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PRINT NAME ( ) ID No.
Last Name, First Name MI, What you wish to be called

Follow the instructions on the Exam Cover Sheet for Fill-in-the Blank/Multiple Choice questions.
You are to classify the first order ordinary differential equations given below. The classification relates to
the method of solution. Recall from class (attendance is mandatory) the possible methods listed below.
Do not put more than one answer. If more than one method works, then any correct answer will receive
full credit. Also remember that if | cannot read your answer, it is wrong. DO NOT SOLVE. Also recall
the following:

a. In this context, exact means exact as given (in either of the forms discussed in class).

b. Bernoulli is not a correct method of solution if the original equation is linear.

c. Homogeneous (use the substitution v = y/x) is not a correct method of solution if it converts

a separable equation into another separable equation.

1. (4pts.) xye¥dx+dy=0 ABCDE
2.(4pts.) (Y +xy)dx+ xdy=0 ABCDE
3. (4 pts.) (e¥+ 2xy + x )dx + (X* + 2y)dy =0 ABCDE
4. (4 pts.) (xy+cos(x))dx+ (1+x5)dy=0 ABCDE
5. (4pts.) (Y>+x*)dx+ x*dy=0 ABCDE

Possible answers this page.

A) First order linear (y as a function of x). B) First order linear (x as a function of y).

C) Separable. D) Exact Equation (Must be exact in one of the two forms discussed in class).
E) Bernoulli, but not linear (y as a function of x).

AB) Bernoulli, but not linear (x as a function of y)

AC) Homogeneous, but not separable. AD) None of the above techniques works.

Total points this page = 20. TOTAL POINTS EARNED THIS PAGE
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PRINT NAME ( ) ID No.

Last Name, First Name MI What you wish to be called

Answer questions using the instructions on the Exam Cover Sheet. Also, circle your answer. Be
careful. No part credit. If you miss one part, it may cause you to miss other parts.

Consider the first order linear ODE y’' = y+x (*). To solve (*), you may need to change it to a

standard form.

6. (1 pts.) The correct standard form for (*) is : ABCDE
Ay +y=x B)y'+y=-x C)y' -y=x D)y -y=-x E)y +2y=x AB)y’ +2y=-x
AC)y -2y=x AD)y'-2y=-x AE)y'+y=2x BC)y+y=-2x BD)y -y=2x

BE)y' -y=-2x CD)y' +2y=2x CE)y’' +2y=-2x DE)y’ -2y =2x ABC) y' -2y = -2X
ABD) None of the above

7. (2 pts.) An integrating factor for (*) is u= . ABCDE
A)x B)-x C)x* D)-x* E)2x AB)-2x AC)2x* AD)-2x* AE)e* AD)e *
AE) e* BC)e 2 BD)e“ BE) e* CD) None of the above

8. (3 pts.) Insolving (*) as we did in class (attendance is mandatory), the following step occurs:

ABCDE
A) e B) d(g)e:):,xex C) %=2x€ £) 00 e AB)HUET) e AC)(K%?:—xe’X

AD) d();ie;) =2xe™ AE) 08 7) _ e BC) d(i;if:x) =xe* BD) d(i;izx) =-xe* BE) d(i;ifx) = 2xe™

e™)
dx

CD) d({s:x) :_erzx CE) d(yde);zx) — Xe—2x DE) d(yde);zx) — _Xefzx ABC) d(yde)jx) — zxefzx ABD) d(yde);zx) — 72X672x

ABE) None of the above steps ever appears in any solution of this problem.
9. (1pt.) Let (**) be the initial value problem consisting of (*) and the initial condition y(0) = 0.

The number of solutions to (**) is : ABCDE A)0B)1
C)2 D)3 E)4 AB)5 AC) Infinite number of solutions AD) None of the above

Possible points this page = 7. TOTAL POINTS EARNED
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PRINT NAME ( ) ID No.
Last Name, First Name MI What you wish to be called
Answer questions using the instructions on the Exam Cover Sheet. Also, circle your answer.

An ODE may be considered to be a “vector” equation with the infinite number of unknowns being the
values of the function for each value of the independent variable in the function’s domain. To solve a first
order linear ODE, we may isolate the unknown function. The isolation of the function (dependent
variable) solves for all of the (infinite number of) unknowns simultaneously. In solving a particular first
order linear ODE, call it (*), of the form L[y] = g(x) where L is of the form L[y] =y’ + p(X)y, an

integrating factor and the product rule were used to reach the following step: %:—xe* ccallit (**). If

a problem has an infinite number of solutions, the form of the solution is not unique. To obtain the answer
listed, follow the directions given in class (attendance is mandatory). Also, be careful. If you miss a
question on this page, it may cause you to miss questions on the next page.

