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1. Introduction

Let G be a graph. By a path in G we mean a sequence of distinct vertices of G with every
pair of consecutive vertices being adjacent. A path will be called closed if its first vertex

is adjacent to the last one.

Let P be a path in the graph G. By a chord of P we mean an edge of G joining
two nonconsecutive vertices of P. If P is closed and e is a chord of P, then we say that e
is a proper chord if it is not the edge joining the first vertex of P to its last vertex. Note
that a proper chord of a closed path corresponds to the standard notion of a chord in a
cycle. By a snake we mean a closed path without proper chords, and an open snake is a

path without chords.

Let G and H be graphs. The product G x H of G and H is the graph with V(G) x
V(H) as the vertex set and (g1, h1) adjacent to (g2, ho) if either g1g2 € E(G) and hy = ho,

or else if g1 = g2 and hihe € E(H).

Let K¢ be the product of d copies of the complete graph K,,, n > 2, d > 1. It
will be convenient to think of the vertices of K¢ to be the d-tuples of n-ary digits, i.e.
the elements of the set {0,1,...,n — 1}, with edges between any two d-tuples differing at

exactly one coordinate.

Let S(K%) be the length of the longest snake in K¢. The problem of estimating the
value of S(K?) has a long history. It was first met by Kautz [9] in the case of n = 2 (known
in the literature as the snake-in-the-box problem) in constructing a type of error-checking
code for a certain analog-to-digital conversion systems. The evaluation of S(K¢) has proven
to be a notoriously difficult problem and, on the other hand, it has been demonstrated to
be of importance in connection with several applied problems (see for example [10], [11]).
As a consequence several authors became interested in estimating the value of S(K¢) and a
large literature has evolved (see [5] for a list of references). Subsequently, the general case

of the problem with an arbitrary value of n has been introduced by Abbott and Dierker
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[2] and developed further by Abbott and Katchalski [4], [6], and Wojciechowski [15]. The

following theorem is a result of these investigations.

Theorem 1.1. For any integer n > 2, there is a constant ¢, > 0 such that
S(K%) > ¢,n?, (1.1)

for any d > 1.

In the case when n = 2, Theorem 1.1 was first proved by Evdokimov [8]. Other
shorter proofs, in that case, were given by Abbott and Katchalski [3] and Wojciechowski
[13]. The largest value of the constant cp = % = 0.300781... was obtained by Abbott
and Katchalski [5].

In the case when n = O mod 4, Theorem 1.1 has been proved by Abbott and Katchal-
ski [6]. Actually, they proved the following theorem that allows for this case of Theorem

1.1 to be deduced from the case when n = 2.

Theorem 1.2. Ifn = 0mod4, then
d nyd-1 d—1
K > [ — K
S( n) - (2) S( 2 )7

for every d > 3.

As remarked by Abbott and Katchalski [6], a modification of their technique can

be used to prove that the following more general theorem holds.

Theorem 1.3. There is a constant X > 0 such that if n > 2 is an even integer, then

S(ED = A (5

d—1

for any d > 2.

Theorem 1.3 implies that Theorem 1.1 holds for every even integer n > 2. In
the case of n being odd, Theorem 1.1 was proved by Wojciechowski [15]. He proved the

following result which implies the corresponding case of Theorem 1.1.

3



Theorem 1.4. Ifn > 3 is an odd integer, then
S(K%) > 2(n—1)nt*,
for any d > 5.

The constant ¢,, in Theorem 1.1 cannot be made independent of n since Abbott

and Katchalski [4] proved that

1
dy < d—1
S(K;) < <1+d_1>n

However the following conjecture seems plausible.

Conjecture 1.5. There is a constant ¢ > 0 such that
S(K%) > en™1, (1.2)
foranyn >2,d > 1.

It follows from Theorems 1.1 and 1.3 that if we restrict the range of values of n to

even integers, then Conjecture 1.5 holds, i.e. the following theorem is true.

Theorem 1.6. There is a constant ¢ > 0 such that if n > 2 is an even integer, then
S(K%) > end1,
for any d > 1.

In the general case, however, Conjecture 1.5 remains still open since in the case of
n being odd, the value of ¢ in (1.2) given by Theorem 1.4 (¢ = 2(n — 1)/n?) depends on n
and approaches 0 when n tends to infinity.

The main result of this paper is the following generalization of Theorem 1.3 conjec-

tured by Abbott and Katchalski [1].



