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SPLITTING NECKLACES AND A GENERALIZATION OF
THE BORSUK-ULAM ANTIPODAL THEOREM

JERZY WOJCIECHOWSKI

Abstract. We prove a very natural generalization of the Borsuk-Ulam antipodal Theorem and
deduce from it, in a very straightforward way, the celebrated result of Alon [1] on splitting neck-
laces. Alon’s result says that t(k — 1) is an upper bound on the number of cutpoints of an opened
t-coloured necklace so that the segments we get can be used to partition the set of vertices of
the necklace into k subsets which have the property that every colour is represented by the same
number of vertices in any element of the partition. The proof of our generalization of the Borsuk-
Ulam theorem uses a result from algebraic topology as a starting point and otherwise is purely
combinatorial.



1. Introduction

Let ¢ be a natural number. An opened t-coloured necklace is a sequence of elements (beads)
from the integer segment [1,¢]. Let N be an opened t-coloured necklace. A splitting of N
is a partition Ny U No U ... U Ny of the set of beads of N such that for every colour 4,
1 <17 <'t, the beads of colour i are spread evenly between the sets Nj, i.e. all of the sets
N; contain the same number of beads of colour ¢. A splitting of N which is a partition
into k sets is called a k-splitting. The size of the splitting of N is the minimal number of
cutpoints of N needed to partition it into segments preserved by the splitting.

Note that if the beads of each colour are consecutive in N, then any k-splitting cuts
each segment of one colour beads at £ — 1 points at least, and hence has size at least
t(k — 1). The following natural question arises: is this trivial lower bound also an upper
bound? In other words, if IV is an opened t-coloured necklace admitting a k-splitting, does
N have a k-splitting of size t(k — 1)? Somewhat surprisingly the answer to this question
is ‘yes’.

Let us now briefly describe the history of this problem. Bhatt and Leiserson [5] and
Bhatt and Leighton [4] pointed out that this problem has some applications to VLSI circuit
design. Goldberg and West [7] proved that for every ¢, an opened t-coloured necklace
admitting a 2-splitting has a 2-splitting of size t. They also raised the question about the
general upper bound for k-splittings. Alon and West [2] gave a very short proof of the
above upper bound for 2-splittings using the Borsuk-Ulam antipodal theorem; they also
conjectured that t(k — 1) is an upper bound for k-splittings. Alon [1] proved the ¢(k — 1)
upper bound for k-splittings using involved methods of algebraic topology. In this paper
we are going to give another proof of Alon’s result. Our proof will be more elementary
and will use a classical result of algebraic topology (Lemma 3.6) only as a starting point;

after that the argument will be purely combinatorial.

Theorem 1.1. (N. Alon [1]) Every necklace with ka; beads of colour i, 1 < i <'t, has a

k-splitting of size at most t(k — 1).

To prove Theorem 1.1 we shall formulate and prove a new, very natural generalization

2



of the Borsuk-Ulam antipodal theorem. From this generalization we shall immediately
obtain a continuous version of Theorem 1.1 implying, as in Alon [1], Theorem 1.1 itself.
To formulate our generalization of the Borsuk-Ulam antipodal theorem, we must in-
troduce some more terminology. Let R be the metric space of nonnegative reals with the
natural metric. Given a natural number n, let R, ,, be obtained by taking the product
of Ry with the integer segment [0,n — 1] C N and identifying the points (0,0), (0,1),...,

(0,n — 1) to a single point denoted 0. The metric u on R4 ,, is defined as follows:
and

p((x,4), (y,4) =z +y

forx,y e R4, 0< 4,5 <n—1,and 7 # j. Thus R, ,, is the union of n half-lines with a
common endpoint and equipped with the natural metric.
Given a natural number m, let R, be the product

R"‘,n X R+7n X ... X R.hn

g

m times

with the metric p defined by

m
M((Ilal‘% cee 7$m)7 (91,927 cee 7ym)> = Zu(xz,yz)
i=1

Let O be the point (0,0,...,0) € R™ ., and let Sm=1 be the unit sphere in R, with

the centre at O, i.e. let
Spt={ze R, : pw(z,0) =1},

Let n : [0,n — 1] — [0,n — 1] be the function of taking the cyclic successor, i.e. let
n(i)=(i+1) modn,i=0,1,...,n— 1. Let w: S™! — S™~1 be defined by

w((ml, i1), (z2,42),.. ., (mm,im)> = ((ml, n(i1)), (z2,n(i2)), - - -, (Tm, n(@m))>
We are now ready to state our generalization of the Borsuk-Ulam’s theorem.
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Theorem 1.2. Ifp is a prime and m is any natural number, then for any continuous map
h:Spe=b ™
there exists an x € S;n(p_l) such that
h(z) =h(w(z)) = ... = h(w’ " (2)).

