TOPOLOGICAL DIMENSION AND SUMS OF CONNECTIVITY
FUNCTIONS

KRZYSZTOF CIESIELSKI AND JERZY WOJCIECHOWSKI

ABSTRACT. The main goal of this paper is to show that the inductive dimension
of a o-compact metric space X can be characterized in terms of algebraical sums
of connectivity (or Darboux) functions X — R. As an intermediate step we show,
using a result of Hayashi [9], that for any dense G4 set G € R?**1 the union of G and
some k homeomorphic images of G is universal for k-dimensional separable metric
spaces. We will also discuss how our definition works with respect to other classes
of Darboux-like functions. In particular, we show that for the class of peripherally
continuous functions on an arbitrary separable metric space X our parameter is
equal to either ind X or ind X — 1. Whether the later is at all possible, is an open

probem.

1. INTRODUCTION

Our terminology and notation is standard and follows [I]. Let X be a non-empty
set and F be a family of functions from X into R. If m is a nonnegative integer, then

let
mF={fi+ -+ fm: fi,eoo,fm € F},

and let R¥ be the family consisting of all functions from X into R. Let DIMz X be
defined by

DIMzX =min ({m €Z:m>0and (m+1)F =R*} U{cc}).
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Given a metric space X, a function f : X — R is a connectivity function (Darbouz
function) if for every connected subset C' of X the graph of the restriction f|C' is a
connected subset of X xR (the image f[C] is connected in R). The following theorem
holds.

Theorem 1. If n is a positive integer and F is the family of connectivity functions

or the family of Darboux functions on R", then
DIM£zR" = n.

The proof of Theorem [1]is given by Ciesielski and Wojciechowski [4], except for the
case n = 1 that has been proved by Ciesielski and Rectaw [2], and the inequality >
in the case of Darboux functions that has been demonstrated by Jordan [111, 12].

Theorem (1| motivates the notation DIM# X and shows that (with suitably chosen
family F) DIMz X can be considered as a sort of dimension of X (dimension relative
to F). In this paper we are going to show that the dimension relative to the family
of connectivity (Darboux) functions coincides with the inductive dimension ind on
every o-compact metric space.

Let X be a separable metric space. Given A, B C X, the boundary of AN B in
A will be denoted by bdy B. The inductive dimension ind A of a subset A C X is
defined inductively as follows. (See for example Engelking [5].)

(i) ind A = —1 if and only if A = 0.
(ii) ind A < m if for any p € A and any open neighborhood W of p there exists
an open neighborhood U C W of p such that indbd, U < m — 1.

(iii) ind A = m if ind A < m and it is not true that ind A < m — 1.

Let C be the family of connectivity functions on X and D be the family of Darboux

functions on X. Our main result is the following theorem.

Theorem 2. If X is a o-compact metric space, then
DIM¢ X = DIMp X = ind X.
Clearly

(1) DIMs X > DIMg X for any F C G C R
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Since C C D for any space X, we have DIM¢ X > DIMp X, and so Theorem [2| follows

immediately from the following two results.

Theorem 3. If X is a separable metric space, then
DIM¢ X <ind X.

Theorem 4. If X is a o-compact metric space, then
DIMp X > ind X.

A natural question is whether Theorem [4] can be extended to all separable metric
spaces or perhaps all that are complete. The answer is ‘no’ in both cases since
Mazurkiewicz [13] has shown that for each positive integer n there exists a complete
separable metric space X of inductive dimension n which is totally disconnected, that
is, single points are its only connected subspaces. (See also [10, Example I 16].) Since

for every totally disconnected space X we have

DIM¢ X = DIMp X =0
(any function f: X — R is a connectivity and Darboux), we get
(2) DIM¢ X =DIMp X =0 <n =ind X,

for every space of Mazurkiewicz of inductive dimension n > 0. It might be interesting

to answer the question whether the equation
(3) DIM¢ X = DIMp X

holds for all separable metric spaces X or at least all that are complete.

