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Theorem (uniform space subspace product).

Each uniform space is uniformly isomorphic to a subspace of a product of pseu-
dometric spaces. A uniform space with separating uniformity is uniformly iso-
morphic to a subspace of a product of metric spaces.

Proof. Let (X, 2) be a uniform space.
o Let & be the family of all uniformly continuous pseudometrics on X.
e For each d € 2, let (Yy, d) be the pseudometric space, where Yy = X.

o Let Y = [[{Ya:d e £} be the uniform space with the product unifor-
mity.

o Let f: X — Y be defined by f(z) = (ya)yecz, Where yq = x for each
de 2.

e [t is clear that f if injective.

e We show that f is a uniform isomorphism onto f[X] (relative to 2 and
the subspace uniformity 2’ on f[X] inherited from the product uniformity
onY).

— For each d € &2, let 94 be the uniformity on Y; = X that is induced
by d.

— For each d € &, the composition 74 o f is uniformly continuous
relative to Z and 9,4, where my : Y — Y is the projection.

x mgo f: X — Yy is the identity function X — X.

* Since the pseudometric d is uniformly continuous relative to 2,
it follows that mg o f is uniformly continuous relative to 2 and

Dq.



— Let 9" = {f*l[D’] D' e 9/}.
— Since f is uniformly continuous relative to 2 and 2/, it follows that
2" C 9.
— Note that g0 f : X — Yy is uniformly continuous relative to 2"
and %,.
It suffices to show that f : X — Y is uniformly continuous relative
to 2" and the product uniformity on Y.
* Let D be a member of the product uniformity on Y.
% Then D' := D N (f[X] x f[X]) is a member of Z'.
% It follows that f~'[D] = f~'[D'] € 9".

— Since Z is the weak uniformity on X induced by the family {(Z4,mq 0 f),d € £},
it follows that 2 C 9”.

— Thus 2 = 2" and so f is a uniform isomorphism onto f[X].

e Assume that Z is separating.

e For each d € &, let Z; be a subspace of X obtained by selecting exactly
one element from each equivalence class of the equivalence relation ~4 on
X defined by z ~g y iff d(z,y) = 0.

e For cach d € 2, let 2, be the uniformity on Z; induced by the metric d.
o Let Z=][{Zs:de £} be the product uniform space.

e Let g: X — Z be defined by g(z) = (24 : d € &), where z4 is the unique
element of Z; such that zg ~4 .

e Since Z is separating and since Z is induced by £, it follows that if
z,y € X are distinct, then there is d € & with d(z,y) > 0.

Let z,y € X be distinct.
Since ¥ is separating, there is D € & with (z,y) ¢ D.

Since 2 is induced by £, there exists finite nonempty 42’ C 4 such
that ({Dgq:d € £’} C D, where Dy is a member of the uniformity
on X that is induced by d for each d € &',

— For each d € &' let ¢4 > 0 be such that d(w, z) < g4 implies that
(w, z) € Dy for any w, z € X.

— Since (z,y) ¢ D, it follows that there is d € &’ such that d(z,y) > 4.
— Thus we have d € & with d(z,y) > 0.

e Thus g is an injection.



e We show that ¢ is a uniform isomorphism onto g[X] (relative to 2 and
the subspace uniformity & on g[X] inherited from the product uniformity
on 7).

— For each d € &, let 9, be the uniformity on X that is induced by
the pseudometric d.
— Note that ) = P40 (Zq X Zg).

— We show that for each d € &, the composition 74 o g is uniformly
continuous relative to 2 and 2, where nq : Z — Z is the projection.

Let d € & be fixed.
For each = € X, denote 4 := (7140 g) (x).
Let D’ € 2/, be arbitrary and define

D :={(z,y) € X x X : (xq,y4) € D'}.
It remains to show that D € 2.

*

*

*

*

- Since the pseudometric d is uniformly continuous relative to
2, it follows that 9; C 2. Thus it suffices to show that
D € 9.
- Since D' € ), there is € > 0 be such that for any w, z € Z
with d(w, z) < € we have (w, z) € D".
- Let D" := {(z,y) € X x X : d(z,y) < e}. Note that D" €
Da.
- If (z,y) € D, then d(zq4,yq) = d(x,y) < € s0 (xq,yqa) € D',
which implies that (z,y) € D.
- Since D" C D and D" € 9y, it follows that D € %4.
— Let # = {§7'[E]: E€ &}.
— Since ¢ is uniformly continuous relative to 2 and &, the definition
of Z implies that # C 9.