Theorem 1.7. For any integer m > 2, there is a constant \,, > 0 such that
S(Kpn) 2 A S (KT,
for any n > 1 and d > 2.

As a corollary of Theorem 1.7, we get the following generalization of Theorem 1.6

which provides further evidence for Conjecture 1.5 to be true.

Theorem 1.8. Let P be a finite set of primes. Then there is a constant ¢ = ¢(P) > 0

such that

S(Kq) = en®,
for any integer n that is divisible by an element of P and for any d > 1.
Actually, we prove the following result that implies Theorem 1.7.

Theorem 1.9. Let m,n > 2 and d > 4 be integers. Then
S, > nt (S(KE) +1)

if n is even, and

S(Kg,) > (n—1n® 2 (S(K&) +1),
if n is odd.

The proof of Theorem 1.9 is given in section 3.



2. Basic Definitions

A k-path in a graph is a path consisting of k vertices, i.e.a path of length k£ — 1. If P is
a k-path, then we will write k = |P|. A chain € of paths is a sequence (Py, Ps, ..., Py) of
paths such that each path of € has at least two vertices, and the last vertex of P; is equal
to the first vertex of Pyq,7=1, 2, ..., k — 1. A k-chain of paths is a chain consisting of
k paths. A chain € = (P;)¥_, of paths will be called closed if the first vertex of P; is equal
to the last vertex of Py. If C is a kr-chain of paths, then the r-splitting of € is the sequence
(C1,Ca,...,C,) of k-chains of paths which joined together (juxtaposed) give C.

Let G and H be graphs. Given a k-chain of paths C = (PZ»)’f:1 in G with P, =
(u1,us,...,u,) and a k-path Q = (v;)%_, in H, let € ® Q be the (Zle ]Pi|)—path
in the graph G x H obtained by juxtaposing the paths P{, P;, ..., P/, where P; =
((ul,vi), (ug,vi), ..., (uri,vi)), 1=1,2,...,k.

Let d,m,n > 2 be integers. We assume d, m and n to be fixed throughtout the

paper. Given an integer p with 1 <p <d, let G, be the graph
G, = Kb x K&P,

In particular G4 = K¢ Let p > 1 and ¢ > 1 be integers with p + ¢ < d. If

mn*
u = (ay,az,...,aq) is a vertex of the graph G, (i.e.ay,aq,...,a, € {0,1,...,mn — 1},
Ap+1, Apt2,---,0q € {0,1,...,m—1}) and v = (b1, ba,...,b,) is a vertex of the graph KZ,

then let u B v be the vertex of Gpy, = KP4 x KI7P=4 defined by

/ / /
uBv = (a1,a2,. .., 0p, 0y 1,010, Ayt s Opigils Qprgi2, -+ 0d),
where
/
Ay = Qpyi + mb;,

fori=1,2,...,q If P= (u;)%, is a k-path in G, and v is a vertex in K4, then let
PHBuv=(uBv,usBuv,...,uy Bv). Clearly PHBwv is a k-path in G,44.
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Given a k-chain of paths € = (P;)¥_; in the graph G, and a k-path Q = (v;)¥_; in
the graph K4, let CX(Q be the ( Zlle |Pi|)—path in the graph G, 4 obtained by juxtaposing
the paths P, P, ..., P/, where P/ = P;Buv;, i = 1,2,..., k. Note that if the chain C is
closed and the path @ is closed, then the path CX @ is also closed.

Given a kr-chain € of paths in G, with the r-splitting (Cy, Co, ..., C,) and an r-chain

D = (P;)i_, of k-paths in the graph K, set
CXD=(C;KP,CKP,,...,C KP).

Note that for each i € {1,2,...,7 — 1} the last vertex of the path C; X P; is equal to the
first vertex of the path C; 11 X P;;1, hence the sequence C X D is an r-chain of paths in
Gp+tq- Note that if the chains € and D are closed, then the chain CX D is also closed. It

is straightforward to verify that the following property holds.

Property 2.1. Let q1,q2 be positive integers with q; + g2 = q. If C is a kr-chain of paths

in G, D is an r-chain of k-paths in KI' and P is a k-path in K, then

n

CR(D®P)=(CKD)K P.

If vy, vg are vertices of G, then we say that v1 and v, are apart if they differ either at
one of the first p coordinates or at least at two coordinates. Let P, and P be paths in G,
We say that P; and P» are apart if for every pair of vertices vi, vo of Py, P, respectively,
the vertices v; and vy are apart. We say that P, and Py, are almost apart if they have one
vertex v in common and for every pair of vertices vy, v of Py, P» respectively, such that
at least one of vy, vy is different than v, the vertices v; and v, are apart.

