({s}) nowhere dense if and only if it has a basis of the form

F={{x}: xeX\{s}}VF, (N
where F is some nonmaximal filter on X such that N & = {s}.
Proof. “ = ” Assume that r is a T; topology on X making 2({s}) nowhere dense.

Take F={U e r: s € U}. Evidently & is closed under finite intersections. It is
closed for taking supersets since, by Lemma 2.4, {x} is open for every x € X\ {s}.
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Thus, ¥ is a filter. It is not maximal, since {s} & . Moreover, N & = {s}, because
r is T,. Clearly & as in the equation (1) is a basis for 7.

“&" Assume that & is as in (1) above. It is easy to see that 7={U #":
B CB)=P(X\S)UF is a T, topology making P({s}) nowhere dense. O

Corollary 2.6. Any T, topology making P({s}) nowhere dense is also a T, topology.

Notice that Corollary 2.6 is false for the ideal 2(S) even if S has only two
elements. For example, if we take different a,b € R\ w and define a topology = on
X =w U {a, b} as generated by sets {c} Uw\F, where ¢ €{a, b} and F €[w]**
then 7 is a topology making 2(S) =2({a, b}) nowhere dense which is T, but not
T1,.

In general, for an arbitrary nonempty S CX, T, topologies on X making
F# =2(S) nowhere dense do not have any simple characterization analogous to
Theorem 2.5. However, for finite sets S we have the following characterization.

Theorem 2.7. If S ={s,, $,,...,5,} is a finite nonempty subset of X and 7 is a T,
topology on X, then T makes P(S) nowhere dense if and only if X=X, UX,
U - UX,, where

(@ X, NS ={s.),

® X, e,

(¢) 7, =7 |x, makes P({s,}) nowhere dense,
forevery k=1,2,...,n.

Proof. «“ = follows easily from Theorem 2.5.
“=” For ke(l1,2,...,n} let X, =(X\S)U{s,}. Clearly (a) and (b) are
satisfied, since 7 is T,. The easy checking of (3) is left to the reader. O

It is worth mentioning that the analog of Theorem 2.7 does not need to be true
for infinite sets S, because 7| does not need to be discrete. For example,
consider w + 1 with the order topology and take (w + 1) with the product
topology. Clearly, it makes 2([{w} X (w + D] U (& + 1) X {w}]) nowhere dense
while {(w, @)} is not open in {w} X (w + 1).

The following facts follow easily from Theorems 2.5 and 2.7 and Fact 1.1.

Corollary 2.8. If X is finite and S C X is nonempty then there is no T, topology on X
making P(S) either nowhere dense or meager. In particular, for any | < and
0 <k <w there is no (k, 1) meager T, topology.

In what follows we will use also the following example.

Example 2.9. Let A be a limit ordinal and let & =2(A)U{(A + 1\a: a <AL AT,
topology generated by & will be denoted by 7,,4(A). It is easy to see that 7, 4(A)
makes 2({A}) nowhere dense.
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The next corollary follows immediately from Theorem 2.5.

Corollary 2.10. 7, (w) is a separable metrizable topology making 2({w}) nowhere
dense. In particular, it is (1, w) nowhere dense.

In fact, 7, (w) is just an order topology on w + 1.
The following examples indicate that even in the simplest possible case, dis-
cussed in Theorem 2.5, there is no unique (1, w) nowhere dense topology.

Example 2.11. The topology induced from R? on a countable set
X={(1/n,1/m): 0<n, m <w} U {(0, 0)}

makes 2({(0, 0)}) nowhere dense. Space X is not homeomorphic to 7, (w).

However, the diagonal D ={(1/n, 1/n): 0 <n < w} is homeomorphic to 7, ,(w).

Example 2.12. Let .# be a nonprincipal ultrafilter on . The topology 7 on w + 1
generated by #(w) U {F U{w}: F € )} makes #({w}) nowhere dense. The space
(w + 1, 7)is (1, w) nowhere dense and does not have any subspace homeomorphic
to 7,.4(w). This is because in 7,4 w) only cofinite sets containing w are open
unlike in any infinite subspace of (w + 1, 7) containing w.

Corollary 2.10 and Examples 2.11 and 2.12 show a variety of (1, w) nowhere
dense topologies. It is easy to show that the space from Example 2.12 is normal but
not metrizable, since w has no countable basis.

The next theorem gives a necessary and sufficient condition for the existence of

a metrizable topology which is («, A) nowhere dense.

Theorem 2.13. Let « >0 and A be cardinal numbers. The following conditions are
equivalent.

(i) There exists a metrizable space X which is (k, A) nowhere dense.

(i) 2kand A > .

Proof. “(i) = (ii)” Let 7 be a metrizable topology on X making .# =%(S) nowhere
dense with | S| =« and | X\ §| =A. Then, by Lemma 2.4 X\ § is dense in X.
Since S # @, as x > 0, we conclude that A is infinite. Moreover, for every x € S
there exists a sequence s(x)={d, } € (X\S)* that converges to x. Thus, the
function 5: 8§ = (X\ $)* is one-to-one and so, k = [ S| < | X\ S|“ = A“.
“(ii) = (i) Define a metric d on A by putting for different f, g € A“,
1
d(f, g) = - .
(/. &) 1+ min{n €w: f(n) #g(n)}
Let Z, be the family of all f€ A“ such that f is equal to zero for almost all
n < w. Thus,
|Z()| = ,/\<w| =A
and Z, = A\ Z, has cardinality A“.
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Define a function G:A” —» R by

[1+max{n€w: f(n)+0}] ™", feZ,

G =1, fez,.