10. (2 pts.) The theorem from calculus that allows you to integrate the Left Hand Side of (**)

IS : ABCDE
A) Intermediate Value Theorem B) Mean Value Theorem C) Rolle's Theorem
D) Chain Rule E) Product Rule  AB) Integration by Parts ~ AC) Partial Fractions
AD) Fundamental Theorem of Calculus ~ AE) None off the above
11. (4 pts.) The solution (or family of solutions) to the ODE (*) may be written

as . ABCDE

A y=x+1l+ce B)y=-x+1+ce* C)y=x-1+ce* D)y=-x-1+ce
E)y=x+1+ce* AB)y=-x+1+ce* AC)y=x-1+ce* AD)y=-x-1+ce™
AE)y=2x+2+ce* BC)y=-2x+2+ce* BD)y=2x-2+ce* BE)y=-2x -2 +ce*
CD)y=2x+2+ce* CE) y=-2x+2+ce* DE)y=2x-2+ce* ABC)y=-2x-2+ce ™
ABD) None of the above solutions or families of solutions is correct.

Possible points this page = 6. TOTAL POINTS EARNED
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Let L, p(x), g(x), (*), and (**) be as on the previous page.

12. (1 pts.) The solution set for the ODE (*) on the previous page may be written as

S= : ABCDE
A {y=x+1+cetceR} B){y=-x+1+ce‘:ceR} C){y=x-1+ce“ceR}
D{y=-x-1+ce*:ceR} E{y=x+1+ce*:ceR} AB){y=-x+1+ce*ceR}
AC){y=x-1+ce*:ceR} AD){y=-x-1+ce*ceR} AE){y=2x+2+e*+c:ce R} BC)
{y = -2x +2+ce*: c € R} BD){y=2x-2+ce*: ceR} BE) {y=-2x -2+ ce* ce R}
CD){y=2x+2+ce™ceR} CE){y=-2x+2+ce ™ ceR} DE){y=2x-2+ce* ce R}
ABC) {y=-2x-2+ce ™. ce R} DE) None of the above correctly describe the solution set.

13. (1 pt.) A basis for the nullspace of L is B = . ABCDE
A {1} BY{x} O {1x} D){e} E){e*} AB){¢e* e} AC) None of the above

14. (1 pt.) The general solution of L[y] =0 isy,(X) = . ABCDE
A)c B)cx C)c,+c,x D)ce* E)ce* AB)ce*+ce™  AC) None of the above
15. (1 pt.) ) Using the linear theory, a particular solution of L[y] = g(x) is given by

Yo(X) = . ABCDE Al B)x Cx+1
D)x-1 E)1-x AB)-x-1 AC)e* AD)e™ AE) None of the above

16. (1 pt.) The number of solutions to (*) is . ABCDE A)0 B)1
C)2 D)3 E)4 AB)5 AC) Infinite number of solutions AD) None of the above
17. (2 pts.) Let (***) be the initial value problem consisting of (*) and the initial condition

y(0) = 0. The solution (or family of solutions) to (***) may be written

as . ABCDE
A)y=x+1-¢ B)y=-x+1-¢& Cly=x-1+e¢* D) y=x+1-¢e~*
E)y=-x+1-e* AB)y=x +2-2* AC)y=x-1+e* AD)y=x+1+¢e* -2+c¢C
AE)y=-x+1+e*-2 BC) y=x-1+¢ BD)y=x+l+e*-2 BE) y=-x+1+e*-2
CD)y=x-1+e*CE)y=x+1-¢e*

DE)None of the above solutions or families of solutions is correct.

18. (1 pt.) The number of solutions to (***) is . ABCDE A)0 B)1
C)2 D)3 E)4 AB)5 AC) Infinite number of solutions AD) None of the above

Possible points this page = 8. TOTAL POINTS EARNED
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Answer questions using the instructions on the Exam Cover Sheet. Also, circle your answer.

1 i _ X - 1
Let A= {—i J X:{ y} ,and b{ —i} . Also let T(X) = AX so that T:C?>~C?% Now solve

Prob(C? AX = 6); that is, solve the vector equation AX = B(i.e. T(x) = b ). The form of the answer

may not be unique. If a problem has an infinite number of solutions, the form of the solution is not unique.
To obtain the answer listed, follow the directions given in class (attendance is mandatory). Also, be
careful. If you miss a question on this page, it may cause you to miss questions on the next page.

19. (3 pts.) If [A‘BJ is reduced to [U‘C] using Gauss elimination we obtain
1 il-
B) 0 0|0

s 1 il
(U] = .__ABCDE A {0 OM
1 - 1 il 0 0|0
0 olo E) 0 ol AB) o ol AC)None of the above.

1 -l
€) 0 ot

20. (3 pts.) The solution of AX = b may be written as

K= . ABCDE A)No Solution B)|;]

o) o1sa] @3] e (o] A0 [g]y] o [T

BC) None of the above correctly describes the solution or collection of solutions.