When we refer to a pair s;, s; of elements of a sequence (s, s2, ..., ), we say that

s; and s; are cyclically consecutive if either j =i+ 1 or {7,5} = {1,t}.
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Let € = (P;)¥_, be a chain of paths in the graph G,. We say that C is openly
separated if any two consecutive paths of C are almost apart and any two nonconsecutive
paths are apart. We say that € is closely separated if C is closed, any two cyclically
consecutive paths of C are almost apart and any two cyclically nonconsecutive paths are

apart. The following lemma holds.

Lemma 2.2. Let C be a chain of open snakes in the graph G,, and @) be a path in K.
(i) If C is openly separated, then the path CX () is an open snake in the graph Gp,.

(ii) If C is closely separated and Q) is closed, then the path CX @ is a snake in Gpq.

Proof. Let C = (P;))¥_, and Q = (v;)%_,. Then the path R = € X @ is obtained by
juxtaposing the paths P[, P;, ..., P/, where P/ = P;Huwv;, i =1,2,..., k. Let w;, wy be
vertices of R that are adjacent in G4, and assume that wy = uy Bv;, wy = ug Hv; where
uy is a vertex of P; and ug is a vertex of Pj, 4,5 € {1,2,...,k}. If i = j, then the vertices
u1, ug are adjacent in G, hence they must be consecutive in F; since F; is an open snake.
Therefore wy, wy are consecutive in R and so wjws is not a chord of R.

Assume now that i # j. Since wiws € E(Gpiq), the vertices wy, wy differ at
exactly one coordinate ¢t € {1,2,...,d}. Hence uj, us must agree at each coordinate in
{1,2,...,d} ~ {t}. Since v; # v;, it follows that t € {p+1,p+2,...,p+ ¢}, so u1, ug are
not apart. Therefore the paths P;, P; are not apart.

If C is openly separated, then any two nonconsecutive paths of C are apart, hence
the paths P;, P; are consecutive in C (say P; follows P;) and they are almost apart in G,,.
Thus u; = us is the last vertex of P; and the first vertex of P;, thus w;, wy are consecutive
in R. Hence wyws is not a chord of R, and the proof of (i) is complete.

Similarly, if € is closely separated, then the paths P;, P; are cyclically consecutive
in C (say P; follows P;) and u; = up must be the last vertex of P, and the first vertex of
P;, hence wq, wo are cyclically consecutive in R. Thus wyw, is not a proper cord of R and

the proof of (ii), hence of the lemma, is complete. O
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If P is a path, then let —P be the path obtained from P by reversing the order
of vertices, and if € = (P;)I_, is a chain of paths, then let —C = (=P, —P,_1,...,—P1)
be the chain of paths obtained from € by reversing the order of paths and reversing every
path. The expression (—1)*X, where X is a path or a chain of paths, will mean X for i

even and —X for ¢ odd. Obviously, the following property holds.

Property 2.3. IfC is an r-chain of paths in the graph G, and P is an r-path in the graph
K4, then CX (—Q) = —(—CX Q). O

Let € be a kr-chain of paths, and let § = (6’1, Coy.nn,y GT) be the r-splitting of C.

By the alternate matrix of the splitting 8 we mean the following (r x k)-matrix A of paths:

C1 Q1 Q7 QF

—C —Q3 -Q3 —Q5
(=1, -Dr'Qy (17 ... (=D)TQy
where C; = (QF,Q?,...,QF) for i odd and €; = (QF,QF',....Q}) for i even, i =
1,2,...,7. The splitting 8§ will be called openly alternating if for any ¢ € {1,2,... k}
and for any two distinct paths QY, Q? appearing in the /-th column of A, the paths Qf,
Qﬁ are almost apart when they are consecutive in € and they are apart otherwise.

Assume now that the chain C is closed and r is even. Then, we say that the splitting

8 is closely alternating if for any ¢ € {1,2,...,k} and for any two distinct paths Q¥, Q§
appearing in the /-th column of A, the paths Qf, Qﬁ are almost apart when they are

cyclically consecutive in C and they are apart otherwise. The following lemma holds.

Lemma 2.4. Let C be a kr-chain of paths in the graph G, and P be a k-path in K.
(i) If the r-splitting of € is openly alternating and D is the r-chain
(P,—P,...,(—1)""'P), then the r-chain CXD of paths in the graph G, is openly
separated.