To prove Theorem [3| we will prove the following result which seems to be of indepen-
dent interest. We say that a separable metric space X is m-dimensional if ind X = m.
If Y is a metric space such that for every m-dimensional separable metric space X
there is a subspace of Y homeomorphic to X, then we say that Y is universal for

m-~dimensional separable metric spaces.
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Theorem 5. If G is a dense G5 set in R***1 then there are homeomorphisms
hj + R¥FL — R for j = 1,...k, such that G U Ule h;[G] is universal for

k-dimensional separable metric spaces.
Theorem [5] will be used to prove the following fact, that easily implies Theorem [3]

Proposition 6. For every positive integer k there exists a dense Gs-set H in R*+!

such that

(i) H is universal for k-dimensional separable metric spaces, and
(ii) for every p: R**1 — R there are connectivity functions go, . . ., gr: R?**t — R

such that (go + -+ - + gx)(z) = @(x) for every x € H.

The proof of Theorem 5] will be based on Lemmal[9]and Theorem [11], that are proved
in [4], and on Theorem [7| which is proved by Hayashi [9]. Theorem [5]is proved in
Section 2] the proof of Theorem [3]is presented in Section 3, while Theorem []is proved
in Section[d] The authors would like to thank Roman Pol for directing their attention

to the results of Hayashi [9] and Mazurkiewicz [13].

2. A k-DIMENSIONAL UNIVERSAL SET

In this section we are going to present a proof of Theorem

Let a countable dense grid in R™ be a product By X ---x B,, C R" where By,..., B,
are countable dense subsets of R. If B = By x --- x B,, is a countable dense grid in
R" and i < n, then let B® consist of those points in R” that differ from a point in

B at at most 7 coordinates, that is,
B® — {{z1,...,2n) e R": |{j 1 2; ¢ B;}| <i}.

Note that in particular B(®) = B. Let Q be the set of rational numbers and I be the
closed interval [0, 1].
Our proof of Theorem [5| uses the following result of Hayashi [9]. (See also [7] for

similar results.)

Theorem 7. If G is a Gs-set in I?**1 containing (Q%“)(k) N I%%1 ) then G is

universal for k-dimensional separable metric spaces.
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First notice that Theorem [7] implies immediately the following corollary.

Corollary 8. If B is a countable dense grid in R**' and G is a Gs-set in R?**1

containing B® | then G is universal for k-dimensional separable metric spaces.

Proof. Let B= By X -+ X Bogyq. Let g1, ..., gorr1 : R — R be increasing homeomor-

phisms such that B; = ¢;|Q] and
g=g1 X X gopyr s RPFFT - RIFHL

Then
(Q2k+1)(k) A J2k+1 C g_l[G] A 2+

Let X be a k-dimensional separable metric space. It follows from Theorem [7] that
there is a subspace Y of g~ '[G] N I?**! that is homeomorphic to X. Then g[Y] is a
subspace of G that is homeomorphic to X. 1

To prove Theorem [5| we will also need a result proved implicitly in [4]. We will first
introduce the notation used there. If (B; : i € n) is a family of subsets of R and f is
a function from {1,...,n} into {0, 1}, then let

(B;Vf;R) =B x---x Bl,
=1

)

where

B =

()

R if f(i) = 1.
The following lemma is stated implicitly and proved in [4] (the inductive condition

(8) in the proof of Proposition 2.4, page 419).