— Note that mgog: X — Z; is uniformly continuous relative to .# and
2, for each d € 2.

x For each d € &2, the projection 7y is uniformly continuous rela-
tive to the product uniformity on Z and 2.

x Thus, it suffices to show that g : X — Z is uniformly continuous
relative to .# and the product uniformity on Z.

* Let D be a member of the product uniformity on Z.
* Then F := DN (g[X] x g[X]) is a member of &.
x It follows that g~![D] = g~ '[E] € Z.
— Since Z is the weak uniformity on X induced by the family {(Z2/, 740 g),d € 2},
it follows that ¥ C .#.

— Thus 2 = .% and so ¢ is a uniform isomorphism onto g[X].



Exercise (completely regular subspace product).

Let (X, 7) be a topological space. Prove that X is completely regular if and
only if it is homeomorphic to a subspace of a product of pseudometric spaces.
Solution. Let A be aset and (X,,d,) be a pseudometric space for each « € A.

e Then X, is completely regular for each oo € A so X' := [[{X4:a € A}
is completely regular.

e If X is homeomorphic to a subspace of X', then X is completely regular.
Now assume that (X, 7) is a completely regular topological space.
o Let A be the set of all continuous f : X — [0, 1].

e Let Z := X x[0,1] and let d be the pseudometric on Z given by d({(z, a) , (y,b)) =
|a — b.

e Let ¢ : X — Z4 be defined as follows:
— If x € X, then let p(z) : A — Z be such that p(z)(f) = (z, f(x)) for
every f € A.

Hint: Show that ¢ : X — ¢[X] is a homeomorphism.

Exercise.

Theorem (uniformity completely regular).

Let (X, 7) be a topological space. There exists a uniformity 2 on X that induces
the topology 7 if and only if 7 is completely regular. It follows that there exists
a separating uniformity on X that induces 7 if and only if 7 is Tychonoff.

Proof. Assume that there exists a uniformity 2 on X that induces the topol-
ogy T.

e Then (X, 2) is uniformly isomorphic to a subspace X’ of a product ¥ :=
[1{Xa : @ € A}, where X, is a pseudometric space for each a € A.

e Let 7, be the topology on X, induced by the corresponding pseudometric.

e Since 7, is completely regular for each a € A, it follows that the subspace
topology on X’ induced by the product topology on Y is also completely
regular.

e Thus 7 is completely regular.

Assume that 7 is completely regular.



The exercise above implies that X is homeomorphic to a subspace X’ of
a product YV := [[{X,: a € A}, where X, is a pseudometric space for
each a € A.

Let 2’ be the relative uniformity on X’ that is induced by the product
uniformity on Y.

Let 9 = {ﬁ_l[D] :D e @’}, where h: X — X’ is a homeomorphism.

Then 2 is a uniformity on X that induces 7.

— Note that h : X x X — X' x X' is a bijection such that for any
D C X x X we have h[D] € 2’ if and only if D € 2.

— Let 7/ be the subspace topology on X’ inherited from the product
topology on Y. Then 7’ is induced by the uniformity 2’ on X'.

— Since for any U C X, we have U € 7 if and only if h[U] € 7/, it
follows that 2 induces 7 on X.

x Let © € X. We show that {D[z]: D € 2} is a nbhd base at z,
relative to 7.

« If D € 9, then h[D] € 2’ so h[D][h(z)] is a nbhd of h(z) with
respect to 7.

* It follows that h=! [h[D} [h(m)ﬂ is a nbhd of = with respect to 7.

+ We show that /! [h[D] [h(:z:)]} = D[]

The following are equivalent:
-y € A D] h(@)]

- h(y) € h{D)ih(),

- (h(@), h(y)) € hID],

“{z,y) €D,

-y € D[x].
« It follows that D[z] is a nbhd of z with respect to 7.
% Let U be any nbhd of = with respect to 7.
% We show that there is D € 2 with D[z] C U.

- h|U] is a nbhd of h(z) with respect to 7/, so there is D' € &’
with D'[h(z)] C h[U].
- Let D € 2 be such that D’ = h[D].
- As proved above, we have h™1[D'[h(z)]] = D[z].
- If y € D[x], then h(y) € D'[h(z)] € h[U] so y € U.
- Thus D[z] C U.
% Thus {D[x] : D € 2} is a nbhd base at z, relative to 7.



Cauchy net.

