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Lemma (continuous pseudometric).

Let X be a set and (D, : n € N) be a sequence of symmetric reflexive relations
on X such that D; = X x X and

Dn—i—l © Dn+1 o D7L+1 C Dn
for each n € N. Then there exists a pseudometric d on X such that
D, C{(z,y) e X x X : d(z,y) <27 "} C D,

for each n > 2.

Proof. Note that D; D Dy D ...

e Define f : X x X — [0,00) by f(z,y) = 27", where n is the smallest
element of N with (x,y) ¢ D,, if such n exists and f(z,y) = 0 otherwise.

e For each z,y € X, let S (z,y) be the set of all finite sequences in X with
at least two terms such that the first term is equal to x and the last is
equal to y.

e Define d: X x X — [0,00) by
dz,y) =inf {31, f(zi, i) s (x1,.- ., Tnt1) € S(z,y)}.
e We verify that d is a pseudometric on X.
We check that the following conditions hold:
— d(x,x2) =0 for each x € X.

Let z € X. Since f(z,z) = 0, it follows that d(x,x) = 0.
— d(z,y) = d(y,z) for each z,y € X.

Let z,y € X. Let



P = {Z?:l f(xi>xi+1) : (.7(,'1, oo 7xn+1) € S(:L‘,y)}
and
Q= {212 f(@iwit1) + (@1, @pp1) € Sy, 2) -
x Since D; is symmetric for each i € N, it follows that f(w,z) =
f(z,w) for every w,z € X. Thus P = Q.
* Since d(z,y) = inf P and d(y,x) = inf @, the conclusion holds.

— d(x,z) <d(z,y) + d(y, z) for any x,y,z € X.

* Let x,y,z € X. Let

P= {30 f@iwi) s (1, 2011) € S(z,9)},
Q:={> " f(@ixig1) : (x1,.. ., 2pq1) € S(y,2)},
R:={3" f(@i,ziz1) : (x1,...,2p41) € S(z, 2)}.

* Then p+¢q € R for any p € P and ¢ € Q.

* Thus inf R <p+q for any p € P and q € Q.

* Thus inf R <inf P + inf @ and the conclusion holds.

e Let n>2and E, = {(z,y) € X x X :d(z,y) <27"}.

e We show that D,, C E,.

— Let (x,y) € D,.

— If (z,y) € D,, for each m € N, then f(z,y) = 0, which implies that
d(xz,y) =0.

— Otherwise, there is the smallest m € N such that (x,y) ¢ Dp,.

— Then m >nso f(z,y) =2"™ <27 ™.

— If follows that d(z,y) < f(z,y) < 27" so (z,y) € Ey.

e We show that E,, C D,,_.

— Let (z,y) € E,. Then d(z,y) <27 ™.

— There is a sequence (z1,%2,...,Tm+1) With 1 = z and @41 = ¥
such that

S f(@i i) <27
— We use induction on m € N to show that (x,y) € D,_1.

* First, we prove that:
() ifw,z € X and f(w,z) <277, then (w, z) € D,.

- Since f(w, z) < 27", it follows that either (w, z) € Dy, for all
ke Nor f(w,z)=2"" for some k > n.

- In the former case, it is clear that (w, z) € D,,.



- In the later case, k is the smallest element of N with (x,y) ¢
D..
- Since k > n, it follows that (z,y) € D,,.
x If m =1, then f(z,y) <27 so (!) implies that (x,y) € Dj,_1.
x Assume that m > 2 and, as inductive hypothesis, that:
- Forany k € Nand ¢ € {1,2,...,m — 1}, if (y1,y2,--,Yet+1)
is a sequence of elements of X such that

¢ _
Zi:l f(yiayi-‘rl) <2 k)
then (y1,ye11) € Di_1.
* We show that (z,y) € D,_1.
- We show that there exists j € {1,2,...,m} such that
o1 flwi i) <2777,
whenever j > 2, and
Z;ij+1 f(xiaxi-i-l) < 2—n—17
when 7 <m — 1.

16T f(zs, wip1) < 27771 then taking j := m works.

- Otherwise, let j € {1,2,...,m — 1} be as small as possible
with 32777 f(as, 2i41) 2 2777

- If j > 2, then >7_, f(zi,mi41) <27""! as required.

- Since "7 f(a;, xiy1) < 277, it follows that

Zz-l s Lit 3
o i flaizign) <2771 as required.

: i i i ] n
The inductive hypothesis implies that (zq,z;) € D, and
<xj+17='17m+1> S Dn

- We have f(zj,xj41) < 27", so (!) implies that (x;,z;11) €
D,.

- Since D, o D,, o D,, C D,,_1, it follows that (z,y) € D,,_1.

Exercise (continuous pseudometric).