Lemma 9. If G is a dense Gs-set in R™, then there are countable dense sets B; C R

and homeomorphisms h; : R® — R", fori=1,...,n, such that

(Bi Vs R) C GU| JhilG]

n
=1 i=1

2

for every k € {0,1,...,n} and every function f : {1,...,n} — {0,1} such that
)] =k

Lemma [9 implies immediately the following result.
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Theorem 10. If G is a dense Ggs-set in R™ and k < n, then there is a countable

dense grid B in R™ and homeomorphisms hy, ..., hy : R" — R"™ such that

Proof. Let G be a dense Gs-set in R™. For i = 1,...,n, let B; C R be countable

dense sets and h; : R” — R™ be homeomorphisms as in Lemma [9] Then
B=DB x---xB,

is a countable dense grid in R"™ and

@—U{r[vi —%mzk}
=1
It follows from Lemma [9 that

k
B® C Gul G

Jj=1

Proof of Theorem [5] Let G be a dense Gs-set in R**1. By Theorem [10] there is
a countable dense grid B in R?**! and homeomorphisms hy, ..., hj : R?*+1 — R2+1
such that B® C G U Ule h;|G]. By Corollary , G U U?:l h;|G] is universal for

k-dimensional separable metric spaces.

3. INDUCTIVE DIMENSION AS THE UPPER BOUND
Now we shall prove Theorem [3] Beside Theorem [5| we will need the following result.
(See [, Proposition 2.3]).

Theorem 11. For every n > 1, there exists a function f : R® — R and a dense Gy
subset G of R™ such that any function g : R™ — R with g(x) = f(x) for x ¢ G is a

connectivity function.
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Let us now introduce some notation. If f,g : R — R and A C R", then we will
write g =4 f if and only if g(x) = f(x) for every x € R™\ A. Notice that if g =4 f
and A C A, then g =4 f. Also g =y f if and only if ¢ = f, and g =g~ f for any
f,g: R" — R. The following two lemmas are easy observations.
Lemma 12. Let f,g : R" - R and A C R". If h : R" — R" is a bijection, then
g =npa) (foh™) if and only if (go h) =4 f.
Proof. Assume g =41 (f o h™'). Then g(z) = f(h™'(x)) for every x € R™\ h[A]. If
y € R"\ A, then h(y) € R™\ h[4] so

(goh)(y) = g(h(y) = f(h(h(y)) = fy),

implying that (goh) =4 f.

The opposite implication is proved similarly. &

Lemma 13. Let g,...,g, : R" = R. If ACR", and {Ao,..., A} is a partition of
A, then for any ¢ : A — R there are gg, ..., gr : R — R such that
giEAigz/‘a Z.:()a"'aka

and the restriction of go + - - + gr to A is equal to .
Proof. Define g; : R" — R by

gi(z) = p(x) = > . 95(x) ifze A,

' g.(z) if z ¢ A

Then p(z) = go(x) + - - - + gr(x) for every x € A.
Proof of Proposition [6} Let n = 2k + 1. By Theorem [11] there exists a function
f:R" — R and a dense Gg-subset G of R" such that any function g: R* — R
with ¢ =¢ f is a connectivity function. By Theorem [5] there are homeomorphisms
h;: R® — R™ for ¢ =1,...,k, such that the G5 set H = G U Ule h;[G] is universal

for k-dimensional separable metric spaces. Let {Ay,..., Ay} be the partition of H

defined inductively by

A():G, A]:hj[G]\(A()UUA]_l), j:]_,,k'
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Let ¢: R® — R be an arbitrary function, and hy : R* — R™ be the identity
function. It follows from Lemma that there are functions gg,...,gx : R* — R
such that

gi=a, (foh"), i=0,...,k,
and the restriction of gy + --- 4+ gx to H is equal to ¢ | H. It remains to prove that

g;’s are connectivity functions.

Let i € {0,...,k}. Since A; C h;|G], we have

9i Znijay) (foht),
and so Lemma [12| implies that
gioh; =g f.

Thus g¢; o h; (and hence g;) is a connectivity function on R". B

Proof of Theorem [3| Let X be a k-dimensional separable metric space. If k = 0,
then any function X — R is a connectivity function, so we can assume that k£ > 1. Let
H be a Gs-set from Proposition [6] Then there is a subspace A of H homeomorphic
to X. Take an arbitrary ¢,: A — R. We have to show that ¢, is a sum of k + 1
connectivity functions on A.