Note that for p = 2, S;T‘(p g naturally homeomorphic to S, the ¢;-sphere in R™*t1,
with the map w on S§* corresponding to the antipodal map on S™. Thus if p = 2, Theorem
1.2 is a reformulation of the Borsuk-Ulam antipodal theorem. In Section 4 (Lemma 4.1),

Sg’b(p—l)

we shall give another description of by defining a triangulation of it.

The rest of the paper is partitioned as follows. In Section 2, we prove Theorem 1.1
using Theorem 1.2; in Section 3, we prove the main lemma needed in the proof of Theorem

1.2, whose proof is given in Section 4.



2. Continuous Splittings

In this section we shall prove Theorem 2.1, which easily implies Theorem 1.1, and is in
fact a continuous version of it. We shall show that Theorem 2.1 follows immediately from
Theorem 1.2. Now, let us introduce the terminology needed to formulate Theorem 2.1.
Let I = [0,1] be the real unit interval. An interval m-colouring is a function from I to the
integer segment [1,m] such that the set of points mapped to 7, 1 < i < m, is (Lebesgue)
measurable. A k-splitting of size r of such a colouring is a partition I = Fy; U ... U Fj
satisfying the following conditions:

(i) There is a sequence of numbers 0 = yp < y; < ... <y, < y,4+1 = 1 such that for each
of the segments (y;,yi+1), 0 < i < r, and each of the sets F;, 1 < j <k, (yi,yi+1) is
either contained in F} or is disjoint from it.

(ii) The measure of the set of points mapped to 4, 1 <4 < m, which are contained in Fj,

1 < j <k, is precisely 1/k of the total measure of the points of the colour i.

Theorem 2.1. (Alon [1]) If p is a prime number, then every interval m-colouring has a

p-splitting of size m(p — 1).

The proof of this result given by Alon uses a generalization of the Borsuk-Ulam antipodal
theorem due to Barany, Shlosman and Sziics [3], and another topological result of Bérédny,
Shlosman and Sziics ([3] Statement A’). We shall show that our new generalization of the
Borsuk-Ulam antipodal theorem is strong enough to imply Theorem 2.1 immediately.

Proof of Theorem 2.1. Let f : I — [1,m] be an interval m-colouring. We shall define a
continuous map h : S;n(p_l) — R™ and apply Theorem 1.2. Let ¢ = m(p — 1) + 1. Given

xr = (fl,fg,...,fq) € S;n(p—l)

where

T = (x4, k;)

1=1,2,...,¢, 2, ER, 0< k; <p—1, let

I=F"UF"u.. .UFY)
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be a splitting of size m(p—1) of f defined as follows. Let 0 = yp <y1 < ... <y,1 <y, =1

be the sequence of reals satisfying

Yi — Yi—1 = Ty,
fori=1,...,q. Note that
q

>ow=

i=1
Let

J@& ={i:1<i<q, k; = s},

and

Fs(w) == U <yi—1;yi>7
icJ®

s=0,1,...,p—1, where (yo,y1) is the closed interval [yo,y1] and (y;_1,y;) is the half-open
interval (y;_1,y;] fori =2,3,...,q. In other words the partition I = Fo(m) UFl(m) U.. .UFIEf)l
is obtained by cutting I into consecutive segments of lengths x1,x2,...,2, and putting
the i-th segment into the set F}gm) Let h(z) = (r1,72,...,7m) € R™ be such that r;,
1 < i < m, is the measure of the set of points contained in Féx) which are mapped to ¢ by
f. Clearly h is continuous.