Let 2 be a uniformity on a set X and (D, : n € N) be a sequence of symmetric
members of & such that D; = X x X and

Dys10 Dy 0 Dysy C Dy,
for each n € N. Let d be a pseudometric on X such that
D, C{{z,y) e X x X :d(z,y) <27"} C Dy
for each n > 2.
e Prove that d is uniformly continuous relative to 2.
e Let B ={D, :n € N}. Prove that 4 is a uniformity base on X.

e Let & be the uniformity on X that is induced by #A. Prove that & is the
uniformity induced by the pseudometric d.



Solution.

e d is uniformly continuous relative to 2.

Let e >0 and A; = {(z,y) € X x X :d(z,y) < e}.

— To show that d is uniformly continuous relative to &, it suffices to
show that A, € 2.

There is n € N with 27" <e. Then D,, C A..

Since D,, € 9, it follows that A, € 9.

e 2 is a uniformity base on X.
We need to verify the following conditions:
— Each member of % is a reflexive relation on X.

Holds by assumption.

— For each B € %, there exist D € % with D C B~
Holds since the members of . are symmetric.

— For each B € 4, there exists D € % with Do D C B.

If B= D,, then D := D, satisfies the requirements.
— For each B, D € £, there exists £ € 4 with E C BN D.

If B= D, and D = D,,, then let FE := Dy, where k = max {n, m}.
e & is the uniformity induced by the pseudometric d.
Let & be the uniformity induced by d.
— Let E € &'. We show that F € &.
* There is € > 0 such that A, C F, where

Ac ={{z,y) € X x X 1 d(x,y) < e}

x If n € N satisfies 27" < ¢, then D,, C A, so D,, C E and hence
Eecé.

— Let £ € &. We show that E € &”.
* There is n € N with D,, C E.

x Ifr,y € X and d(x,y) < 27", then (z,y) € D, so (z,y) € E.
x It follows that F € &'.



Pseudometrizable uniform space.

A uniform space (X, 2) is pseudometrizable iff there exists a pseudometric d on
X such that 2 is the uniformity induced by d, (see uniformity from pseudomet-
ric).

o (X,2) is metrizable iff there exists a metric d on X such that & is the
uniformity induced by d.

e Note that (X, 2) is metrizable if and only if it is pseudometrizable and 2
is separating.

— If (X, 2) is metrizable, then it is pseudometrizable and & is sepa-
rating.
— Assume that (X, 2) is pseudometrizable and Z is separating.

x Let d be a pseudometric on X that induces 2.
* Since Z is separating, d must be a metric.
* Thus (X, Z) is metrizable.

Theorem (pseudometrizable uniform space).

A uniform space is pseudometrizable if and only if it has a countable base.

Proof. Assume that (X, 2) is a pseudo-metrizable uniform space.
e Let d be a pseudometric on X that induces 2.
e Define B = {B,, : n € N}, where
B, ={(z,y) € X x X : d(x,y) < 1/n}
for each n € N.

o We show that & is a base for 2.

Since B,, € Z for each n € N, we have 4 C 2.

It remains to show that for each D € & thereisn € N with B,, C D.

— Let D € 9. There is € > 0 such that (x,y) € D for each z,y € X
with d(z,y) < e.

— Let n € N be such that 1/n <e. Then B,, C D.

Now assume that & has a countable base # = {By, B, ... }.



e Let Dy, D, ... be a sequence of members of Z such that

- D =XxX.
— D, is symmetric for each n € N.

— Dpy10Dpy10Dp41 €D, and Dyyq C B, for every n € N.

e Let d be a pseudometric on X such that
Dy C{{z,y) € X x X :d(z,y) <27"} € Dy

for every n > 2. Such a pseudometric exists by Lemma (continuous pseu-
dometric).

e Let & be the uniformity on X that is induced by d. We show that & = 2.

— We show that & C 2.

* Let E € &. There is € > 0 such that (z,y) € E for every
z,y € X with d(z,y) < e.

* Let n € N be such that 27" <e. Then D,, C E.
* Since D,, € 9, it follows that F € 9.

— We show that 2 C &.

* Let D € 9. There is n € N with B,, C D.

* Then Dyy1 € By, 50 D1 € D. Let e = 2772 > 0.

« For any z,y € X with d(z,y) < ¢, we have (x,y) € Dy,11 C D.
x Thus D € &.

Example (nonmetrizable uniformity metrizable topology).

Let X = Qg (the set of all countable ordinals) and for each « € X let
B, ={{(z,y) € X x X : x =y or both z,y > a}.
o Then # = {B, : a € X} is a uniformity base on X.

o Let 2 be the uniformity on X that is induced by #. Then 2 is not
metrizable, in particular Z is not the discrete uniformity.

e The topology on X induced by & is the discrete topology, hence the
topology is metrizable.



Proof. We show that:

o B ={B,:ac X} is a uniformity base on X.
We show the following conditions:
— Every member of Z is a reflexive relation on X.
This is clear from the definition of B,,.
— If B € 4, then there exists D € & wit D~ C B.
We have B~! = B for each B € 4.
— If B € 4, then there is D € % with Do D C B.

* Let a € X be such that B = B,.
x Since B, o B, = By, taking D := B works.