Now, consider the graph of G as a subspace of A” X R with the natural product
topology. Notice that G,=G N(Z, X R) is dense in G and points of G, are
isolated in G. Thus, G, = G N(Z, X R) = Z, X {0} is closed and nowhere dense in
G. So, N(G) =#(Z)).

Take G, € [G,]* and define X = G, U G, with the subspace topology of G. It is
easy to see that X has the desired properties.

This finishes the proof. O

Theorem 2.13 shows that there are no (2°, w) and (2, ¢) nowhere dense
metrizable spaces.

On the other hand, BN is a separable Hausdorff compact space which is 2¢, w)
nowhere dense. The existence of a (2°, ¢) nowhere dense compact T, topology is
stated in Corollary 2.16.

Let us also recall that the density of a topological space X is defined by

d(X)=min{|D|: D is dense in X} + .

Theorem 2.14. Let u be the density of a compact Hausdorff topological space Y
without isolated points. If u <A < |Y | then there exists a compact space X which is
(Y |, A) nowhere dense.

Proof. The proof below is essentially a repetition of Alexandroff’s duplicated
sphere construction.

Let D be a dense subset of Y with cardinality A. We define set X as
(D < {0) U (Y x {1}). The topology on X is defined by a local basis system. Points
of D x {0} will be considered as isolated points. For y €Y a local base of (y, 1) is
defined as a family of all sets of the form

XN (Ux{0, 1H\{(v,0)}
for every open set U in Y containing y. It is easy to see that X defined that way is
Hausdorff and compact. Also, the set D X {0} is discrete and dense in X, since D
was dense in Y and Y did not have isolated points. Hence, subspace S =Y X {1} is
nowhere dense in X, while X\ S =D X {0} is an open discrete subspace of X of
cardinality A. Thus, X is (| Y |, A) nowhere dense.
The proof of the theorem has been completed. O

Corollary 2.15. Let w <A <«k. If k = ¢ then the following conditions are equivalent:
(i) There exists a compact Hausdorff space which is (x, A) nowhere dense.

! Letter ¢ stands for the cardinality of the continuum, i.e., ¢ = 2%,
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(ii) There exists a compactification y\A of A, considered with the discrete topology,
such that | yA\A| = k.

(iii) There exists a compact Hausdorff space X with cardinality k and density less
than or equal to A.

Proof. “(i) = (ii)” follows directly from Lemma 2.4.

“(ii) = (iii)” is obvious.

“(Giii) = (1)” follows from Theorem 2.14 used with X' =X X [0, 1] considered
with the product topology, since then X’ does not have isolated points. O

Since the density of BN is equal to w and its cardinality is 2° we conclude
immediately that

Corollary 2.16. There exists a compact Hausdorff topological space which is (2¢, ¢)
nowhere dense.

So, let us consider a general problem for which cardinal numbers « and A there
exists a compact Hausdorff topological space which is («x, A) nowhere dense. If
k = 0 then the only T, space which is (x, A) nowhere dense is a discrete space of
cardinality A. Thus, A must be finite. If k > 0 then A > w, since no finite set can
have an accumulation point. So, assume that « > 0 and A > w. Now, if « <A then
we have the following example.

Example 2.17. If k > 0 and A > o are cardinal numbers such that « < A then there
is a compact Hausdorff topological space X which is («x, A) nowhere dense.

Construction. To construct such a space, let Y be a free union of « copies of the
one-point compactification of a discrete space of cardinality A. If « is finite, take
X =Y. If k is infinite, define X as a one-point compactification of Y.

Notice also that if there is a (x, A) nowhere dense compact Hausdorff space
then k <2?", since | X | <22** for every Hausdorff space X [7, Theorem 3.2).
Thus, the problem is reduced to A >w and A <k < 2%, Notice also, that for
k=22" and k=2* there is a compact Hausdorff space which is (x, A) nowhere
dense. This follows from Corollary 2.15 used with X =8A and X =2*, respec-
tively. This discussion can be summarized as follows.

Corollary 2.18 (GCH). If x>0 and A are cardinal numbers then the following
conditions are equivalent.
(i) There exists a compact Hausdorff space which is (x, A) nowhere dense.
(ii) There exists a Hausdorff space which is (x, A) nowhere dense.
(i) A > o and k <27
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It is unknown to the authors whether Corollary 2.18 remains true in ZFC. By
Corollary 2.15 this question can be reformulated as the following problem.

Problem 2.19. Let A be an infinite cardinal considered with the discrete topology.
Can we prove in ZFC that for every cardinal A <k < 22" there exists a compactifi-
cation yA of A such that | yA\A| =«?

Notice that the answer to Problem 2.19 is positive (in ZFC) for A =w and
k = w, [16, Corollary 6.16].
A more general problem can be stated that way.

Problem 2.20. Characterize completely regular spaces for which:

(a) for all cardinal numbers k <22 there is a compactification yA of X such
that [y X\ X | =«; or

(b) there is a compactification yX of X such that [yX\X|=|X]|.