By Theorem 1.2, there exists x € S;n(p ~Y such that
h(z) = h(w(z)) = ... = h(wP™(z)). (1)

We claim that the partition I = Fo(x) U Fl(w) U...U F;Ei)l is a p-splitting of f. To prove the
claim we shall show that

hw (@) = (e,

r'm

()

0 <j<p-—1, where r;”/, 1 < ¢ < m, is the measure of the set of points contained in

F;Q(O) which are mapped to ¢ by f. This will finish the proof of the theorem since it

follows from (1) that, for 1 <14 < m, we have
7’50) = 7“,51) =...= rgp_l).
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Note that for j = 0,1,...,p — 1 we have

wj(x) = (%1,%2, N ,fq)

where

1=1,2,...,q. Thus

J& @) = {i:1<i<q, (ki) =s}

={i:1<i<q, ki=n(s)} = Jéf)j(sr

Therefore

Féw (x)) _ U (Yk—1,Uk) = Féf)j(ow

and

hw (2)) = (@D o Dy e R™,

This completes our proof.

Note that in Theorem 2.1 we assume that p is prime. Unlike in the case of Theorem 1.2 this

assumption is not essential. Alon [1] has proved that Theorem 2.1 implies the following

corollary which is a generalization of it and that Corollary 2.2 implies Theorem 1.1.

Corollary 2.2. (Alon [1]) For any natural numbers k and m, every interval m-colouring

has a k-splitting of size m(k — 1).



3. The Main Lemma

Our aim in this section is to prove Lemma 3.7 from which we shall deduce Theorem 1.2
in the next section. First, let us introduce some more terminology. If xg,z1,...,x, are
points in R™ such that {x1 — xg, 22 — g, ..., 2 — 20} is a linearly independent set of k
vectors in R™, then we say that these points are affinely independent. Let 0 < k < m, and
Zo,Z1,. .., be affinely independent points in R™. The k-simplex A = (zg, z1,...,xk) is

the following subset of R™:

k k
{:U:Z;Lixi:z,uizl, ui>0}. (2)
i=0 i=0

Since the points zg,z1,...,z; are affinely independent, the reals p;, 0 < @ < k, are
uniquely determined by x and xg,x1,...,z;. We shall call the sum in (2) the barycentric
representation of x with respect to (zg,x1,...,x;). The points xg,...,x) are the vertices

of A; the skeleton of A is the set of all its vertices, and k is the dimension of A. A simplex
Ay is a face of a simplex Aj if the skeleton of A; is a subset of the skeleton of As.

A simplicial complex K is a finite set of disjoint simplices such that every face of every
simplex of K is also a simplex of K. The body | K| of the simplicial complex K is the union
of all its simplices; the complex K is then also called a simplicial decomposition of |K|.

If {x1,22,...,x} is the set of vertices of the simplicial complex K and x € |K]|, then

there are unique reals pi, po, ..., ur such that

k
=1

where p; > 0 for every i =1,2,...,k,

k
Z Hi = 1,
i=1

and the set {z; : u; > 0} is a simplex of K. We shall call the sum (3) the barycentric
representation of x with respect to K, or just the barycentric representation of x if the

complex is clear from the context.



The simplicial complex K’ is a subcomplex of the simplicial complex K if the set of
simplices of K’ is a subset of the set of simplices of K, in particular the set of vertices of
K’ is a subset of the set of vertices of K.

Let w be a continuous function from a subset X of R™ to itself, and k be a natural

0

2., wF 1Y where WV is

number. We shall say that w is a Zg-action if the set {w°, w,w
the identity map on X, is a k-element cyclic group under composition. We shall also say
that such an action is free if for every x € X all the elements x, w(x), w?(z),..., w*~(z)
are different.

Let || - || : R™ — R be the ¢1-norm on R™, namely for z = (21, 22,...,2y) € R™, let

m
lzll =) lail.
i=1

Let
B" ={zeR™:|z|| <1}

be the m-dimensional unit ball and let
S™ = {x c Rt x|l = 1}

be the m-dimensional unit sphere.

Let p be a fixed prime number. For each natural number n, we are going to define a
simplicial complex X, ,, such that | X,, ,| is homeomorphic to the topological space obtained
by identifying the boundaries of p disjoint copies of the ball B®~1"  Also, each of the
complexes X,, , will be equipped with a free Z,-action w. We shall prove that for any
continuous map h : |X,, ,| — R", there exists an z € |X,, p| such that h(z) = h(w(x)) =
.= h(wP ().