If B,D € %, then there is K € #8 with E C BN D.

x Let a, 8 € X be such that B = B, and D = Bg.
* Let v = max{«,8}. Then E := B, works.

e 7 is not metrizable.

We show that 2 has no countable base. Then Theorem (pseudometrizable
uniform space) implies that 2 is not metrizable.

— Suppose, for a contradiction, that .27 is a countable base for 2.
— For each A € o7, there is ay € X with B,, C A.

— Since the set {4 : A € &7} is a countable subset of X, thereis § € X
such that ay < B for every A € .

Then (8,8 +1) € By, C Aforany A € o/, but (8,8+ 1) ¢ Bg.

Thus no member of ¢/ is a subset of Bg (which is a member of 2).

Hence &/ is not a base for &, and we have a contradiction.

e The topology induced by Z is the discrete topology.

— Let o€ X. There is f € X with a < 8. Let D := Bg € 4.

— Then D[a] = {a} so {a} is open in the topology 7 on X that is
induced by 2.

— Thus 7 is the discrete topology.



Uniformity from pseudometric family.

Let & be a family of pseudometrics on a set X. For each d € £, let 9y
be the uniformity on X that is induced by d and let f; : X — X be the
identity function. Let 2 be the weak uniformity on X induced by the family

{(Za, fa) : d € P}. We say that 2 it the uniformity on X that is induced by
L.

(1) Theorem (union uniformity subbase) implies that . = |J{%y : d € L} is
a uniformity subbase on X. Note that . induces 2.

e For each d € & and D € 9, we have fdil[D] =D.
e Then 9 = 2, where 7, = {fdil[D] : D€ @d} for each d € 2.

e The definition of & as the weak uniformity means that 2 is induced by
U{Z) : d € &} which is equal to .7

(2) 2 is the weakest uniformity on X making all the pseudometrics in &2
uniformly continuous.

(3) Let Z={Bg.: 2C; &,e>0}, where
Bg.={{r,y) e X x X : (Vd € 2)d(z,y) < ¢}

and 2 Cy & means that 2 is a finite subset of &. Then % is base for 2.

Proof.
e We show that # C 2.

— Let B € #. Then there are 2 Cy & and € > 0 such that B = Bg_.
— Ifde 2, then By, € 94 C 9, where

Eje={(z,y) € X x X : d(z,y) < €}
— It follows that

B=N{E4::de 2} € 2,

since Z is closed under finite intersections.

e We show that for every D € 9, there is B € & with B C D.

— Let D € 9.



—IfD=XxX,then By =X xXCD.

Otherwise, there is finite and nonempty 2 C & and Dy € Py for
each d € 2 so that ({Dy:d € 2} C D.

— For each d € 2, let ¢4 > 0 be such that (x,y) € Dy whenever
d(x,y) < ea.

Let e = min{eq : d € 2}.

— Then Bg . C Dg for each d € £ so Bg C D.

Theorem (uniformity from pseudometric family).

Let 2 be a uniformity on a set X and & be the family of all pseudometrics on
X that are uniformly continuous relative to 2. Then & is induced by £.

Proof. Let & be the uniformity on X that is induced by &.

e Since & is the weakest uniformity on X making all the pseudometrics in
& uniformly continuous, it follows that & C 2.

e We show that 2 C &.

— Let D € 9.

— Let D; = X x X, let Dy € & be symmetric with Dy C D and,
for each n > 2, let D,,41 € 2 be symmetric and such that D, o
Dn+1 o Dn—i—l c Dn

— Let L%D = {Dl,DQ,...}.

— Lemma (continuous pseudometric) and the exercise following it show
that there exists a pseudometric d € &2 such that %p is a base for
the uniformity &; on X that is induced by d.

— Then D € Bp C & C &.

Exercise (uniformly continuous metric).

Consider X = R as a uniform space (with the standard uniformity on R), let A
be an uncountable set and Y = X4 (that is, Y is the product of uncountably
many copies of X). Consider Y as a uniform space with the product uniformity
2. Prove that no metric on Y is uniformly continuous relative to &.



Solution. Let d be a pseudometric on Y that is uniformly continuous relative
to . We will show that d is not a metric.

e For each n € N, let B, = {(f,9) €Y xY : d(f,g) < 1/n}.

e Since d is uniformly continuous relative to &, it follows that B,, € 2, for
each n € N (see uniformly continuous pseudometric).

e For each v € A and € > 0, let

Sae={{f,9) €Y xY :[f(a) —g(a)| <e}.
e Then . := {S,:a € A,e > 0} is a subbase for 2.
e Thus for each n € N, there is finite A,, C A such that
{{f.9) €Y XY :Ya € A, f(a) = gla)} C By.

e Since A is uncountable, there is § € A~ |J{An : n € N}.

o Let f(a) = 0 for each a € A, let g(a) = 0 for every a € A~ {8} and
9(8) = 1.

e Then (f,g) € ({Bn : n € N}, which implies that d(f, g) = 0.

e Since f # g, it follows that d is not a metric.
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