Let ¢: R® — R be an arbitrary extension of ¢, and let gg,...,gx : R* — R be
connectivity functions such that (go 4 --- + gx)(v) = @(z) for all x € H. Then the
functions g; [ A are connectivity and (go [ A) + -+ (gx [ A) = . B

4. INDUCTIVE DIMENSION AS THE LOWER BOUND

In this section we are going to prove Theorem In the proof that follows we
will need some additional definitions and results from dimension theory. (See for

example [10]).

Lemma 14. If X s a separable metric space and

X — G Xi7
i=1

where X; is closed in X and ind X; < m, fort=1,2,..., thenind X < m.
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Given X C R"™ and an integer m > 1, we say that X is an m-dimensional Cantor-
manifold if X is compact, ind X = m, and for every Y C X with indY <m — 2, the
set X \ 'Y is connected.

The following lemma is proved in [10].

Lemma 15. For any compactY C R™ withindY > m there exists an m-dimensional

Cantor manifold X CY.

We will also need the following result of Francis Jordan. (See [11, Lemma 3.3.8] or

[12, Lemma 3.8].) A perfect set is a non-empty closed set without isolated points.

Lemma 16. Let n > 1 and M be an n-dimensional Cantor manifold. If n > k > 1
and f € kD, where D 1is the family of Darboux functions M — R, then there is a
connected perfect set P C M such that the restriction of f to P is Darbouz.

A Bernstein set, is a set B C R™ such that BN P # () and B\ P # () for every
perfect set P C R™. Note that the characteristic function of a Bernstein set is not
Darboux on any perfect set.

Now we are ready to prove Theorem [4]

Proof of Theorem Suppose, by way of contradiction, that there exists a

k-dimensional o-compact metric space X such that
DIMp X <ind X =k,

where D is the family of Darboux functions on X. We can assume that X C R™ for

some positive integer m. Then N
xX=Jx,

with X; compact, i = 1,2... and it follo;vs1 from Lemma [14] that there is a positive
integer j with ind X; > k. By Lemma (15| there is a k-dimensional Cantor manifold
M C X;.

Let B € R™ be a Bernstein set and f : X — R be the characteristic function of
BNX. Since DIMp X < k, we have f € kD. Hence the restriction of f to M is in kD’
where D’ is the family of Darboux functions on M. It follows from Lemma [16| that

the restriction of f to some perfect set in R™ is Darboux. Since no restriction of the
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characteristic function of a Bernstein set to a connected perfect set can be Darboux,

we got a contradiction proving that DIMp X > ind X. R

5. DIMENSION RELATIVE TO OTHER CLASSES OF DARBOUX-LIKE FUNCTIONS.

In this section we will consider how our definition of dimension works with some
other classes of Darboux-like functions. (See [0] or [3].) Given a topological space X,
a function f: X — R is:

e almost continuous (in sense of Stallings) if each open subset of X x R con-
taining the graph of f contains also the graph of a continuous function from
X to R;

e cxtendable provided there exists a connectivity function F: X x [0,1] — R
such that f(z) = F(z,0) for every z € X

e peripherally continuous if for every x € X and for all pairs of open sets U

and V containing x and f(x), respectively, there exists an open subset W of

U such that z € W and f[bd(W)] C V.

The classes that are defined above are denoted by AC(X), Ext(X), and PC(X),
respectively. The following inclusion relations hold when X = R™. (See [6] or [3].)

Ext(R) — AC(R) — C(R) — D(R) — PC(R)

and, for n > 1,

AC(R™)
Ext(R") = C(R") = PC(R") — AC(R") N D(R")

/\

D(R")

where — denotes a strict inclusion.
Natkaniec [14, prop. 1.7.1] proved that every function f: R™ — R is a sum of two

almost continuous functions. This implies that

(4) DIMacR" =1 foreveryn=1,2,3,...
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making the class AC useless in our definition of dimension. The situation is different
for the remaining two classes.