Before we define the family of complexes X, ,, let us define the family of complexes

Y, in R®P=1"_ For a given positive integer n and i = 1,...,n, let
zpi=1(0,0,...,0,=1,-1,...,-1,0,0,...,0) € RP-Dn
(p—1)(i—1) p—1 (p—1)(n—1)
and

) ;=1(0,0,...,0,0,0,...,0,1,0,0,...,0,0,0,...,0) € R®=H,

S\

(p-1)(i-1)

v~

1 p—?—l (pflsr(n*i)



forj=1,2,...,p—1. Set
EJ:{%#j:Oﬂw”m—lk

i=1,...,n, and let U?:l T, be the set of vertices of Y, ,,. Let T be the skeleton of a

simplex of Y, ,, if and only if for every i = 1,...,n we have
TNT,;|<p-—1. (4)

The elements of Y,, , are indeed simplices since for any set 1" satisfying (4), the elements
of T are affinely independent.
Our aim now is to show that Y, , is a simplicial decomposition of a subset of R(P~1)"

which is homeomorphic to the sphere S®=17=1  Let us first prove the following lemma.
Lemma 3.1. Y, , is a simplicial complex.

Proof. To prove that Y, , is a simplicial complex it is enough to show that the simplices
of Y, , are pairwise disjoint. Let A; and A be a pair of distinct simplices of Y, ,, and
suppose that there is an a € A; N As. Let T7 and T be the skeletons of A; and A,

respectively. As a € Ay we have
n p—1 '
a=Y " i, (5)
i=1 j=0

where p;;, >0,1<i<n,0<j5<p-1,

n p—1

D> =1

i=1 j=0
and
fﬂ:{%dﬂgigmogjgp—Lum>O}
Analogously, as a € Ay we have
n p—1
a= Z Z M;gxfm (6)
i=1 j=0
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Wherelu'lL,jZOa1§2§n70§j§p_17

n p—1

Z Z/‘L;,] = 17
i=1 j=0
and

T={al, i 1<i<n, 0<j<p—1, 4, >0}.

Thus, (5) and (6) are the barycentric representations of a with respect to A; and As
respectively. Since Ay # Ag, we have T7 # T3, and thus there are ig and jg, 1 < ig < n,
0 S jO S b— 17 such that Hio,jo 7& /’1‘;:07]'0.

Assume a = (a1,az,...,0p-1)) € R®=D7 and let

b= (bb cee bp—l) = (a'(p—l)(io—l)+17 A(p—1)(ig—1)+27 - - 7a'(p—1)i0)

be the image of @ under the projection onto the iyp-th component of R®—Dm = RP—1 x . x

RP~!. We have
p—1 . p—1 .
b= Z Nio,szl,io = Z M;Jo,j'rzl,io'
§=0 §=0
We shall obtain a contradiction by showing that p;, ; = ,u;m ;;0<j<p-1
By the definition of Y}, ,, not all of p;, j, 0 < j < p—1, can be positive since A; is a
simplex of Y}, ,, and hence
Mig,0 = —min {0,b1,b2,. .., by 1},
and
fig,j = bj + Hig 0,
for j =1,...,p—1. Analogously, since A is a simplex of Y,, ;,, not all of Mgg,jv 0<7<p—1,
can be positive and we have
Ngo,o = —min {0, b1,b2,...,bp_1},
and
/ /
Mig.5 = bj + Ky 05
for j=1,...,p—1. Thus p;, ; = p, j, 7 =0,...,p— 1, as required. O
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Let X,, , be the subcomplex of Y;, 11, such that 7" is the skeleton of a simplex of X, ,,
if and only if

T A g1 | < 1.

Now, we are going to prove that |Y,, ,| is homeomorphic to S®~U"=1 which implies that
| X.p| is homeomorphic to the topological space obtained by identifying the boundaries of
p disjoint copies of the ball B(P—1".

In the proof we shall need the following two lemmas. Let K be a simplicial complex
and let x be a vertex of K. We say that K is an x-cone if for every simplex A of K with
skeleton T, say, T'U {x} is also the skeleton of a simplex of K. Furthermore, for an z-cone
K let K’ be the simplicial complex such that A is a simplex of K’ if A is a simplex of K
and z is not a vertex of A. Then, we shall say that K is an z-cone over K’'. Lemmas 3.2

and 3.3 clearly hold.