Notice that there are completely regular noncompact spaces for which (b) in the
above fails. For example, it is easy to see that the only compactification of w,,
considered with the order topology, is its one-point compactification @, + 1. (This
is the case, since any continuous function from e, into [0, 1] is eventually constant
on w,.)

Some results of this section concerning («, A) nowhere dense topological spaces
are summarized in the next theorem.

Theorem 221. In Table 1 we examine the existence of (k, A} nowhere dense
topological spaces in the following classes: all topological spaces, T, spaces, T,
spaces, T, spaces, compact spaces C, metrizable spaces M, complete metrizable
spaces M° and separable spaces S. Table 1 lists the best possible classes in which
particular (i, A) nowhere dense spaces exist.

Proof. Row A = 0 follows from Fact 1.4(1). Column « = 0 is discussed in Fact 1.3.

Examples from row 0 <A <w and « > 0 are as described in Theorem 1.7. They
cannot be T, by Lemma 2.4, since no finite subset of a T, space can have an
accumulation point.

Table 1
(x, A) nowhere dense spaces

k=0 0<k<w K=o k=¢ k=2°
A=0 - - - - -
0<A<o MeC T, Ty T, T,
A=w McS CM CM cM CT,S§
A=¢ Mc M*or CT, M¢or CT, Mfor CT, CT,
A=2¢ M° MF°or CT, Mc* or CT, M°¢or CT, Mcor CT,
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Evidently, by Lemma 2.4, all the spaces from row A = & are separable (compact
metric spaces are separable), while these from rows with A > w cannot be separa-

ble.
For A =w and 0 <k < w the spaces from Example 2.17 are also metrizable,

since they are countable.
For A =w and « = ¢ notice that

m 1
X=([0,1]x{0})u {(;, ;) € [0, 1]*: m and n are relatively prime}

considered with the subspace topology of the plane is a compact metric (¢, w)
nowhere dense space.

Since, by Theorem 2.13, there is no metrizable (2¢, w) nowhere dense space, BN
is the best possible (2¢, w) nowhere dense space.

Similarly, by Theorem 2.13, there is no metrizable (2¢, ¢) nowhere dense space,
so the example from Corollary 2.16 is the best possible.

In the remaining seven cases the existence of compact T, spaces follows from
Example 2.17. There is no compact metrizable example in these cases, since such
an example would be separable. Moreover, in all this cases « <A. Thus, the
complete metrizable spaces can be constructed as a free sum of ¥ many spaces
w + 1 and of a discrete space of cardinality A.

This finishes the proof of the theorem. O

For a similar theorem on (k, A) meager spaces we need also the following fact.

Fact 2.22. If X is a compact T, or complete metrizable space then X is (k, A)
nowhere dense if and only if X is («x, A) meager.

Proof. Implication “ =  follows from Fact 2.2.

For the other direction let X be a compact T, space which is (x, A) meager and
let S ©X be such that M(X)=2(S). By Fact 2.3, {y} is open for every y € X\ S.
So, S is closed in X. It is also meager, by our assumption. Hence, by the Baire
Category Theorem, int(S) =@. So, S is nowhere dense and 2(S)=N(X). O

The results on (k, A) meager topological spaces similar to these of Theorem
2.21 are summarized in the next theorem.

Table 2
(x, A) meager spaces.

k=0 0<k<w K=w K= Kk=2°
A=0 - - MS MS M
0<Ai<w MeC Ty MS MS M
A=w McS CM M CM M or CT,S
A=c M M¢or CT, MF¢or CT, MF¢or CT, M or CT,
A=2¢ Mce M¢ or CT, MF® or CT, M¢° or CT, M¢or CT,
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Theorem 2.23. In Table 2 we examine the existence of (x, A\) meager topological
spaces in the following classes: all topological spaces, T, spaces, T, spaces, T, spaces,
compact spaces C, metrizable spaces M, complete metrizable spaces M and separa-
ble spaces S. Table 2 lists the best possible classes in which particular (k, A) meager
spaces exist.

Proof. The two first columns of Table 2 are identical to those of Table 1 by Fact
1.2.

For the remaining cases first notice that, by Fact 2.22, the compact T, entries
and complete metrizable entries in Table 2 must be the same as those in Table 1.

The entries for A =0 and k € {w, 2} are justified by Fact 1.4(4). For A = 0 and
« = ¢ take R X Q with the subspace topology of the plane.

The noncompact metrizable (x, A) meager spaces for A > 0 and « > w can be
obtained by taking the free union of a (i, 0) meager metrizable example and a
discrete space of cardinality A. These spaces will be separable for A < and
« € {w, ¢}. They cannot be separable for k = 2¢ since separable metric spaces have
cardinality less then or equal to ¢. They cannot be separable for A > « by Fact 2.3.

This finishes the proof of the theorem. O

3. Ideals containing all singletons

Assume that X is an infinite set and #=[X]**. By Fact 1.6 the family
(F)={X\N: Ne#}u{f} is a T, topology with N(r, X) =_7. Taking the free
union of such spaces we obtain the following.

Example 3.1. For any k <w there exists a T, space X with k disjoint open sets
and N(7, X)=[X]~°.

This stands in contrast with the next lemma.

Lemma 3.2. Let (1, X) be a T, space with [X1°° CN(r, X). If there exists an
infinite family {B,: n < w} of nonempty disjoint open sets, then there is an infinite set
Y e N(r, X).