Possible points this page = 6. TOTAL POINTS EARNED
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Let Prob(C*Ax=b),Ab,x,and T be as on the previous page.
21. (1 pt.) The solution set for Prob(C? AX = 6) may be written as

S= . ABCDE A)o B)C) {m} {Yzy{_li}ecz:yec}
oo fleeee] g e
w0 [x-[ JJofl]ecvec) o e o[ Jectvec)

BC) None of the above correctly describes the solution set for this problem
22. (1 pt.) A basis for the null space of Tis B = . ABCDE

weolfi]fo 3] o [} o 4 =)} {2

1) (-
AD) {O}{ H BC) None of the above correctly describes the solution set for this problem

1
23. (1 pt.) The general solution of Ax =0 is X, = . ABCDE

A)No Solution  B)[;] ©C)[,'] D) ym E) y{_ﬂ AB) v [_1'}
AC) y{ﬂ AD) y{_ﬂ AE) None of the above

24. (1 pt.) Using the linear theory, a particular solution of AX =b is given by

g, = . ABCDE A)m B)m o, D)Lﬂ

E) m AB) {:'J Ac) || AD) H AE) {ﬂ BC) {ﬂ BD) H

BE) AX=b has solutions but none are listed CD) Ax=b has no solutions

25. (1 pt.) The number of solutions to Prob(C% Ax =b ) is : ABCDE A) 0
B)1 C)2 D)3 E)4 AB)5 AC) Infinite number of solutions  AD) None of the above

Total points this page = 5. TOTAL POINTS EARNED THIS PAGE
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True or false. Solution of Abstract Linear Equations (having either R or C as the field of scalars).
Assume T: V - W is a linear operator from a (real or complex) vector space V to a (real or complex)
vector space W. Now consider the mapping problem defined by the vector equation

TX)=b. *)

Under these hypotheses, determine which of the following is true and which is false. If true, circle True. If
false, circle False.

26. (1 pt.) A)True or B)False If B = 6 then (*) always has a solution.

27. (1 pt.) A)True or B)False The vector equation (*) may have exactly two solutions.

28.(1 pt.) A)True or B)False If the null space of T has a basis B = {X,,X,,...,X,} and =0,
then the general solution of (*) is given by
X=CX, +C,X,+ -+ C,X, where c,c, .., C,are arbitrary constants.

29. (1 pt.) A)True or B)False Either (*) has no solutions, exactly one solution, or an infinite number
of solutions.

30. (1 pt.) A)True or B)False If the null space of T is N(T) = {6} and b is in the range space
of T, then (*) has a unique solution.

Total points this page = 5. TOTAL POINTS EARNED THIS PAGE
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Answer questions using the instructions on the Exam Cover Sheet.
The dimension of the null space N, of the linear operator L[y] =y” +y’ that maps A (R,R) to
A(R,R) is 2. Assuming a solution of the homogeneous equation L[y] = 0 of the formy = e™ leads to the
two linearly independent solutionsy, =1 and y, =e *. Hence we can deduce that
By, = {1, & "} is a basis of N, so that

Ye=Cit+C, e is the general solution of y'+y =0.

Use the method of undetermined coefficients as discussed in class (attendance is mandatory) to determine
the proper (most efficient) form of the judicious guess for a particular solution y, of the following ode's.
Begin with a first guess. If needed provide additional guesses. Place your final guess in the space
provided. Then circle the letter or letters that correspond to your answer from the answers listed below.

31. 3pts.) y"+y' =-2 First guess: y, =
Second guess (if needed): y, =
Third guess (if needed): vy, =

Final guess : ABCDE

32.(3pts.) y”+y =3cosx First guess: y, =
Second guess (if needed): y, =
Third guess (if needed): vy, =

Final guess : ABCDE

33. (3 pts.) y" +y' = -4¢¥ First guess: y, =
Second guess (if needed): y, =
Third guess (if needed): vy, =

Final guess : ABCDE

Possible Answers:

A) Ae* B) Axe* C) Ax’%e* D) Axe*+ Be* E) Ax’e*+ Bxe* AB) Ae* AC) Axe ™

AD) Ax%e ™ AE) Axe*+Be* BC)Ax%e*+Bxe* BD)Asinx BE)Acosx
CD) Axsinx CE) Axcosx DE) Asinx +Bcosx ABC) Axsinx + B xcos X
ABD) A ABE) Ax ACD)Ax+B ACE)Ax*+Bx ADE)Ax*+Bx+C

BCD) None of the above

Total points this page = 9. TOTAL POINTS EARNED THIS PAGE
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Let Prob(A ((-n/2,n/2),R), (*)) be the problem defined by the ODE

y'+y= -tan(x) |=(-n/2, n/2) *)

Let L: A((-n/2,n/2),R)~A ((-n/2,n/2),R) be defined by L[y] = y" +y. The general solution to
L[y] =0isy, = c, cos(x) + c, sin(x). To obtain a particular solution of L[y] = tan(x) we let

Yo(X) = Uy(X) cos(x) + u,(x) sin(x). You are to find y,. Be careful!! Remember, once you make a mistake,

the rest is wrong.