Lemma 3.2. If K is an z-cone over K', and |K’| is homeomorphic to the sphere S¥ or to

the ball B*, then |K| is homeomorphic to B¥*1. O

Lemma 3.3. Let K1 and Ky be simplicial complexes such that |K1| and |Ks| are both
homeomorphic to the ball B¥*1 K| U K, is a simplicial complex and |K; N K| is homeo-

morphic to the sphere S¥. Then |K; U K»| is homeomorphic to the sphere SF+1. O

We can now prove the following lemma.
Lemma 3.4. |Y,,,| is homeomorphic to SP~Hn—1,

Proof. We shall use induction on n. For n = 1, |Y,, ,| is the boundary of a (p — 1)-
dimensional simplex so Y, ,, is homeomorphic to SP~2.

Given n > 1, assume that |Y,,,| is homeomorphic to S®=1D"=1  Let Yn(%), a =
(@)

n,p’

0,1,....,p—1,and Y. a=0,1,...,p—2, be subcomplexes of Y;,; 1, defined as follows.

Let
{‘ri—kl,i:i:l?"‘?n? jzoa--~,p—1}U{$gH_1’n_H:jIO,...,a}
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be the set of vertices of both YTEC;) and Y( ) Let T be the skeleton of a simplex of Y,E p) if

and only if
‘Tﬂ{xfﬁlﬂwl :ij,...,aH < aq,

and A be a simplex of ?(a) if and only if A is a simplex of Y, 41 ,. Note that Y(f;_l) =

Y, +1,p. We shall show that |Y( )\ is homeomorphic to the ball BP—Vn+e o =0,... p—2,
and ]Yn(f);,)\ is homeomorphic to the sphere SP—Dn+ta=1 o — (. . . p—1, thus in particular
that |Y;, 41| is homeomorphic to SP=D(+1=1"We shall use induction on a.

Let us consider the case a = 0. Clearly, ?(0) is an 10 +1.n41-Cone over Y, ,. Hence, by
Lemma 3.2, |Y( ) p| 18 homeomorphic to B®P=1" since |V, ,| is homeomorphic to SP—Hn—1,

|Y(SD) is homeomorphic to SP~H7~1 gsince Y,§p> =Y,

Given a, 0 < a < p — 3, assume that |Y p] is homeomorphic to B®~Dn+a  Clearly,
77(3: ) is an x%ﬁ ny1-cONE Over wa), Hence, by Lemma 3.2, ]Y(aJr )\ is homeomorphic

to B(P—Dntetl gince |Yna1),\ is homeomorphic to BP~Y7+e  Thus, we get that |7£La;| is
homeomorphic to BP~Dte for all a = 0,...,p — 2.

Now, given «, 0 < a < p — 2, assume that ]Y,S?{,)| is homeomorphic to SP—Dnta-1,
Let K be a subcomplex of Y,Ef;frl) with the same set of vertices and such that 7' is the

skeleton of a simplex of K if and only if

‘Tﬂ{xf;Jrl’n_Fl:j:O,...,ozH <.

We claim that |K| is homeomorphic to the ball B(P~H7+e  Indeed, K is an xﬁiiwﬂ—
cone over Y%, Thus, by Lemma 3.2, |K| is homeomorphic to BP—Dn+e gince [ViY)| is
homeomorphic to SE-Hnta—1,
Now, observe that
vt = v U K

and

(a)

Y, NK= Y(O‘)

Thus, by Lemma 3.3, |Y(a+1)| is homeomorphic to S~ +e gince \Y | and | K| are both

homeomorphic to BP~1n+e and |Y( ) N K| is homeomorphic to S~ 1)”+a L. Therefore,
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|Y7§3‘,)| is homeomorphic to S®=Dn+e=1 for all a = 0,...,p — 1 and the lemma is proved.

0J

By using Lemmas 3.2 and 3.3, it is straightforward to verify that | X, ,| is homeomor-
phic to the topological space obtained by identifying the boundaries of p disjoint copies of
the ball BP—Hn,

Let us now define a free Z,-action w, on the complex Y, ,. Assume that y € |Y,, ,|

has the following barycentric representation:

n p—1

Y= Z Z Nzxiz

i=1 j=0

Then set
n p—1

waly) =Yy p TP

i=1 j=0

Note that if xﬁL ; 1s a vertex of Y,, ,,, then

Jj \ _ ,.(j—1) modp
) - xn,i :

The map w, is clearly a Z,-action; moreover we have the following lemma.
Lemma 3.5. The map w, is a free action.