(ii) If r is even, the r-splitting of C is closely alternating and D is the closed r-chain
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(P,—P,P,—P,...,—P), then the closed r-chain € XD of paths in the graph Gp,

is closely separated.

Proof. Let 8§ = (€1, Cq,...,C;) be the rsplitting of C and let

e, @ @ . o
e D R
CUie )\ (e (1))

be the alternate matrix of 8. Then we have
E=CXD=(C;XP,CK(~P),...,C, X (~1)""'P) = (R, Ry,..., R,).

Let R;, R; be distinct paths of € and let u; be a vertex of the path R; and uy be a vertex
of R;. Assume that uq, ug are not apart in Gp44. To complete the proof of (i), we need to
show that the paths R;, R; are consecutive in € and that u; = us is their common vertex.

Assume that P = (vg)lgzl. Then u; = wy B vs where w; is a vertex of the path Q7
and us = we H vy where wy is a vertex of Q?, for some s,t € {1,2,...,k}. Since uy, uy are
not apart in G4, they agree at each coordinate 1,2,...,p + ¢, hence vy = v, and s = ¢.
Thus the paths @7 and Q; appear in the same column of A. Since uy, us are not apart
in Gpq, it follows that the vertices wq, wy are not apart in G, and hence the paths Q)
and Q; are not apart in G,. Since 8 is openly alternating, @); and Q; are consecutive in
C and they are almost apart in G,. It follows that R;, R; are consecutive in € and that
w1 = ws. Hence u; = uy and the proof of (i) is complete.

The proof of (ii) is similar. O

Let (n) = 2[5 ], i.elet (n) = nif n is even and (n) =n —1if nis odd. Let ¢t > 1
and € be be an n'-chain of paths in G,. We say that C is openly well assembled if either
t = 1 and C is an openly separated chain of open snakes, or ¢t > 2, every chain C; in the

n-splitting 8 = (€1, Cs,...,C,) of C is openly well assembled and § is openly alternating.
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Let D be an (n)n'-chain of paths in G,. We say that D is closely well assembled if
every chain D; in the (n)-splitting 8’ = (D1, Dy, ..., D,y) of D is openly well assembled
and 8’ is closely alternating. The following property can be proved by a straightforward

induction with respect to t.

Property 2.5. Ift > 1, C is an openly well assembled n'-chain of paths in the graph G,,

then the chain —C is also openly well assembled. O

For every t > 1 we are going now to define the n’-path 7!, in K, and the closed

ns

t=1_path 4% in K!. These paths will be used in the construction of long snakes. Let

(n)n
7L be the n-path (0,1,...,n — 1) and 4! be the closed (n)-path (0,1,...,(n) —1) in K!.

Assuming that the path 7% in K is defined, let

41t t _t t n—1_t 1
= (=T Ty =Ty (= 1), @ T,
and
t+1 _ [t t _t t t 1
V= (T =T Ty =Ty e ey — T ) @,

The following lemma holds.

Lemma 2.6. If C is an openly well assembled n?-chain of paths in the graph G),, then the

path CX wl is an open snake in the graph Gp,.

Proof. We are going to use induction with respect to q. For ¢ = 1, the lemma is true by
Lemma 2.2 (i). Assume that p+¢+1 < d and € is an openly assembled n?*!-chain of paths
in the graph G,,. We have CX 7t = CR (D@ 7)), where D = (74, —nd,...,(—=1)""1x2).
By Property 2.1, the chain € X 74t is equal to (X D)X rl. Let § = (€1,Cs,...,C,) be

the n-splitting of €. Then

CXRD = (€ K7, CN (~7d),...,C, K (—1)" 'x).
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By Property 2.3,
CXD=(C W7, —(—Co®7d),..., ()" ((-1)"'C, W nY)).

Since the chain € is openly well assembled, the chains Cq, Cs, ..., €, are also openly well
assembled. By Property 2.5, the chains C;, —Ca, ..., (—1)"!C, are openly well assembled,
so by the inductive hypothesis, the paths €; X 74, —(—=CoXnd), ..., (—=1)" }((-1)""!C,X
nd) are open snakes in G)y,. The splitting § is openly alternating, so by Lemma 2.4 (i),
the chain € X D is openly separated. Hence by Lemma 2.2 (i), (CX D)X 7l = CX ¢ is

an open snake in G4 441, and the proof is complete. O]

The following lemma will be used in the proof of the main result.