34. (3 pts.) Substituting y,(x) = u,(X) cos(x) + u,(X) sin(x) into (*) and making the appropriate
assumption you obtained the two equations:

ABCDE
A) u’;(x) cos(x) + u’,(x) sin(x) =0, - u’y(x) sin(x) + u’,(x) cos(x) = tan(x)
B) u’,(x) cos (x) + u’,(x) sin(x) =0, - u’y(x) sin(x) + u’,(x) cos(x) = -tan(x)
C) u’y(X) cos (x) + u',(x) sin(x) =tan(x), - u’'y(x) sin(x) + u’,(x) cos(x) =0
D) u’;(X)cos (X) + u',(x) sin(x) = -tan(x) - u’y(x) sin(x) + u’,(x) cos(x) =0
E) u’;(X) cos (X) + u',(x)sin(x) =0, - u’'y(x) sin(x) + u’,(x) cos(x) = sec(x)
AB) u’,(x) cos (x) + u’,(x) sin(x) =0, - u’y(x) sin(x) + u’,(x) cos(x) = -sec(x)
AC) u’;(X) cos (X) + u’,(x) sin(x) =sec(x), - u’y(x) sin(x) + u',(x) cos(x) =0

AD) u’,(x) cos (x) + u’,(X) sin(x) = -sec(x) - u’y(x) sin(x) + u’,(x) cos(x) =0
AE) None of the above.

Total points this page = 3. TOTAL POINTS EARNED THIS PAGE
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Let Prob(A((-n/2,n/2),R), (*)), (*), L and y,(X) = u,(X) cos(x) + u,(x) sin(x) be as defined on the previous

page.
35. (2 pts.) Solving the set of equations for u’,(x) and u’,(x) on the previous page we obtain

u',(x) = . ABCDE
36. (2 pts.) And u’,(x) = : ABCDE
37. (2 pts.) Hence we may choose u,(Xx) = : ABCDE
38. (2 pts.) And u,(x) = : ABCDE

39 (2 pts.) Hence a particular solution to (*) is

Yo(X) = . ABCDE

Possible answers this page.

A)0 B)1 C)-1 D)x E)-x AB)sinx AC)-sinx AD)cosx AE)-cosx BC) sin(x) cos(x)
BD) -sin(x) cos(x) BE) sin?(x)/cos(x) CD) - sin?(x)/cos(x) CD)In(tan(x) + sec(x))

CE) -In(tan(x) +sec(x)) DE)[sin(x)]In(tan(x)+sec(x)) ABC)-[sin(x)]In(tan(x)+sec(x))
ABD)[cos(x)]In(tan(x)+sec(x)) ABE) -[cos(x)]In(tan(x)+sec(x)) ACD) In(sin(x))
ACE)-In(sin(x)) ADE) In(cos(x)) BCD) -In(cos(x)) BCE) (cos(x)) [In(sin(x)) + x sin(x)]

BDE) -(cos(x)) [In(sin(x)) + x sin(x)] CDE) (cos(x)) [In(cos(x)) + x sin(x)

ABCD) -(cos(x)) [In(cos(x)) + x sin(xX) ABCDE)None of the above.

Total points this page = 10. TOTAL POINTS EARNED THIS PAGE
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Follow the instructions on the Exam Cover Sheet for Fill-in-the Blank/Multiple Choice questions.
Also, circle your answer. Be careful. If you miss one part, it may cause you to miss other parts.
Consider yV -4y” +4y"=0 (*) Also let L:A(R,R) ~A(R,R) be defined by
L[yl =y"V - 4y” + 4y” and answer the following questions.

40. (1 pt). The dimension of the null space of L is : ABCDE
Al B) 2 C)3 D) 4 E)5 AB) 6 AC) 7 ABCDE) None of the above.
41. (1 pts). The auxiliary equation for (*) is . ABC DE
Art+4rr+4=0 B) r'-4rr+4=0 C)r*+4rr+4rr=0 D)r*-4rfr+4r’=0

E)r*+4rP=0 AB) r*-4r*=0 AC) r°+4r’+4r’=0 ABCDE) None of the above.
42. (2 pts). Listing repeated roots, the roots of the auxiliary equation are

r= . ABCDE A)0,022 B)00,-2,-2
©)0,0,2,-2 D)0,0,2i,-2i E)0,0,2,2i AB)r=0,0,-2,-2i ABCDE) None of the above.