Proof. Let Y={y,: n <w} be a selector from {B,: n <w}. If V€71 is nonempty,
then VN B, NY c{y,} for each n <w. Since {y,} € N(r, X), Y cannot be dense in
V. O

Lemma 3.3, If X is an infinite Hausdorff space, then there exists an infinite family
{U,: n <w} of nonempty pairwise disjoint open sets.
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Proof. A folklore diagonal argument is left to the reader. O

Theorem 3.4, There is no Hausdorff topology on X making the ideal [ X]1<“ nowhere
dense.

Proof. For finite X it is obvious. So, suppose that 7 is a Hausdorff topology on an
infinite set X such [X]<® € N(r, X). By Lemma 3.3 there exists an infinite family
of open nonempty disjoint sets in X and, by Lemma 3.2, there exists an infinite
nowhere dense subset of X. O

Notice also that M(X) is always a o-ideal. So we cannot have M(X)=[X]<.
Hence,

]<w

Fact 3.5. There is no topology making [ X meager.

By Fact 1.6 for any uncountable set X there exists a (not second countable) T,
topology on X making [ X]<“ nowhere dense. Theorem 3.6 proved below shows
that the existence of such second countable topologies is independent of ZFC
axioms. (This also follows from Kunen’s theorem quoted below as Fact 3.7.)

Recall that an uncountable separable metric space is called a Lusin space if
M(X)=[X]<“. It is known that the Continuum Hypothesis CH implies the
existence of Lusin spaces while under Martin’s Axiom MA such spaces do not
exist. (See [11, p. 205] or [9).) Thus, the existence of Lusin spaces is independent of
ZFC axioms.

Theorem 3.6. If there exists an uncountable, second countable T, space X such that
M(r, X)C[X]< then there exists a Lusin space.

Proof. Let S be a union of boundaries from all sets of some countable open basis
for X. Then, X\ S is an uncountable T, zero-dimensional space. By the Urysohn
Metrization Theorem [4, p. 256], X\ S is metrizable, hence it is a Lusin space. O

Fact 3.7 (Kunen [9]). MA + —CH implies that there is no uncountable Hausdorff
space X with M(X) =[X]<*.

A topology T on X is said to be compatible with an ideal ¥ on X if for any
Y c X the following condition holds: if for every x €Y there exists an open
neighborhood x € U such that UNY €.7, then Y €.7.

The following facts are due to Nijdstad. (See [8,13]).)

Lemma 3.8. If a topology T is compatible with an ideal % on X, then 77 ={U\N:
Uer and N €7} is a topology on X.
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Notice that any second countable topology on X is compatible with any o-ideal
on X. Thus, the family 7 in the next lemma is indeed a topology.

Lemma 3.9. Let (X, 7) be a second countable topological space and let ¥ be a
o-ideal on X such that #Nr={@). If v~ is a topology as in Lemma 3.8 then
NeN(r”’, X) if and only if N=M U for some M N(r, X) and I € 7.

Proof. “ = Assume that N € N(v7, X). Let {U,: n <} be a basis for 7. For each
n <  there exist 2 nonempty open V, c U, and I, €.# such that NN (V,\I,) =@.
Take M =N\ U{l,: n <w} and I =Nn U{l,: n <w}. We have M € N(r, X) and
Ie s Clearly N=MULI

“e=” Now let N=MUI where M€ N(r, X) and I €.#. For any nonempty
open set U € 7 there exists a nonempty open set V' C U which is disjoint with M.
Clearly, if I'€.# then V'=WV\(UUI)CU\I', V'er”, and V'NN=§. Also
V' + @, since #N7={@}. Thus, NeN(+“, X). O

Lemma 3.10 (CH). Let A be a set with | A| = ¢. If .7 is a o-ideal on A containing all
singletons, then there exists a Hausdorff topology v making % meager.

Proof. Let 7, be a topology on A such that (A4, ;) is a Lusin space. Then,
M(7y, A)=[A]<“. Let D CA be a countable dense subset and let .#'=.#| 4\ p
={IN(A\D): Je#). Clearly .#' is a o-ideal on A such that #' Nr,={@}.
Hence, by Lemma 3.8, 7' =715 " is a topology on A. Moreover, by Lemma 3.9,
M(r', A)={MUIl. Me M(r,, A) and I €.7'}. Tt follows that

M(7, A)={MUI: MeM(7;, A) and | €7}
={D'UI: D'e[A4]"" and I €.7")
=_F.

Clearly 7' is Hausdorff, since 7, was. O

Theorem 3.11 (CH). For any o-ideal .¥ on a set X of cardinality ¢ there exists a
Hausdorff topology v making ¥ meager.

Proof. If A= U ¥ is uncountable let ' be a topology on A4 as in Lemma 3.10.
Define 7 as a topology on X generated by 7 UP(X\ A). It is easy to see that 7
has the desired properties.