Let (X, 2) be a uniform space and (2, : « € I) be a net in X. We say that the
net (x4 : a € I) is Cauchy (2-Cauchy, Cauchy relative to 2) iff for each D € 2
there exists v € I such that (z,2g) € D for every a, 5 > 7.

(1) Assume that 2 is induced by a pseudometric d on X.

e We say that a net (x, : € I) in X is d-Cauchy iff for every ¢ > 0, there
is v € I such that d(z,x3) < € for every o, > 7.

e Then (z, : « € I) is d-Cauchy if and only if it is 2-Cauchy.

— Assume that (z, : « € I) is d-Cauchy.

— Let D € 9. We show that there exists v € I such that (zq,25) € D
for every «a, 8 > 7.

x There is € > 0 such that (x,y) € D for any x,y € X with
d(z,y) < e.

* Let v € I such that d(xq,z3) < ¢ for every a, 5 > 7.

% Then (zo,x5) € D for every o, § > 7.

— Assume that (2, : a € I) is 2-Cauchy.

— Let € > 0. We show that there exists v € I such that d(zq,zg) < &
for every a, 8 > 7.

x Let D = {{x,y) € X x X : d(x,y) <e}. Then D € 2.
% There exists v € I such that (z,,x3) € D for every a, 5 > 7.
* Thus d(zq,z8) < € for every a, 5 > 7.

(2) Given a directed set I, assume that I x I has the product direction, that
is let (o, B) < {v,0) iff « <~ and 8 < ¢ for any «, 3,7,9 € I.

e A net (z,:a€l)in X is P-Cauchy if and only if for every D € & the
net ((zq,x8) : (o, 8) € I x I) is eventually in D. (There is (v,0) € I x I
such that (x4, zg) € D for all (a, 5) > (v,0).)

— Assume that the net (z, : a € I) is 2-Cauchy.
« Let D € 9. There is v € I such that (z,,z3) € D for all
a,B>7.
« Then (y,7) € I x I and (x4, zg) € D for all (o, 8) > (v, 7).
— Assume that there is (7,d) € I x I such that (z,,z5) € D for all
(o, B) = (7,0).
* There is £ € I such that v, < &.
* Then (z4,25) € D for all o, § > €.
* Thus the net (z, : a € I) is Z-Cauchy.



(3) Anet (z4:a€l)in X is Z-Cauchy if and only if there exists a subbase .
for 2 such that for every S € . the net ({(zq,x3) : (o, 8) € I x I) is eventually
in S.

Proof. Assume that the net (z, : o € I) is Z-Cauchy.
e Then . := & satisfies the requirements.

Assume that there exists a subbase . for & such that for every S € .% the net
((xa,z8) : (o, B) € I x I) is eventually in S.

e Let D e 9.

e We show that there exists v € I such that (z,,x5) € D for every o, 8 > 7.

— We can assume D # X x X.
— Let " C . be finite, nonempty and such that (|’ C D.

— For each S € ., there is vg € I such that (z,,zg) € S for every
a,B > 7s.

— Let v € I be such that vg < v for every S € .%’. Such ~y exists since
" is finite and [ is directed.

— If a, 8 >, then (z4,25) € D as required.

(4) Let & be a family of pseudometrics on X such that 42 induces the uni-
formity . Then a net (z4 : @ € I) in X is Z-Cauchy if and only if for every
d € & the net (d(zq, ) : (o, f) € I x I) converges to 0.

Proof. Assume that (z, : a € I) is a Z-Cauchy net in X.
o Letde . Let € > 0.

e We show that there exists v € I such that d(z.,z3) < € for every o, 5 > 7.

— Let D := ({z,y) € X x X : d(z,y) <¢). Then D € 2.
— There is v € I such that (x4, x) € D for every a, 5 > 7.
— Thus d(zq,zg) < € for every «, § > v as required.

Assume that for every d € & the net (d(zqa,23) : (o, 5) € I x I) converges to
0.

o Let D e 9.

e We show that there exists v € I such that (z,,zg) € D for every o, 5 > 7.

— We can assume that D # X x X.



— There is finite & C & and ¢4 > 0 for every d € £’ such that
N{D4:d e P} C D, where

Dg={(z,y) € X x X : d(z,y) <eq}
for every d € &'.

— For each d € &', let 74 € I be such that d(zs,z3) < €4 for every
a, B > 7a.
— Let v € I be such that v > ~4 for each d € £2'.