Let X be a separable metric space. Since
EXt(RQkJrl) — C(RZkJrl) — Pc(RZkJrl)

for £ > 1, and since any function X — R is both peripherally continuous and extend-

able when ind X = 0, the inequalities
(5) DIMgy X <ind X and DIMpc X <ind X
follow from Proposition [f]in precisely the same way as Theorem [3| does. Moreover, it

is immediate to see that the analog of Theorem [2| for the class Ext is also true.

Theorem 17. If X is a o-compact metric space, then
DIMEg, X = ind X.

Proof. The inequality DIMg, X < ind X is a restatement of . The other inequality
holds since for every o-compact metric space X we have DIM¢ X = ind X and the

inequality DIMg,; X > DIM¢ X is implied by Ext(X) C C(X) and . 1

In the case of the class PC the situation is quite different. Unlike for the classes
C, D, and Ext, (see which holds also for DIMg,; X) the dimension relative to the
class PC is very close to the inductive dimension for every separable metric space.

However, it is not clear whether we have equality even for all compact metric spaces.
Theorem 18. If X is a separable metric space, then
(6) ind X —1 < DIMpc X <ind X.

Proof. Let k = ind X. The inequality DIMpc X < k is a restatement of . To prove

the other inequality we will show that

(%) for every gi,...,gr—1 € PC(X) and € > 0 there exist a closed subset Y of X

of cardinality continuum such that

l9i(z) — 9:(y)| < e

for every x,y € Yandi=1,2,...,k — 1.
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We prove () by induction on k£ > 1. If k = 1, take Y = X. The cardinality of X
cannot be smaller than continuum since for some z € X and r > 0 the boundaries
of the open balls in X with center x and radius smaller than r are non-empty and
pairwise disjoint.

Assume that k > 2. Let ¢1,...,g9x,-1 € PC(X) and € > 0. There is p € X and
an open neighborhood W of p such that indbd(U) = k£ — 1 for any open U with
p € U C W. Since ¢; is peripherally continuous, there is an open neighborhood U
of p such that U C W and the image ¢;[bd(U)] is contained in the open interval
(91(p) —€/2,91(p) +¢/2). Since indbd(U) = k — 1, it follows from the inductive
hypothesis that there is a closed subset Y of bd(U) of cardinality continuum such
that

(7) lgi(z) — gi(y)| < e

for every x,y € Y and i = 2,3,...,k — 1. Then Y is closed in X and it follows from
the choice of U, that holds also for ¢ = 1 completing the proof of (x).
Now we show that (%) implies that

DIMpc X > k — 1.

Let Z be a subset of X such that ANZ # @ and A\ Z # () for every closed A C X
of cardinality continuum. The existence of such Z can be proved by listing all closed
subsets of X of cardinality continuum in a sequence (Ay)a<c of length continuum,
defining two sequences (G )a<c and (b, )a<. of points in X by transfinite induction so

that

to € Ao\ ({ag: B <a}U{bs: 6 <a}),
and

ba € Aa\ ({ag: B <o} U{bg: B <a}),
for every a < ¢, and putting

Z =Aas:a<c}.
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Let f : X — R be the characteristic function of the set Z. The proof will be

complete when we show that

f ¢ (k=1)PC(X).

Suppose, by way of contradiction, that

=g+ -+ g

for some ¢,...,gx—1 € PC(X). By (x) there is a closed subset Y of X of cardinality

continuum such that

02) — 5(0)] <

for every x,y € Y and i =1,2,...,k — 1. Therefore

[f(x) = fly)l <1

for every z,y € Y. Since YNZ and Y \ Z are both non-empty, there are z,y € Y with
f(z) =0 and f(y) = 1 and we get a contradiction. Thus the proof is complete. §

Corollary 19. If X s a space of Mazurkiewicz of dimension k > 2, then the class
PC(X) is not equal to either C(X), D(X), or Ext(X).

Proof. If X is a space of Mazurkiewicz of dimension k > 2, then
DIM¢ X = DIMp X = DIMEg X =0 < k —1 < DIMpc X.