If U.# is at most countable then a metrizable topology = exists by Theorem
223. O

Notice that the topology r from Theorem 3.11 does not need to be regular. To
see this take .#=[A4]<“. Then, 7=7" =17, as in Lemma 3.10. Let a € 4 be any
condensation point for 7,. There is a sequence X = {x,: n <w} cA\ {a} UD) of
T,-condensation points such that lim, . x, = a, where D is a dense countable set
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from the proof of Lemma 3.10. Now take any r,-open neighborhood U of a and a
set C=(A\U)UX. The set C is closed in (A4, 7') but it cannot be separated from
a since if CcWer and aeV=V,\A e, where V€1, and I €[A\D]<*,
then there exists x, € V; and U € 7’ such that x, eUcCT and UNnV # §.

The following theorem implies that for a large number of natural o-ideals .# on
R it is consistent with ZFC that there exists a zero-dimensional regular topological
space X making ¥ nowhere dense.

Theorem 3.12. There exists a model of ZFC + GCH in which the following holds.
There exists a one-to-one mapping e :R — 2“2 such that €[R] is a dense subspace of
2“2 having the following properties:

(i) every nowhere dense subset of e[R] is at most countable;

(ii) for every a <w, and every r €R there exists an ordinal ¢ <w, such that
e(rXa +¢&)=0;

(iii) e[ A) has an empty interior in e[R)] for every meager and every null subset A of
R.

Before we prove Theorem 3.12 we will show the following corollary.

Corollary 3.13. There exists a model of ZFC + GCH in which the following holds.
For every o-ideal .# of R containing all singletons and such that every element of %
is either meager or null, there exists a Hausdorff zero-dimensional topology 1, on R
making ¥ nowhere dense.

In particular, there exist Hausdorff zero-dimensional topologies on R making the
following ideals nowhere dense: perfectly meager sets, universally measure-zero sets,
strong measure-zero sets, null sets, etc.

Proof. Let 7 be a topology on R generated by the mapping ¢:R — 2“2 from
Theorem 3.12. Then, a base of (R, 7) induced by a standard product basis of 2“2 is
given by sets
U={reR:ece(r)}
={reR: (Va € dom(e))[e(r)(a) =¢(a)]}

for all ¢ € H(w,), where H(A) is defined as a set of all functions from finite
subsets of 4 into 2. Notice that sets U, are nonempty, since ¢[R] is dense in 2“2,
Let .# be a o-ideal as stated in the assumptions. We will define r, by
modifying 7.
Let B <w, be such that the sets {U,: ¢ € H(B)} separate points of R. Such B
can be found, since |R| = w,. Let

A = {a < w,: cofinality of a is w,)}
and let {J,: & € A} be an enumeration of .# such that
J,=@ forall a<g. (2)
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Fora €A, £ <w, and i <2 we put

Us. = Uareon\as  1=0,
(a+&0) U(<a+§,1)) ul,, i=1,
and define a base of 7, as a family of all sets

U= (N UZ ey
a & dom(e)
for £ € H(w,).
Notice that
U7AU, €7 for every ¢ € H(w,). 3)
Clearly, (R, 7 ) is zero-dimensional. It is Hausdorff, since, by (2), U:” = U, for
all e € H(B) and {U_: ¢ € H(B)} separates points. Thus, it is enough to show that
the nowhere dense sets of (R, ) are precisely the sets from 7.

It is easy to see that sets from .# are closed, since if J €. and a € A is such
that J =J_ then, by (ii) of Theorem 3.12,

R\ U Uareon=R\{ U U{<a+§,0>}\fa) =R\ (R\J,) =J.

§<wy £ <ay
Also, the sets from .# are nowhere dense, since, by (iii) of Theorem 3.12, U, & .7,
while, by (2), U7AU, € 7 for every & € H(w,).

So, we have proved that every set from .7 is nowhere dense in (R, 7). To
finish the proof choose a closed nowhere dense set F in (R, 7). We will show that
Fe. 7

Let {¢, € H(w,): s€ S8} be such that F=R\ U,.sU7. Since F is nowhere
dense, for every ¢ € H(w,) there is an s € S such that U;” N U;” + §. This implies
that for every ¢ € H(w,) there exists an s € S such that

Unu, +8.

By a simple closure operation we can find a countable infinite set T C @, such that
for every £ € H(T) there is an s € § such that

U,NU, +@ and e,€H(T).

Let S,={s € S: ¢, € H(T)}. Thus, §, is at most countable and for every ¢ € H(w,)
there is an s € §, such that

Unu, #9,

i.e., the set Fy=R\ U cs,U,, is nowhere dense in (R, 7). So, by (i) of Theorem
3.12, Fy is at most countable and, in particular, Fye.7. But if F;=R\ U, SDU;:
then, by (3), F,AF} €.#. Hence, F,.#. But FCF,. Thus, F€.7.

This finishes the proof of the corollary. O

Proof of Theorem 3.12. Let V' be a model of ZFC + GCH. We will find a generic
extension of ¥ in which the theorem holds.
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The forcing we will use is w-closed and satisfies w,-cc. Thus, it preserves
cardinal numbers and the real numbers from V' and from its extension are the
same. We will denote this set of real numbers by R.

Let

&={{ea}new € [H(0,)]*": (Ve € H(w,))(3n <w)[e Ue, € H(w,)])
(4)
and let
S={{f,€H,(w,): re4}: Ae[R]*"},
where H,(X) stands for the functions from at most countable subsets of X into 2.
The forcing notion we will use is defined as P =S X [£]<?, The partial order on P
is defined by
<<fr>r€A’ 9) < <<fr’>rEA’3 9J)
«2 29" and ADA and (VreA)[f, of]]
and (Vr e A\A')(Y{e,} €2')(3n <w)[e, <f,] (5)
for all ({f,)rea, D20, Lf)rcn, D) EP.