Proof. Since p is a prime, it is enough to show that w,(y) # y for all y € |Y;, ,|. Suppose
thereis ay € |Y,, ,| such that w,, (y) = y. Let T be the skeleton of the simplex A containing
y, and let T}, ; have a nonempty intersection with 7'. By the definition of Y,, ,, T NT,, ;
has at most p — 1 elements. Since p is prime, w(T)N T, ; = w(T'NT, ;) # T NT, ;. Hence
the simplices of Y}, ,, containing y and w(y) are different. This contradiction completes the

proof of the lemma. O

Note that w,; restricted to the complex X, , is a Zp-free action on X, ,. In the

sequel, we shall drop the subscript from w,, when the domain is clear from the context.
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Let My and M5 be two metric spaces and let oy, s : M7 — Ms be continuous maps.

If

H : M; x[0,1] — M>

is a continuous map such that

H(z,0) = aj(x)

and

H(z,1) = as(x),

for all x € My, then we say that H is a homotopy from a; to as. If there is a homotopy
from ay to a constant map, then we say that aq is null homotopic. 1If 0 is a free action on
the sphere S* and « is a map from S* to S¥, then we say that « is equivariant with respect
to 6 if €00 = 0 o a. The following lemma ([8] Theorem 8.3, p.42, and [3] Lemma 2) will

be needed in the proof of the main result of this section, Lemma 3.7.

Lemma 3.6. Suppose that k > 1, p > 2, and we are given a free Z,-action on the sphere

S*. Then there is no equivariant map o : S* — S¥ which is null homotopic. O

The following lemma is analogous to the generalization of the Borsuk-Ulam antipodal
theorem due to Barany, Shlosman and Sziics. The difference is in the definition of the

action w, and the proof given here is more elementary as well.

Lemma 3.7. For any continuous map h : | X, ,| — R", there exists an = € |X,, ,| such

that h(z) = h(w(x)) = ... = h(wP~(z)).

Proof. Suppose there is a continuous map h : |X,, | — R™ such that for no =z € |X,, ,|
we have h(z) = h(w(z)) = ... = h(wP~1(x)). We shall get a contradiction with Lemmas
3.4 and 3.6 by obtaining a map « : |Y;, p| — |Y,, p| equivariant with respect to w and null

homotopic.
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Let us first define a map f : | X, | — |Ynp|. For x € | X,, |, assume

WP~ (@) = (7R,
Fori=1,...,n,set r; = min{r% ..., 7"~ '} and let
n p—1 .
=350
1=1 5=0

By our assumption about A, r > 0 and hence we can set s/ = (1! —r;)/r. Let f(x) be

defined as follows:
n p—1

flay=2_ > sla) ;.

i=1 j=0
Sinceforalliandj,1§i§n70§j§p—1,vvehavesg > 0 and

p—1

n
Z sgzl,

i=1 j=

to show that f(x) € |Y,, | it is clearly enough to show that
T={a),:1<i<n 0<j<p—1, s >0}

is the skeleton of a simplex of Y,, ,. But we indeed have that |TN T, ;| < p — 1 for every

. . . —1 —1
i=1,2,...,n, since 7; is one of 70, ..., 7’7" and hence at least one of s?,..., s’ must

1 8
be equal to 0.
Let a be the restriction of f to |Y, ,|. We shall show that « is equivariant with
respect to w. Let z € |Y,, »| and assume that a(z) € |Y,, | has the following barycentric

representation:
n p—1

az) = Z Z 83333”

i=1 j=0
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By the definition of w, we have that
n p—1
S£J+1) mod pj (7)

w nz'

=1 7=0

Assume that o(w(z)) € |Y,, p| has the following barycentric representation:

n p—1
ofle)) = 355, ©
=1 j=0
From the definition of f it follows that
—j _ (j+1) mod p

fori=1,...,nand 7 =0,...,p— 1. Therefore (7) and (8) imply that w(a(z)) = a(w(z)),
and « is equivariant with respect to w.