43. (1 pts). A basis for the null space of L is B = . ABCDE
A{1xe*xe*} B){1xe?*xe >} C){1x.e*e >} D){1x,sin2x, cos 2x} E){1,x,e*, sin 2x}
AB){1x X%, e* sin2x} AC){l,x,x4,e?*} AD)M{1, x x4 x} AE){e* xe* e % xe *}
ABCDE) None of the above

44. (2 pt). The general solution of (*) is y(x) = . AB CDE
A)c, +c,e*+c,xe”™  B)c,+c,eZ+c,xe® C)e, +C,X+c, 6%+, e
D) ¢, + C,X + C; Sin 2X +C, C0S 2X E)C,+C,X +C,x°2 +C, % AB)C,+C, X + C; X2 + C, 82 + C; 8%
AC)c,+CyX+Cyx2+c, e AD)C+C, X+C X2 +¢, X°  AE) c,e™+c, xe? +c, e % +¢, xe &
ABCDE)None of the above

Points this page = 7. TOTAL POINTS EARNED THIS PAGE
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Let (*) and L be as on the previous page.
45. (1pt.) The solution set for (*) may be written as

S= . ABCDE
A) {y(X) = ¢, + ¢, 8% + ¢, xe*: ¢, C,, C; €R}
B) {y(x) =c, +c,e *+c,xe ?: ¢, C,, C; R}
C) {y(x) = ¢, + ¢, X + c; > + ¢ ,x e* ¢, C,, Csy C, €ER}
D) {y(X) =c, +C, X+ Cs& *+c,xe % ¢y, Cy Gy, C, ER}
E) {y(X) =c, +¢c,x+Cy; X* + ¢, ¥+ c.xe™ ¢, C, Cy Gy, Cs ERY
AB) {y(X) =c,+Cc, X+ C; X’ +c, e ®+cyxe ¢y, Cy Cyy Cy, G €ER}
AC) {y(X) =c, +¢c, X+ Cy X* +C, € % ¢y, C,, Csy C, €ER}
AD) {y(X)=c,+c,Xx+C;xX*+¢c,e?: ¢, C,, Cy C, €R} ABCDE) None of the above

46. (1 pt.) The number of solutions to (*) is : ABCDE A)0 B)1
C)2 D)3 E)4 AB)5 AC) Infinite number of solutions ABCDE) None of the above

Points this page = 2. TOTAL POINTS EARNED THIS PAGE
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Answer questions using the instructions on the Exam Cover Sheet. Also circle your answers. Be careful!!
Remember, once you make a mistake, the rest is wrong.
Consider the ODE y” + y” =-2e "+ 4 cos(x) (*). LetL[y]=y"” + y".
47. (3 pts.) The general solutionof y” + y”"= 0 is

Y.(X) = : ABCDE
A)c,tex+ce* B)ctextce ™ C)e tee+ce ™ D)c,e*+c, sin(x)+c, cos(X)
E)c,e ™ + ¢, sin(x) + ¢, cos(x) ABCDE) None of the above
48. (4 pts.) A particular solution of y” + y” =2e™ is

You(X) = : ABCDE
A)2e* B) -2¢* C)2e* D) -2e* E)2xe* AB)-2xe* AC)2xe™* AD)-2xe”
ABCDE) None of the above

49. (4 pts.) A particular solution of y” + y” =4 cos(x) is

Yoo(X) = : ABCDE
A)2sin(x)+2cos(x) B)2sin(x) -2cos(x) C) -2sin(x)+2cos(x) D) -2sin(x) -2cos(x)
ABCDE) None of the above

50. (1 pts.) A particular solution of (*) is

Yo(X) = . ABCDE
A)2xe*+2sin(x)+2cos(x) B)2xe* +2sin(x) -2cos(x) C) 2xe* -2sin(x)+2cos(x)
D)2xe*-2sin(x)-2cos(X) E) -2xe*+2sin(x)+2cos(x) AB) —-2xe* +2sin(x) —2cos(x)
AC) -2xe* -2sin(x)+2cos(x) AD) -2xe*-2sin(x)-2cos(x) AE)2xe *+2sin(x)+2cos(X)
BC)2xe ™ +2sin(x) -2cos(x) BD)2xe™ -2sin(x)+2cos(x) CD)2xe ™ -2sin(x)-2cos(X)
CE) -2xe *+2sin(x)+2cos(x) DE) -2xe ™ +2sin(x) -2cos(x) ABC) -2xe *-2sin(x)+2cos(x)
ABD)-2xe *-2sin(x)-2cos(x) ABCDE) None of the above.