Lemma 2.7. If ¢ > 2 and € is a closely well assembled (n)n?~'-chain of paths in the

graph G, then the path C X~ is a snake in the graph Gp44.

Proof. We have CX~4 = CX(D®~,.), where D is the (n)-chain (7d~ 1 —7d=1 .. —7xd=1).

By Property 2.1, the chain € X ¢ is equal to (CX D) K ~l. Let § = (C1,Co, ..., Cny) be

the (n)-splitting of €. Then
CXD=(CK 747t Co ) (—md™ Yy, ..., Crny X (—ﬂg_l)).
By Property 2.3,
CRD = (CRrl ! —(—CoRal™t),...,—(—Cy ®7l™)).

By Property 2.5 and Lemma 2.6, arguing as in the proof of Lemma 2.6, we conclude
that € XD is a chain of open snakes in Gp44—1. The splitting § is closely alternating
so by Lemma 2.4 (ii), the chain € X D is closely separated. Hence by Lemma 2.2 (ii),

(CX D)X, =CK~ZI is a snake in Gpy,4, and the proof is complete. O
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3. Construction of long snakes

Assume that d > 4. Let C be a snake of length S(K2~!) in K%' and let C’ be the open
snake obtained from C by deleting the last vertex. Given any pair uy, us of vertices of K~1
that differ at exactly two coordinates, we can get an open snake in K% 1 with endpoints u;,
us by permuting the coordinates and permuting the entries at some coordinates of the open
snake C’. Let a1, a2, az and a4 be four vertices in Kgl_l such that any two of them differ
at exactly two coordinates. For example, let a; = (10000...,0), az = (01000...0), az =
(00100...0) and a4 = (11100...0). Let C;; be an open snake in K&-! with S(KZ-1) -1
vertices such that a; is the first and a; is the last vertex of Cjj;, 4,j € {1,2,3,4}, i # j.
For each i € {1,2,3,4} and k € {0,1,...,n — 1}, let a¥ be the vertex of the graph
G1 = Ky x K371 obtained from a; by adjoining the digit k as the first coordinate, i.e.let
a¥ = (k10000...0),

ak = (k01000...0),
ak = (k00100...0),

ab = (k11100...0),

and let A= {a¥:i€{1,2,3,4},k€{0,1,...,n—1}}.

For each i,j € {1,2,3,4} with i # j and each r € {0,1,...,n — 1}, let C]; be the
open snake in G obtained from the open snake C;; in K4~! by adjoining the digit r + n
to every vertex of Cj; as the first coordinate. For example C{, = ((n10000...0),...,
(n01000...0)).

For each a¥, a’ ; € Awith i # j and each 7 € {0,1,...,n — 1}, let C(ak,r ab ) be the
k

open snake in G; with S(K% 1) + 1 vertices obtained from Ci; by adjoining the vertex a;

in front and the vertex aﬁ at the end. For example, if n > 5, then
C’(al,OaQ) ((310000...0),(n10000...0),...,(n01000...0),(401000...0)).

Let M = {C(af,r,af) : af,af € A,i # j,r €{0,1,...,n—1}} and let M; = {C(af,r,af) €
M:teij}}, forany t € {1,2,3,4}.
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If € is a chain of paths in a graph H and w1, us are vertices of H, then we say that
C joins uy to ug if uy is the first vertex of the first path of C and us is the last vertex of the
last path of €. Given M’ C M, we say that a chain € of paths in Gy is M'-built if every
path of € belongs to M'.

Let € and €" be M-built n9-chains of paths with
C= (C(an To, u1)7 C(ula 1, u2)7 ) C(unq—la Tna—1, unq))v

and

G/ = (C<u6ar(l)aull)70(u€l>r?l>ul2)’ cet C(u;ﬂ—lariﬂ—bu;ﬂ))v

where u;,u; € A and 75,77 € {0,1,...,n—1},i=0,1,...n% j =0,1,...,n?—1. Then we
say that C, C" are internally compatible if r; = r} for every i = 0,1,...,n? — 1 and u; = u;
for every 1 =1,2,...,n7 — 1.

For any t € {0,1,...,n — 1} and for any permutation 7 € S4, let % : M — M be
defined by

Uf—(c(a?v T, a?)) = C(aﬁ%, r®t, af_ea?)),

where @ denotes addition mod n. If € is an M-built chain, then let o (C) be obtained by
applying ol to each path of €. The following property can be proved by a straightforward

induction on s.

Property 3.1. IfC is an M-built openly well assembled n*-chain, T € Sy andt € {0,1,...