To finish the proof of Lemma 3.7, it is enough to show that « is null homotopic.
We shall define a homotopy from « to a constant map using the extension f of a. Let
H : Y, | x[0,1] — |Y,, ,| be defined as follows. We can regard Y, , as a subcomplex of

Xp,p via the mapping of :z:n onto $n+1 , (1<i<n, 0<j<p-1). Forye|Y,,| with

i
the following barycentric representation
n p—1

=22 mw

1=1 5=0

let
n p—1

Zzﬂ“z n—l—lz

1=1 5=0
be the copy of y in | X,, ,| under the above identification. Given t € [0, 1], set

n p—1
Z Z(l —t)y" + t$2+1,n+1
i=1 j=0
Thus
H(y,0) = f(y") = aly),
and

H(y,1) = f(x(r)z—i-l,n—l—l)

for all y € |Y,, |- So H is a homotopy from « to a constant map proving that « is null

homotopic. O
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4. Proof of the Generalization of the Borsuk-Ulam Theorem

In this section we are going to prove Theorem 1.2. We shall define an equivariant map
¢ [ X p| — Syt~

and apply Lemma 3.6.
Given a positive integer m, let ¢ = (p — 1)m + 1 and let Z,, , be the subcomplex of

the simplicial complex Y, ,, such that 7' is the skeleton of a simplex of Z,, ,, if and only if
TNT,: <1

for every i = 1,...,q. It is clear that if we restrict the action w on Y, , to Z,, ,, we get a
free Z,-action on Z,, ,. We shall denote it also by w.

We shall define the function ¢ as the composition of two equivariant maps
fy: |Xm’p| - |Zm7p|7

and

9| Zmpl = S;n(pil)-

The map g is easy to define because there is a straightforward equivariant map from
| Zm.p| tO S;n(p =Y which happens to be a homeomorphism. The hard part is to define the

function ~.
Lemma 4.1. There exists a homeomorphism

g: |Zm,p| - S;n(p_l)

which is equivariant with respect to the action w on |Z,, ,| and w on S;n(pfl).

Proof. The map g we are to define has to satisfy g o w = w o g where w acts on |Z,, ,| on
the left-hand side and on Szl(p Y on the right-hand side. Let z € | Zm,p| have the following

barycentric representation with respect to Z,, ,:

p—1

_ Jd
r = E i T ;-

=17

Il
=
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It follows from the definition of Z,, , that for every 7, 1 < i < g, there is at most one j,

0 <j <p-—1, such that ,ug > 0. Set

g(l‘) - ((M{17j1)7 (Mé27j2)7 ey (ngujq)> € Ri,p

Whereji,lgigq,issuchthatug:0forallj7éji,0§j§p—1.

Since
q .
i=1

we have g(z) € S;n(p D 1t is straightforward to verify that ¢ is a homeomorphism and

that g ow = w o g. Thus the lemma is proved. O

Before we define the function 7, we need some more preliminary lemmas. Given a prime
p, let
P = 207710\ {0, [0,p — 1]}

be the set of all subsets of [0,p — 1] C N which are nonempty and different from [0, p — 1].
Let n: [0,p — 1] — [0,p — 1] be the function defined in Section 1; n(i) = (i + 1) mod
p and let © : P — P be defined by

O(A) ={n(a) :a € A}.

We are going to define a function ¢ : P — [0,p — 1] satisfying

If A€ P, then set

1EA
and let
Ba = {€(A),£(0(A)),£(0%(A)),...,£(0P7H(A))} .

The following lemma holds.
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Lemma 4.2. B4 contains p different numbers.

Proof. Suppose that £(07(A)) = £(©71%(A)) and 1 < k < p — 1. Since p is a prime, k is
relatively prime to p, and hence £(A) = £(©(A)). But this is possible only when A = () or
A =10,p—1]. Since 1 < |A| < p — 1, the resulting contradiction finishes the proof of the

lemma. ]

We can now define ¢. Let

where 7 is such that

£(©7(A)) = max(B,).
By Lemma 4.2, ¢ is well defined; also we have the following lemma.

Lemma 4.3. The function ¢ is such that for all A € P we have

Proof. We have

where j satisfies

We also have

where j’ satisfies
£(07(6(4))) = max(Bea)).
Since Bg(a)y = Ba, we have j' = (j — 1) mod p and hence

p(0(A)) = n~7" (max(67(4))) = n(p(4)).