Total points this page = 12. TOTAL POINTS EARNED THIS PAGE
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Last Name, First Name MI, What you wish to be called
Let (*) and L be as on the previous page.
51. (2 pts.) The general solution of (*) is

y(x) = . ABCDE
A) 2xe* + 2 sin(x)+2cos(X) +c, + C,X + c,e*  B)2xe* +2sin(x) —2c0s(X) +c,+C,X+C,e*
C)2xe* -2sin(x) +2 cos(x) +c,+c,x+c,e* D) 2xe* -2sin(X) —2c0s(X) + ¢, + C,X + C,e*
E) -2xe* +2sin(x)+2c0s(X) +c, + C,X + C,e*  AB) -2xe* +2sin(X)-2c0s(X) +C,+C,X+C,e*
AC) -2xe* -2sin(x)+2cos(x) +c,+c,x+c,e*  AD) -2xe* -2sin(x)-2cos(X) + ¢, + C,X + C,e*
AE)2¢e* + ¢, sin(x)+c, cos(x) + c, e BC)2e* +2sin(x)+2cos(X)+c,e*+ C,e*+C,X
BD)2xe *+2sin(x)+ cos(x)+c,+c,x+ce *  BE)2xe ™ + 2sin(2x) —cos(2x) + ¢,;+ ¢,X + c,e
CD)2xe™ -2sin(x)+2c0s(X) +C, + C,x + c,e * CE)2xe ™ -2sin(x) —2c0s(x) +c,+C,x+ce
DE)-2xe ™ +2sin(X) +2 cos(x) +c,+c,x+c,e * ABC) -2xe ™ +2sin(X) -2cos(x) + ¢, + C,X + C,e *
ABD) -2xe * -2sin(x)+2cos(x) +c; + c,X + c,e *  ABE) -2xe™ -2sin(x)-2c0s(Xx) +c,+C,Xx+C,e
ACD)-2e* -2sin(x)+2cos(x) +c,+c,x+ce ™  ACE)2e* -2sin(x) -2cos(x) + ¢, + C,X + C,e*
ADE) 2¢e* + ¢, sin(x)+ ¢, cos(x) + c; e * CDE)2e* +2sin(x)+2cos(X)+c,e*+ Cc,e *+CX
ABCD) 2e *+2sin(x)+ cos(x)+c,xe*+c,e *+c,xe * ABCE)2e* + 2 sin(2x) + cos(2x)+c,e*+ c,xe* +¢,
ABCDE) None of the above.
52. (1pt.) The solution set for (*) may be written as

S= . ABCDE
A) {y(x) = 2xe* + 2sin(x)+2c0os(X) +c, + C,X + C,*: ¢, Cy, C; R}
B) {y(x) = 2xe* +2sin(x) —2cos(x) +c,+ c,X + C,e* ¢y, C,, C; R}
C) {y(x) = 2xe* -2sin(x) +2 cos(x) +C,+ C,X + C,*: ¢y, C,, C; ER}
D) {y(x) = 2xe* -2sin(x) -2cos(X) + ¢, + C,X + C;e*: C,, C,, C; R}
E) {y(X) = -2xe* +2sin(x)+2c0s(X) +c, + C,X + C, ¢, C,, C; R}
AB) {y(x) = -2xe* +2sin(X) —-2c0s(X) +c, + C,X + C;*: C,, C,, C; ER}
AC) {y(x) = -2xe* -2sin(x)+2cos(X) + ¢, + c,X + C,e*: ¢y, C,, C; R}
AD) {y(x) = -2xe* -2sin(x)-2cos(X) + ¢, + c,X + C;e*: C,, C,, C; R}
AE) {y(x) = 2xe ™ + 2sin(x)+2c0s(x) +C, + C,X + C, *: €y, C,, C3 ER}
BC) {y(x) = 2xe * +2sin(x) -2cos(X) +c,+ c,X + C, . C,, Cy, C3 ER}
BD) {y(x) = 2xe * -2sin(x) +2 cos(x) +c,+ C,Xx + c,e *: ¢C,, C,, C; ER}
BE) {y(x) = 2xe ™™ -2sin(x) -2cos(X) + ¢, + c,X + C,e ! C,, C,, C; R}
E) {y(X) = -2xe ™ +2sin(x)+2c0s(X) +c, + C,Xx + C, . ¢C,, C,, C; R}
AB) {y(X) = -2xe * +2sin(X) -2co0s(X) +c, + C,X + C;e *: ¢y, C,, C; €R}
AC) {y(x) = -2xe ™ -2sin(x)+2cos(x) + ¢, + c,X + c,e . C,, Cy, C; ER}
AD) {y(x) = -2xe™ -2sin(x)-2cos(x) + c,+Cc,x+ c,e *: ¢y, C,, C; ER}ABCDE) None of the above

53. (1 pt.) The number of solutions to (*) is : ABCDE A)0 B)1
C)2 D)3 E)4 AB)5 AC) Infinite number of solutions AD) None of the above

Total points this page = 4. TOTAL POINTS EARNED THIS PAGE



MATH 261 FINAL EXAM FA-2 Prof. Moseley Page 15

PRINT NAME ( ) ID No.