...,n — 1}, then the chains +c! (@) are also openly well assembled.

Let M/ = M; if nisis odd and M/ = M3 if niseven. If 1 < ¢ < d — 2, then a
g-network in G is a family N, of M’-built openly well assembled n?-chains Ggé such that
G'ge joins a¥ to ab, k € {0,1}, £ € {0,1,...,n— 1}, and any two chains in N, are internally

compatible.
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For each ¢, 1 < ¢ < d — 2, we shall construct now a g-network N, in G;. Let

Ny ={Ck: ke {0,1},£€{0,1,...,n — 1}} with

G]fe :(C(alfv 07 aill)7 C(azlla 17 a?z)? C(a2 27 CL?3)7 U

i27

L, C@r 2 n—2,a""1),Ca 1 n —1,db)),

tn—2" Tn—1 Tn—1

where 15 = 1 for s even and 75 = 3 for s odd, s =1,2,...,n— 1.
Lemma 3.2. The set Ny is a 1I-network in G.

Proof. Tt is clear that N is a family of M’-built n-chains such that € joins a} to af,
k € {0,1}, £ € {0,1,...,n — 1}, and any two chains in N; are internally compatible. It
remains to show that the chains in N are openly well assembled, and since the paths in
M are open snakes, it suffices to show that every chain in N; is openly separated.

Let k € {0,1},£€{0,1,...,n—1}, let P, P be distinct paths of the chain C}* and
let u, u’ be vertices of P, P’ respectively. Assume that u, u’ are not apart. To complete
the proof we need to show that P, P’ are consecutive in C%¥ and that u = «’ is their
common vertex.

Since u, v’ are not apart in G the first coordinates of v and u’ are the same. Since

P # P’ it follows immediately from the definition of N; that

1 2

/ k n-1 ¢
u,u’ € {ay,a; ,a;,,...,a; " ,as}.

Since i1,1i2,...,i,—1 € {1,3}, k € {0,1} and i, = 3, it follows that all the vertices in the
sequence (a}, aill , ai, cee ;‘n__ll ,ab) are distinct. Since, clearly, any two distinct vertices of
A are apart in G, it follows that v = u’ and that the paths P, P’ are consecutive in G

completing the proof. O]

Assume now that ¢ > 1 and that N,_; is a (¢ — 1)-network in G;. Given k € {0,1}

and £ € {0,1,...,n — 1}, let G’;g be the n?-chain with the n-splitting 8 defined as follows.
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If n is odd, then let

k - —1 (0041
8= (O-So(eq—ll)v _071-1 (6(1191)7 072-2 (egil)v - 73-3(6(;91)7 R _U:Ln_i(efllgl)7 O-:-Ln_ll (eq_ElB ))7
where 7; is the transposition (2 3) for i = 0,1,...,n — 2 and 7,1 is the identity permu-
tation. If n is even, then let
k - —1 (p0L®1
8= (_020 (6111—1)7 Uil (6211)7 _072-2 (611191)7 03—3(625)7 R _0771”722((‘3;91% Ugn,ll (eq—EIB )):

where 7; is the 3-cycle (2 1 4) fori =0,1,...,n— 2, and 7,1 is the transposition (1 4).
Let Ny = {Ggﬂ cke{0,1},£€{0,1,...,n—1}}.

The following lemma holds.
Lemma 3.3. For every q € {1,2,...,d — 2} the set N, is a g-network in G.

Proof. If ¢ = 1, then N; is a 1-network in G; by Lemma 3.2. Assume now that ¢ > 1 and
that N,_; is an (¢ — 1)-network in G;. It is clear that N, is a family of M-built n9-chains
such that G joins af to a5, k € {0,1}, £ € {0,1,...,n — 1}. Since the chains in N,_; are
internally compatible, it immediately follows from the definition of N, that any two chains
in N, are internally compatible. Since, in the case of n being odd, the chains in N,_; are
M;i-built and since 1 is a fixed point of the permutation 7; for each ¢ = 0,1,...,n — 1,
it follows that the chains in N, are M;-built. Similarly, in the case of n being even, the
chains in N,_; are Ms-built and 3 is a fixed point of 7;, ¢ = 0,1,...,n — 1, implying that
the chains in N, are M3-built. Thus, in general, the chains in N, are M’-built. It remains

to show that the chains in N, are openly well assembled.

Let G’;e be a chain in N,. Since each chain in N,_; is openly well assembled and

since Property 3.1 holds, it suffices to show that the n-splitting of G’q"e is openly alternating.