Thus the proof of the lemma is complete. O
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We are now going to define the quasi barycentric subdivision X, =~ of X, ,. Let A;,

m,p

1 <7 <m+1, be the set of simplices A of X, , such that the vertices of A are contained

in Tppt1,. If A= (z0,...,2) is a simplex, then let
1k
CA = k:——l—l ;ﬂfi
be the barycentre of A. Let )
{CA A€ ”Ej Ai}
i=1

be the set of vertices of X, . Let T" be the skeleton of a simplex of X,  if and only if

for every i, 1 <7 < m + 1, we have
{ecan€eT:Ae A} ={ca,,---sca,}
where A; is a proper face of A; 11, 1 = 0,1,...,k — 1. It is straightforward to verify the

following lemma.

Lemma 4.4. X,  is a simplicial decomposition of | X, p|. O

We shall define 7y : | X, | — |Zy | on the vertices of X7, , first. The map v restricted
to the vertices of X,  will take its values in the set of vertices of Z,, ,. Given a vertex

ca of X let i, 1 <i<m+1, be such that A € A;. Let T be the skeleton of A and

m,p
A:{j:ogjgp—L xf;HLiET}.
By the definition of X, ;,, we have
1<[A[<p-1
if 1 <i<m, and
A =1
ifi =m+ 1. Set

e
vea) =27 1y —1)414] -

We shall now show that v maps skeletons of simplices of X{nm to skeletons of simplices of

Zmp-
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Lemma 4.5. If(ca,,-..,ca,) Is a simplex of X, ., then (y(ca,),---,7v(ca,)) Is a simplex

m,p’
of Zp, p-
Proof. Assume that (ca,,...,ca,) is a simplex of X, , and

for i = 0,...,k. By the definition of Z,, ,, to prove that (z39. ,...,zg%, ) is a simplex of

Zm,p We have to show that all rg,...,r, are distinct. Suppose r; =7, and 0 < j < £ < k.

There is exactly one ¢ and one s, 1 <i<m+1,1 < s <p—1, such that
ry=re=(p-1(-1)+s
Hence, by the definition of v, we have
cay,ca, € A

and

T3 = Te| = s

where T and T} are skeletons of A; and Ay respectively. This contradicts the definition
of X;n’p since, according to this definition, A; is a proper face of Ay. Thus the lemma is

proved. ]

We now extend « linearly to |X,, |. If z € (cay,...,ca,) € X, ; has the following

ol

barycentric representation

k
= E TN
=0

then let

k
Y(w) = pivlea,).
i=0
Lemma 4.6. The map -y is equivariant with respect to w.

Proof. We have to show that for every x € |X,, ,| we have

Y(w(x) = w(y(x)).
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It is enough to prove this equality for x being a vertex of X{n’p. Let x = ca be the

barycentre of A € A;, let T be the skeleton of A and set
A= {j:Ogjgp—l, xfnﬂ,iET}-

If w(ca) = car, then by the definition of w, we have A" € A;. If T" is the skeleton of A’,
then

{j:OSJ <p-—1, xznﬂ,z' ET/} =06(4).

Therefore we have

_e(e(4))
Y(@(@) = 27 (1) 4o (a)) -

Since |O(A)| = |A| and p(O(A)) = n(¢(A)), we have

A
Yw(@)) =2l = w((@)

as required. H
We are now ready to prove Theorem 1.2.

Proof of Theorem 1.2. Let h : S;n(p_l) — R™ be a continuous function. Let g : |Z,, ,| —
S;n(p Y be a homeomorphism satisfying gow = wo g (see Lemma 4.1). Let us consider
the function

hogo~y:|Xmpl — R™.
By Lemma 3.7 there exists y € | X,, | satisfying
hogon(y)=hogoy(w(y)) =...=hogoy(w ' (y)).
Let © = g oy(y). Since g o y(w(y)) = w(z), we have
h(z) = h(w(z)) = ... = h(w’™ (),

and the proof of Theorem 1.2 is complete. O
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5. Concluding remark

Although our proof of Theorem 1.1 is much more combinatorial than the original one given

by Alon [1], it is still based upon a result from algebraic topology. It would be desirable to

find a purely combinatorial proof. Probably the way to give such a proof would be to find

a purely combinatorial proof of our generalization of the Borsuk-Ulam antipodal theorem

(Theorem 1.2). Recall that the Borsuk-Ulam theorem has a purely combinatorial proof

which perhaps could be generalized.
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