— If a,8 > 7, then (x4, x5) € Dy for every d € P’ so (z4,23) € D as
required.

Theorem (convergent net is Cauchy).
Let (24 : « € I) be a net in a uniform space (X, 2). If (2, : a € I) converges
in the topology on X that is induced by 2, then it is Z-Cauchy.
Proof. Assume that (z, : a € I) converges to z € X.
e Let De 9.
e Let F € Z be symmetric and such that EFo E C D.
e There is v € I such that z, € E[x] for every a > 7.

o If o, > ~, then (z,z,) € E and (x,z3) € E, which implies that
(zoq,z8) € EcECD.

e Thus (z, : @ € I) is Z-Cauchy.

Theorem (Cauchy net converges cluster).
Let (x4 : o € I) be a net in a uniform space (X, 2). If (z4 : « € I) is Z-Cauchy
and has a cluster point z € X, then it converges to x in the topology induced
by 2.
Proof. Let D € 2.

e Let £ € & be such that Eo E C D.

e There is v € I such that (z,,zg) € E for every «, 8 > 7.

e Since z is a cluster point of (z, : @ € I), there is 6 € I be such that § > ~
and x5 € Elx].

o If o > 4, then (zs5,2,) € E.
e Since (z,xzs) € E, it follows that (z,z,) € Eo E C D, so x4 € D[z].

e Thus (z, : « € I) converges to .



Complete uniform space.

Let (X, 2) be a uniform space. We say that the space is complete (or that 2
is complete) iff every Z-Cauchy net converges to some = € X in the topology
induced by 2.

Theorem. Assume that 2 is induced by a pseudometric d on X. Then (X, 2)
is Z-complete if and only if every d-Cauchy sequence in X converges to some
x € X with respect to the topology on X that is induced by & (which is the
same as the topology induced by d).

Proof. Assume that (X, 2) is Z-complete.

e Let (2, : n € N) be a d-Cauchy sequence in X. It follows that (z,, : n € N)
is Z-Cauchy. Thus (z, : n € N) converges to some z € X.

Assume that every d-Cauchy sequence in X converges.
e Let (24 : a € I) be a net in X that is Z-Cauchy.

e We find z € X such that (z, : @ € I) converges to x.

— For each n € N, let
D, ={{z,y) € X x X :d(z,y) < 1/n}.
Then D,, € 9.
Let ay € I be such that (z,,zp) € D; for every a, 8 > .

Suppose n > 1 and a,, € I is defined. Define a,,41 € I to be such
that ap41 > @y and (Tq, xg) € Dypyq for every a, 8 > apyi.

— The sequence (4, : n € N) is d-Cauchy.

* Let € > 0.

x Take n € N such that 1/n < e.

* If m,k > n, then am, ap > ay 50 d(Ta,,, Ta,) < €.
— There is z € X such that (z,, : n € N) converges to x.

— We show that the net (x, : o € T) converges to x.

* Let € > 0.

* Let n € N be such that 2/n < ¢ and d(z,,,,2) < /2.

* If @ > ay, then d(zq,zq,) < 1/n <e/2s0 d(zq,7) < €.
* Thus the net (z, : a € I) converges to x.



Example (topological group uniformity).
Let (G, 7) be a topological group. For each nbhd U of the identity e of G, let
Up={(z,y) eGxG:a"lyeU}
and
Up={(z,y) eGxG:ay t €U}
Let £ = {UL : U is a nbhd of e} and #' = {Ugr : U is a nbhd of e}.
e Then each of ¥’ and %’ is a uniformity base on X.

e Let .Z and Z be the uniformities on G that are induced by %’ and %',
respectively. We call .Z the left uniformity of the topological group, and
Z is called the right uniformity.

e Then .Z induces the topology 7 and the same is true for Z.

Let G be the set of all real-valued functions on R that are of the form
g(x) = ax + b for some a,b € R with a # 0.

e Then G is a group under composition.

Let & = {B. : € > 0} be a family of subsets of G, where B, consists of those
g € G that are of the form g(x) = ax + b with |a — 1] < e and |b] < e.

e There exists a topology 7 on G making it a topological group such that
A is a nbhd base at the identity of G.

o Let £ and Z be the left and right uniformity of G.
e In this case, we have .Z # Z.
Exercise.

e There does not exist an invariant metric d on G that induces 7. (A metric
d on G is invariant iff

d(g,h) = d(fog,foh)=d(go f hof)
for every f,g,h € G.

Exercise.
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