16



Assume that n is odd. Let

a0, (Ce1y) a2, (C(af,...)) o2, (C(...,a3))
oL, (€10, oL(Clal,..)) ... oL(C(..,ad)
_A . 0-’72'2 (Gto]i].) . 072'2 (C(a?7 )) 0’72'2 (C( ,CL%))
o7 2 (C2) or 2(Clay,...) ... op2(C(..,a3))
e () " 1(Cl,...) ... o (C(...,a5®"))
be the alternate matrix of the n-splitting of G’;E. Then
C(ak,...) C(...,a})
C(ai,...) C(...,a3)
s C(a3,...) C(...,a3)
Clay=t,..) ... O(.. ,ag_Q)
Clat,..) ... C(..,d5)

Let j € {1,2,...,n97!} and let P, P’ be distinct paths in the j-th column of the matrix
A. We need to show that the paths P, P’ are almost apart in (7 if they are consecutive
in (‘3’(‘;4 and that they are apart otherwise. Assume first that 2 < j < n?~! — 1. Since the

chains in N,_; are internally compatible, there is Q = C'(a},r, az‘,/) € M such that

P =07,(Q) = Clax%y,r & s,a2 35,

P'=0!(Q) =C(a*% ,rdt,at ),
for some s,t € {0,1,...,n— 1}, s # t. Let w, w’ be vertices of P, P’ respectively. We will
show that w and w’ are apart. Consider the following three cases:

u' Pt

’Tt(i/)7

) uds
(il)) w= a® ® and w' = a*®!
)

(i) w=alp) and w' = a
75 (3") T(1)?
(iii) neither (i) nor (ii) holds.
If (iii) holds, then the first coordinates of w and w’ are different, hence w, w’ are apart
in G;. If (i) holds, then since the chains in N,_; are M;-built, it follows that exactly one

of 7, 7’ is equal to 1. Since 1 is a fixed point of both 74 and 7, it follows that exactly one
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of 74(i), 7¢(¢’) is equal to 1. Hence w, w’ differ at least at two coordinates, and so they are
apart. Similarly, w, w’ are apart if (ii) holds.
Assume now that j = 1. Since the chains in N,_; are internally compatible, we

have

P =0} (Clal,r,a})) = C(ai®,r @ 5,a2%%),

P'=0l,(Clat,ra))) = Clai ' r & t,a770),
for some i € {2,3,4}, u,u’ € {0,1} and r,s,t,v € {0,1,...,n — 1} with s # ¢t. We can
assume that s < t. Let w, w’ be vertices of P, P’ respectively and assume that w, w’ are
not apart in G7. We will show that P, P’ are consecutive in G’q“e and that w = w’ is their
common vertex. Since the vertices w, w’ are not apart in G, the first coordinates of w
and w’ must be equal and hence one of the following cases holds:
(i) w=a¥®® and w' = a*%"

Tt(i)’

/
(i) w = a"®% and v’ = a¥ ®*
75 (4) Lo

(iii) w = a}®* and w' = all‘/@t.
Since 75(i) # 1 and 7(i) # 1, we conclude that if (i) or (ii) holds, then w, w’ differ at least
at two coordinates so they are apart. Thus (iii) holds. Since w, w’ are not apart, we have
uds=u &t and so w = w'. Since u,u’ € {0,1}, it follows that ¢t = s + 1 implying that
u =1 and u' = 0. Therefore s is odd, and so P, P’ are consecutive in G’;E.
To complete the proof in the case of n being odd, it remains to consider the case

when j = n?. Then

P =o: (C(a¥,r,ab)) = C(at®*,r @ s,a”@s)),

Ts TS(2

P' =0t (Clal,ra8)) = C(a{®" ,r &t,a2 ),

for some r, s,t,u,v,v" € {0,1,...,n— 1}, s # t. We can assume that s < ¢t. Let w, w’ be
vertices of P, P’ respectively and assume that w, w’ are not apart. Arguing as in the case

=Y
Tt (2) :

vPs

7.(2) Since w, w’ are not apart and
S

when j = 1, we conclude that w = a and w’' = a
since any two distinct elements of A are apart, it follows that w = w’. Hence v s = v’ &t

and 74(2) = 74(2), implying that ¢ # n — 1. Therefore v,v" € {0,1} and so t = s+ 1. Thus
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v =1, v/ = 0 implying that s is even. Hence P, P’ are consecutive in (:”(je completing the
proof in the case of n being odd.