It is easy to see that P is w-closed. To see that P satisfies w,-cc take a sequence
{{({f8)re 4, DE) €EP: £ <w,} and notice that we can choose a subset 7 €[w,]*2
such that A4%=A¢ for all £, {1l Now, using CH and a standard A-system
argument, we can find &,{ € I such that ff U ff € H (w,) for every r € 4 = A% = A%,
Clearly, ({ff Uf!)rca, 25 UD*) extends {ff), c 45, D%) and ({ff ) c 4, D).

Now, let G be a V-generic filter over P and define a mapping ¢:R — 2“2 by
putting for s € R,

e(s) = U{g,;: @ orea, 2> €G)[s€4 and g, =f.]}.

In order to show that this definition is correct it has to be argued that the following
sets are dense in PP for every s € R and ¢ < w,,

D,={{firea, @)EP: s€A}
and

Df={{{frea, D> €P: s€A and ¢ € dom(f,)}.

To see that D, is dense in P take {{f,}; < 4, @) € P and assume that s & A. Let
9 ={{¢*}): k <o} and define by induction on m < @ a sequence {n,,}, ., such that
Uk <mtk, € H(w,) for every m < w. This can be done by the definition (4) of &.
Then, f,= U, .tk €H, (o)) and {{f,)re au(s, @) extends {{f,)rc4, D).

To see that D is dense in P take {{f,), c 4, &) € P. By the density of D, we
can assume that s € 4. If ¢ & dom(f,), extend f, onto ¢ arbitrarily and notice that
such obtained condition extends {{f,);c 4, & ).

Thus, we proved that indeed e¢:R - 2%2. To see that e is one-to-one it is
enough to see that the set

D, = {<<f,>reA, PyeP:s,teA and
(3¢ € dom( £,) ndom( f))[ f,(¢) #£.(6)]}
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is dense in P for every distinct s, ¢ € R. Similarly, the density of e[R] in 2“2 follows
from the density of

D, ={(frea, 2)€P: (AreA)ecf,]}

for every ¢ € H(w,). The density of both these types of sets can be proved similarly
as that of Df and D,, respectively. We will leave it as an exercise.

To argue for (iii) let ¢ € H(w,) and let J be either meager or null. We will show
that U. ¢ J. We can assume that J is a Borel set, extending it, if necessary. Thus, J
is already in V" and the set

D! ={frea, 2)P: AreA\J)[ecf,]}
belongs to V. The density of this set is proved similarly as that of D,. This easily
implies (iii).
To prove (ii) it is enough to notice that for every @ <w, and s € R the set
Ef={{{f)rea, @)EP:s€A and (I <w,)[{a +£,0) €]}

is dense in P. The proof of this fact is identical to the proof of the density of Df.

To finish the proof it is enough to show (i). So, let F be a closed nowhere dense
subset of e[R]. Choose a family {e; € H(w,): s € S} such that F =¢[R]\ U, le,],
where [e] = {f € 2“2 ¢ Cf}. Since F is nowhere dense in €[R], for every ¢ € H(w,)
there is s € S such that e[RIN[e] N[e,] + @. Similarly as in Corollary 3.13 we can
find a countable subset S, of S such that for every ¢ € H(w,) there is s € §, such
that e[R]N[e]N[e,]# @. Notice that F,=e[R]\ UsESO[es] contains F and that
D ={e;: s € §,} € &. We will show that F, is at most countable.

Since the set

Ep={{f)req, 2)€P: Dez)
is dense in P we can find {{f/), ¢ 4, @'} € G such that D €2’. We will show that
F,cA.
Let € R\A'" It is enough to show that e[t] € U s [e,]. Choose ((f,) e 4,
P > € G extending {({f!).c 4, @') and such that 1 € A. Then, by (5), there exists
s € S, such that e, Cf, Ce(r). Thus, e(t) € [g,].
This finishes the proof of the theorem. O

4. Remarks on Theorem 3.12

First notice that if we assume only the Continuum Hypothesis then the follow-
ing weaker version of Theorem 3.12 can be proved.

Theorem 4.1 (CH). There exists a one-to-one mapping e :R — 2“1\ such that e[R)
is a dense subspace of 2°'**! and:

(1) every nowhere dense subset of e[R] is at most countable;

(ii) for every a < w, and every distinct r, s € R there exist £ <n < w, such that
e(rX{a, £))=0 and e(sX{a, n)) = 1;
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(iii) e[ A] has an empty interior in e[R] for every A CR which is either meager or
null.

Sketch of proof. Change the definition of forcing P in Theorem 3.12 by replacing
w, with w; X @,.