Last Name, First Name MI, What you wish to be called
Answer questions using the instructions on the Exam Cover Sheet. .
Compute the Laplace transform of the following functions in PC[0,«)nExp c T.

54. (3pts.) f(t)y=2t-3t2 «(f)= . ABCDE
55. 3pts.) f(t)=-2e*+3e* Y= : ABCDE
56. (3 pts.) f(t) = -2 sin(2t) + 3 cos(3t) L(f) = . ABCDE

Possible answers this page

2 3 2 3 2 3 2 3 2 6 2 6 2 6 2 6
AZ+> B)S-SC) -2+ D)-=-= E) £+ AB) S— AC) ——+— AD) ——
)s 52 )S % ) s < ) s ¢° )32 s )32 s ) ¢ s ) ¢ s
Ay 2.3 poy 2 8 gy 2.8 g 2 3
S+2 S+3 S+2 S+3 S+2 S+3 S+2 S+3
o) 2.3 g2 3 gy 2.8 ape 2 3
s—2 s+3 s—2 s+3 s—2 S+3 s—2 Ss+3
4 3s 4 3s 4 3 4 3
ABD + ABE - ACD) — + ACE) — -
)sz+4 s?+9 )sz+4 s?+9 ) *+4 $°+9 ) “+4 s*49
4 3s 4 3s 4 £ 4 £
ADE + BCD - BDE) — + CDE) - -
)32—4 s°-9 )52—4 -9 ) -4 §*-9 ) s’ —4 s*-9
2 3 2 3s 2s 3
ABCD + ABCE) — ABDE
) (s-2)?* (s+3)° )sz+2+sz+3 ) sz+2+sz+3

ACDE) «¢{f} exists but none of the above is £{f} BCDE) <{f} does not exist.
ABCDE)None of the above.
Total points this page = 9. TOTAL POINTS EARNED THIS PAGE
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PRINT NAME ( ) ID No.

Last Name, First Name MI, What you wish to be called
Follow the instructions on the Exam Cover Sheet for Fill-in-the Blank/Multiple Choice questions.
Compute the inverse Laplace transform of the following functions if they are in F:

2 3
7.(3pts) FS)=-2+—>_  gyp= | ABCDE
57.(3pts) FO=-2 + 4R}
s+4
58. (3 pts.) F(s) = 259 9 fF} = | ABCDE
—-25+3
59. 3 pts) F(s)= - g iF}= . _ABCDE
@Bpis) FO= o 2R

Possible answers this page
A)2+3e* B)2-3e* C)-2+3¢* D)-2-3¢* E)2+3e? AB)2-3e? AC)-2+3e™*
AD) -2 -3¢ ® AE)2cos 3t + 4 sin 3t BC)2 cos 3t -4sin3t AD) -2 cos 3t + 4 sin 3t
AE) -2 cos 3t - 4 sin 3t BC)2 cost +(4/3)sin 3 t BC)2 cos 3t -(4/3) sin 3t
AD)-2 cos 3t + (4/3) sin 3t AE) -2 cos 3t -(4/3)sin3t BD) 2e'cost + 5e'sint
BE) 2e'cost - 5e'sint CD) -2e'cost+5e'sint CE)-2e'cost -5e'sint
BD) 2e'cost +e'sint BE) 2e'cost - e'sint CD) -2e'cost +e'sint
CE) -2e'cost -e'sint ACDE) < *{f} exists but none of the above is <{f}
BCDE) ¢ {f} does not exist. ABCDE)None of the above.
Total points this page = 9. TOTAL POINTS EARNED THIS PAGE
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PRINT NAME ( ) ID No.
Last Name, First Name MI, What you wish to be called
Answer questions using the instructions on the Exam Cover Sheet. Also, circle your answer.
Using the procedure illustrated in class (attendance is mandatory), find the eigenvalues of

A = {i 4} eC?<,

0 1
60. (2 pts.) A polynomial p(L) where solving p(A) = 0 yields the eigenvalues of A can be written

asp(h) = . ABCDE
A) (i+0)(1+1) B) (i+A)(1-1) C) (i-A)(1+)) D) (i-12)(1-)) E) (i+A)(2+)) AB) (i+1)(2-1)
AC) (i-M)(2+)) AD)(i-A)(2-1) AE) (2i+)0)(1+2) BC)(2i+A)(1-1) BD)(2i-A)(1+1)
BE) (2i-1)(1-1) CD) (2i+A)(2+.) CE)(2i+)1)(2-1) DE)(2i-A)(2+.) ABC)(2i-1)(2-1)
ABD) (3i-1)(2+1) ABE)None of the above.
61. (1 pt.) The degree of p() is : ABCDE Al B)2 (C)3 D) 4
E)5 AB)6 AC)7 ABCDE) None of the above.