Problem 1. Does there exist a separable (complete separable, o-compact, compact)

metric space X such that
(8) DIMPC X =ind X —17

It is clear that if X satisfies , then X cannot be a finite dimensional manifold
since DIMpc R™ = ind R™. Moreover, such a space must be at least two-dimensional.
Indeed, if ind X = 0, then X # () so DIMz X > 0 for every F C RX. If ind X = 1,
then there is an z € X and an open neighborhood W of z such that bdU # 0 for
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every open U with x € U C W. If f: X — R is the characteristic function of the

singleton {z}, then f is not peripherally continuous implying that DIMpc X > 1.

[1]

[12]

[13]
[14]
[15]

REFERENCES

K. CiEsIELSKI, Set Theory for the Working Mathematician, London Math. Soc. Student Texts
39, Cambridge Univ. Press 1997.

K. CiesieLskl and I. RECtAW, Cardinal invariants concerning extendable and peripherally
continuous functions, Real Anal. Exchange 21 (1995-96), 459-472. (Preprint* availableEI)

K. CIeSIELSKI and J. JASTRZEBSKI, Darbouz—like functions within the classes of Baire one,
Baire two, and additive functions, Topology Appl., to appear. (Preprint* available.)

K. CIESIELSKI and J. WOJCIECHOWSKI, Sums of connectivity functions on R™, Proc. London
Math. Soc. 76 (2) (1998), 406-426. (Preprint* available.)

R. ENGELKING, General Topology, Revised and Completed Edition, Sigma Series in Pure Math-
ematics, vol. 6, Heldermann Verlag, Berlin 1989.

R. G. GiBsoN and T. NATKANIEC, Darboux like functions, Real Anal. Exchange 22 (2) (1996—
97), 492-533. (Preprint* available.)

R. GEOGHEGAN and R. R. SUMMERHILL, Pseudo-boundaries and pseudo-interiors in Fuclidean
spaces and topological manifolds, Trans. Amer. Math. Soc. 194 (1974), 141-165.

M. HAGAN, FEquivalence of connectivity maps and peripherally continuous transformations,
Proc. Amer. Math. Soc. 17 (1966), 175-177.

YOSHIAKI HAYASHI, An axiomatic characterization of the dimension of subsets of Euclidean
spaces, Topology Appl. 37 (1990), 83-92.

W. HUurewicz and H. WALLMAN, Dimension Theory, Princeton University Press, 1948.
FrANcCIS JORDAN, Cardinal numbers connected with adding Darbouz-like functions, Ph.D. Dis-
sertation, 1998.

FRrANCIS JORDAN, Sums of Darbouz-like functions from R™ to R™, Real Anal. Exchange 24(2)
(1998-99), 729-759. (Preprint* available.)

S. MAZURKIEWICZ, Sur les problémes k et A de Urysohn, Fund. Math. 10 (1927), 311-319.
T. NATKANIEC, Almost continuity, Real Anal. Exchange 17, (1991-92), 462-520.

J. R. STALLINGS, Fized point theorems for connectivity maps, Fund. Math. 47 (1959), 249-263.

IPreprints marked by * are available in electronic form from the Set Theoretic Analysis Web Page

http://www.math.wvu.edu/homepages/kecies/STA /STA html.



TOPOLOGICAL DIMENSION AND SUMS OF CONNECTIVITY FUNCTIONS 15

DEPARTMENT OF MATHEMATICS, WEST VIRGINIA UNIVERSITY, PO Box 6310, MORGAN-
TOWN, WV 26506-6310, USA

E-mail address, K. Ciesielski: K_.Cies@math.wvu.edu

Web page address, K. Ciesielski: http://www.math.wvu.edu/homepages/kcies

E-mail address, J. Wojciechowski: jerzy@math.wvu.edu



	1. Introduction
	2. A k-dimensional universal set
	3. Inductive dimension as the upper bound
	4. Inductive dimension as the lower bound
	5. Dimension relative to other classes of Darboux-like functions.
	References