Let & be the family of all dense subsets of P considered in the proof of
Theorem 3.12, i.e., sets D,, D, D, D!, E* and E,,, where indexes are chosen as
in the proof. (Evidently in the definition of E¢ we replace a + ¢ with {a, £).)
Then % has cardinality @, and we can easily construct, by transfinite induction of
length w,, a filter G in P intersecting every set in #. But this is all we need to
conclude (i)-Giii). O

Although Theorem 4.1 is very similar to Theorem 3.12 we cannot, in general,
deduce from it the conclusion of Corollary 3.13. This is the case, since to this order
we would need to modify the topology of ¢[R] € 2“1**1 by | .# |-many sets and we
have only w, coordinates to make this adjustment. However, if there exists {J:
a <w,} C.# cofinal in .# 2 (i.e., such that for every J €.# there is a <w, with
JcJ,), then similarly as in Corollary 3.13 we can find a zero-dimensional Haus-
dorff topology on R making . meager. In particular, we can conclude the
following:

Corollary 4.2 (CH). If .7 is a o-ideal on R containing all singletons and having
cofinality w, (i.e., with cofinal subfamily of cardinality w,) then there is a zero-di-
mensional Hausdorff topology on R making ¥ nowhere dense.

In particular, there exist zero-dimensional Hausdorff topologies making null sets
and (ordinary) meager sets nowhere dense.

In the recent years two refinements of the natural topology on R have been
intensively studied: the density topology and the .#-density topology. (For summary
of topological properties of these topologies see [2].) They make, respectively, null
sets and ordinary meager sets nowhere dense. However, both of these topologies
are connected. Moreover, the _#-density topology is Hausdorff but not regular.
The density topology is completely regular but not normal. In this context the
following questions seems to be interesting.

Problem 4.3, Can we find in ZFC a zero-dimensional Hausdorff topology on R
making meager sets nowhere dense?

It is easy to see that under Martin’s Axiom such a topology exists.

2 Under CH it is not the case for the ideals of perfectly meager sets and universally null sets. This
follows from Lemma 4.10.
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Problem 4.4. Can topologies from Corollaries 3.13 or 4.2 be normal? Compact?
Metrizable? In particular, can we have such topologies for the ideals of meager
sets or null sets?

Notice that neither of Theorem 3.12, Corollary 3.13 and Corollary 4.2 can be
proved in full generality in ZFC. More precisely, Corollaries 3.13 and 4.2 fail
under MA + - CH for the ideal [R]<“ by Fact 3.7. The corollaries also fail for the
ideal SMZ of strong measure-zero sets under the Borel Conjecture, i.e., when
SMZ = [R]<*. This is the case since every Lusin set has strong measure zero, i.e.,
the Borel Conjecture implies that there are no Lusin sets.

In what follows we will present few additional examples showing farther
limitations on possible generalizations of Theorem 3.12 and Corollary 3.13 or 4.2.

The first fact shows that the assumptions on the ideal .# in Corollary 3.13
cannot be completely disregarded if we like to make .# nowhere dense.

Fact 4.5. If X has at least two elements and .7 is a maximal ideal on X, then there is
no Hausdorff topology making ¥ nowhere dense.

Proof. Suppose that = is a Hausdorff topology on X making .#¥ nowhere dense. By
the maximality of .# out of every two disjoint open sets one must belong to .#. So,
X cannot have two disjoint nonempty open sets. Thus, as a Hausdorff space, X
must be a singleton. O

If we like to make .# only meager in Corollary 3.13 the situation is not so clear.
The next fact shows that we cannot make a measurable ideal meager by a
Hausdorff topology.

Fact 4.6. Assume that there exists a measurable cardinal «, let | X | > k and let .# be
a maximal o-ideal on X containing all singletons. Then there is no Hausdorff topology
making ¥ meager.

Proof. By way of contradiction assume that there is a Hausdorff topology 7 on X
making .¥ meager. The Hausdorff property implies that all points, with possible
one exception, have open meager neighborhoods. Let % be a maximal family of
pairwise disjoint open meager sets. Then, R\ U# is closed and nowhere dense.
To get a contradiction it is enough to show that U % is meager in X. But this
follows immediately from the following fact.

If 7 is a family of disjoint open and meager sets then U % is meager. (6)

To argue for (6) let N/j be nowhere dense subsets of X suchthat U= U ,_ N
for every U € Z. Then every set N, = U .4 N[} is nowhere dense since sets from
# separate sets {N}}ycy- S0, U%=U ,. N, is meager.

The fact has been proved. D
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Clearly in Fact 4.6 the cardinality of X is greater than c. It could be expected
that the same result could be obtained if you replace the 0-1 universal measure
with a finite universal measure, i.e., a measurable cardinal with a real measurable
cardinal. However, this is not the case, as our next example shows.

Example 4.7. If p is a universal o-additive measure on R which extends the
Lebesgue measure and % = {X: w(X) =0}, then there is a Hausdorff topology on
R making .# nowhere dense.

Proof. Let 7 be the density topology on R, i.e., 7 is the family of all measurable
subsets of R such that every point of A is its density point. (See [14, p. 90].) Then
7 ={U\I: U and I €.#} is a Hausdorff topology making .# nowhere dense.
To see this notice that 7 N.#={@#} so, by the “<=" part of Lemma 3.9 (the
assumption of Lemma 3.9 that X is second countable was not used in the proof of
part “<”), we have .#CN(r, R). On the other hand let Y€ N(r, R) and let
7={Ver. YnVes}=er. @leA)NYNV\I=§]. It is easy to see that
UZ is 7-dense in R, since R\ UZCY. Let 7’ be some maximal pairwise
disjoint subfamily of Z°. Then, Z” is countable and U Z” is also r-dense in R.
Now, we have YC U, oo-(FNY)U(R\ U Z”). But R\ UZ” € N(r, R) so it is
Lebesgue null. It follows that u(Y)=0. O

It is worth noticing that the topology = from Example 4.7 is not normal. To
see this recall that the density topology 7 on R is not normal [14, p. 90]. So, let C,
and C, be two disjoint 7-closed subsets of R which cannot be separated by 7.
Suppose that C, and C, can be separated by 7. Then C; and C, are contained in
disjoint sets E;\I, and E,\[,, respectively, where E, and E, are in = and
w(I}) = u(l,) = 0. We may assume that E,NC,=E,NC,=§. Since E,NE, C],
U I, and u is an extension of the Lebesgue measure £, N E, is Lebesgue null. It
follows that E,\ E,, E,\ E; € 7 separate C; and C,, which is a contradiction.