If n is even and A is the alternate matrix of the n-splitting of G’;g, then

—075, (€35 1) o2, (C(d5,...)) a2, (C(...,a}))
—a7,(€911) o, (Clag,...)) o1, (C(....,af))
e —a7,(€3%) _ 0z,(C(a3,...)) o2, (C(...,a}))
—on2(eh0) 022 (Ol ) o 2 2(CL. ad)
—on1 (€019 or L (C(ad®',..) ... oL (C(...,aD))
Hence

Clak,..) C(...,a})

C(ai,...) C(...,a1)

4= C(a?,...) C(...,a3)

Car2..) ... C(...a0™"

C(as,...) ... C(...,a}™h

Similarly as in the proof in the case of n being odd, we show that if j € {1,2,...,n971}
and P, P’ are distinct paths in the j-th column of the matrix A, then P, P’ are almost
apart in GG if they are consecutive in @Zé and they are apart otherwise. Therefore the

n-splitting of Glgg is openly alternating and the proof is complete. ]

Assume that ¢ = d — 2. By Lemma 3.3, the set N, is a g-network in G;. Define D

to be the M-built (n)n?-chain with the (n)-splitting
(~0°(€1%), 0" (€31), ~0%(€LY), ..., — ) 2(EL0), o)1 (gl (1),

where ¢ = ¢ with 7 being the identity permutation, i = 0,1,..., (n) — 1. The following

lemma together with Lemma 2.7 will allow us to construct long snakes in K¢, .
Lemma 3.4. D is a closely well assembled (n)n®=2-chain of paths in G1.

Proof. Since each chain in N, is openly well assembled and since Property 3.1 holds, it
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suffices to show that the (n)-splitting of D is closely alternating. Let

—00(€L9) o0(C(d9,...)) a’(C(...,a}))
—ol(e0Y) o' (Cab,...) o' (C(...,a1))
—02(CL0 o as, . . o al
. (C") _ 2(0(‘8, ) 2(C(..-,a1))
ot 2(eL0) O, D) e A HCLa)
gt -1(0nimty cm=1C(ar ™)) L emHO( .., add)

be the alternate matrix of the (n)-splitting of D. Then

C(a3,...) C(...,a})
Cl(a3,...) C(...,a})
e C(a3,...) e CO( a3
Clag”" ™. o Cl..a™ ™)
CS,...) ... Cc(..a"m™h

Similarly as in the proof of Lemma 3.3, we show that if j € {1,2,...,n%} and P, P’ are
distinct paths in the j-th column of the matrix A, then P, P’ are almost apart in G if they
are cyclically consecutive in D and they are apart otherwise. Therefore the (n)-splitting

of D is closely alternating and the proof is complete. O

Now we are ready to prove Theorem 1.9.

Proof of Theorem 1.9. It follows from Lemma 2.7 and Lemma 3.4 that C' = D X ~v4~!
is a snake in G4 = K¢ . It is clear that the length of C is equal to (n)n?=2(S(K~1) +1)

so the proof is complete. O
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4. Concluding remarks

The assumption that d > 4 in Theorem 1.9 can be slighty relaxed. If we assume either
that m > 3 and n is odd, or that m > 4, then it suffices to require that d > 3. Indeed, if
m > 4, then we can use the vertices a; = (0000...0), az = (1100...0), ag = (2200...0),
as = (3300...0) in our construction. If n is odd, then the vertex a4 is not needed so the
construction works for m > 3.

Although Theorem 1.8 is a significant strengthening of Theorem 1.6, Conjecture 1.5
remains still open. We would like to formulate some more conjectures that are generaliza-
tions of the result of Wojciechowski [14] saying that for any d > 2, the hypercube K¢ can

be vertex-covered by at most 16 vertex-disjoint snakes.

Conjecture 4.1. For any integer n > 2 there is an integer r,, such that the graph K¢ can

be vertex-covered by at most r, vertex-disjoint snakes for any d > 2.

In the case of n being odd, a weaker version of Conjecture 4.1 (without requiring that
the snakes are vertex-disjoint) has been recently proved by Alsardary [7]. The following

conjecture implies both Conjecture 4.1 and Conjecture 1.5.

Conjecture 4.2. There is a constant ¢ such that for any n > 2 and any d > 1, the graph

K¢ can be vertex-covered by at most cn vertex-disjoint snakes.

The best upper bound on S(K¢) has been given by Snevily [12].
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