Recall that the weight of a topological space is defined by

w(X) =min{|%#|: & is an open basis for 7} + w.
The cellularity of X is defined as

c(X) =sup{|#|: & is a pairwise disjoint family of open sets} + w.
If .# is an ideal on a set X then & C.# is cofinal in # if for each I €.7 there
exists a set C € & such that I c C. We define confinality of .# by

cf(.#) =min{|#|: € .7 is cofinal in .7}.
Lemma 4.8. Let 7 be a topology on a set X. Then cf(M(r, X)) < w( X)X,

Proof. Let % be a basis for + with | #| < w(X). For every 4 € N(r, X) there
exists a maximal pairwise disjoint family %, C# such that 4 N U &, = @. Clearly,
U &, is dense in X. It follows that

F= {R\ U#': & % is a family of pairwise disjoint sets}
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is cofinal in N(r, X). Hence, ¢f(N(r, X)) < | .# | < w(X)*®. So
of(M(7, X)) < [cf(N(r, X)]° < (w(X)*®) =w(x)*®. @

Recall that an ideal .# on X is w,-saturated if every family & CP(X)\.# of
pairwise disjoint sets is at most countable. In particular, the ideal .# from Example
4.7 is w-saturated. It also contains [R]<° if measure p is continuum additive.
Thus, the next fact tells us, in particular, that for a continuum additive measure p
in Example 4.7 the ideal .# cannot be made meager by a metrizable topology.

Fact 49. Let | X|=c and let 7 be an w,-saturated o-ideal on X such that
[X]<¢c.#. If a Hausdorff topology T on X is making ¥ meager then w(X, 1) <<¢.
In particular, there is no metrizable topology making % meager.

Proof. Let 7 be a Hausdorff topology making . meager and by way of contradic-
tion, assume that w(X, r) < ¢. Condition (6) in the proof of Fact 4.6 shows that
the set of all points which have meager open neighborhoods is meager. Therefore,
without loss of generality, we may assume that rN.#= {§}. Hence, c(X)<w,
since .7 is w-saturated. So, by Lemma 4.8, we obtain cf(M(r, X)) <c. Let {Mj:
B < ¢} be a cofinal family in M(r, X). For a <w, and B <, select

xfeX\[MBU{xg:y=B and § <a or'y<;8}].

Clearly, the sets X, = {x#: B <} &.7 are pairwise disjoint subsets of R. But this
contradicts w,-saturation of .#. O

We would like to conclude this discussion with a few remarks on universally null
and perfectly meager sets. Recall that a set X CR is perfectly meager (X € PM) if
PN X is meager in P for every perfect set PCR. A set YCR is universally null
(Y€ UN) if w(Y) =0 for every continuous Borel probability measure on R. For
more information on PM and UN see [11] or [1]. In general these two ideals have
many similar properties. In particular, it is an open problem whether UN = PM is
provable in ZFC [3]. In this situation it would be particularly desirable to know
more about topologies making UN or PM meager.

For an ideal .¥ on a set X we define

non(.#) =min{|Y|: YCX and Y&.7}.

Lemma 4.10. cf(UN) > non{UN) and cf(PM) > non( PM).

Proof. Following an idea of Reclaw [15] we take two disjoint compact perfect
subsets C and D of a linearly independent perfect set Z CR. (See [12, Theorem
19, p. 206].) The mapping h:CXD > C+D, hic, d)=c +d, is a homeomor-
phism.

To prove cf(UN)> non(UN), choose a universally null set X <D such that
| X | = non(UN). We can find such a choice by a theorem of Grzegorek [5]. Notice
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that any selector Y from {C + x: x € X} is also universally null because g =, 2 ~!
(, is projection onto the second coordinate) is an injective continuous mapping
from Y onto X. Now, take any family ¢ ={C,: x € X} of UN sets such that
1€ 1 =|X|=non{UN). We will show that # does not cover UN, i.e., that cf(UN)
> |#| = non(UN). To this end for every x € X select y, €(C +x)\C,. Then,
Y={y,: x€X)e€UN but Y¢C, for any x € X. Hence & is not cofinal in UN.

The proof of cf(PM)> non(PM) is similar. We just need to take X to be
Grzegorek’s set from Theorem 1 of [6]. O

Since under Martin’s Axiom non{UN) = non(PM)=c, Lemma 4.8 yields the
following.

Theorem 4.11 (MA). There is no second countable topology on R making UN or PM
meager.

The following problem seems to be interesting.

Problem 4.12. How good topologies making UN or PM meager (or nowhere dense)
can be found in ZFC?
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