62. (1 pt.) Counting repeated roots, the number of eigenvalues of A

BC) A,
CE) A,

is . ABCDE A)0 B)1l C2 D)3 E)4 AB)S5
AC) 6 AD) 7 AE) 8 ABCDE) None of the above
63.(2 pts.) The eigenvalues of A can be written as . ABCDE
A M=L1N=i BIM=L1L=-1 OM=-1L,L,=1iD)M=-L, L=-i )N, =2, A, =i
AB) L, =2, L, =-1 AC)M=-2,,=i AD)M=-2, ,=-i AE) =1, A, =2i
, A, =-2i BD)A, =
A, =

, A, =21 BE)M,=-1, ,,=-2i CD) A =2, A, =2i
A, =21 ABC) A =-2,A,=-2i ABCDE) None of the above

1 -1
2, A, =-2i DE)X, =-2,

Total points this page = 6. TOTAL POINTS EARNED THIS PAGE
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PRINT NAME ( ) ID No.
Last Name, First Name MI, What you wish to be called
Answer questions using the instructions on the Exam Cover Sheet. Also, circle your answers. Note

-2
64.(4 pts.) Using the conventions discussed in class (attendance is mandatory), a basis B for

3 -1
that A, = -1 is an eigenvalue of the matrix A = L }

the eigenspace associated with A, is B = . ABCD E

AL 44 B{[11]F O {[12]} D) {[1,2]", [4,8]"} E) {[21]"}

AB) {[1,3]"} AC){[14]}  AD) {[41]'y AE){[3,1]"} BC) {[1,-1]", [4.4]"}

BD) {[1,-1]"} BE){[1,-2]"} CD){[1,-2]",[48]"}y CE){[21]'tY DE){[1,3]"}

ABC) {[1,-4]"} ABD) {[4,-1]"} ABE) {[3,-1]"}

ACD) A =2is not an eigenvalue of the matrix A

ACE) A = -1is not an eigenvalue of the matrix A

ADE) A = 3 is not an eigenvalue of the matrix A ABCDE) None of the above is correct.
65. (1pt.) Although there are an infinite number of eigenvectors associated with any eigenvalue,

the eigenspace associated with 2, is often one dimensional. Hence conventions for selecting
eigenvector(s) associated with A, have been developed (by engineers). We say that the
eigenvector(s) associated with A,

is (are) . ABCDE
A) 111, [44]"  B)[L1"  CO){[12]} D) [1.2]",[48]" E)[21]
AB) [1,3]" AC) [1,4]" AD) [4,1]" AE) [3,1]" BC) [1,-1]", [4,4]"
BD)[1,-1]" BE)[1,-2]" CD)[1,-2]',[48]" CE)[2,1]" DE) [1,3]"
ABC) [1,-4]" ABD) [4,-1]" ABE) [3,-1]"

ACD) A, =2 is not an eigenvalue of the matrix A
ACE) A\,= -1is not an eigenvalue of the matrix A
ADE) A = 3 is not an eigenvalue of the matrix A ABCDE) None of the above is correct.

Total points this page =5. TOTAL POINTS EARNED THIS PAGE
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PRINT NAME ( ) ID No.
Last Name, First Name MI, What you wish to be called
Answer questions using the instructions on the Exam Cover Sheet. Also, circle your answer.
Consider the scalar equation u” - 4 u’ + 2 u = 0 where u = u(t) (i.e. the dependent variable u is a function
of the independent variable t so that u’ = du/dt and u” = du’/dt). As was done in class (attendance is
mandatory) convert this to a system of two first order equations by letting u = x and u’ =y (i.e. obtain two
first order scalar equations in x and y). You may think of x as the position and y as the velocity of a point

_ X
particle). This system of two scalar equations can be written in the vector form X’ = AX where X = [
y

a b
and A isa2x2 matrix. You are to find A = L d} that is you are to find a, b, c, and d.

66.(1pt) a=_ .  ABCDE
67.(1pt) b= . ABCDE
68.(1pt) c=_ . ABCDE
69.(1pt) d=_ . ABCDE

Possible answers this page.

A0 B)1 C2 D)3 E)4 AB)5 AC)6 AD)7 AE)8 BC) 9
BD)-1 BE)-2 CD)-3 CE)-4 DE)-5 ABC)-6 ABD)-7 ABE)-8 ACD)-9
ABCDE) None of the above

Total points this page = 4. TOTAL POINTS EARNED THIS PAGE
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PRINT NAME ( ) ID No.
Last Name, First Name MI, What you wish to be called
Answer questions using the instructions on the Exam Cover Sheet. Also, circle your answer.

TABLE
Let the 2x2 matrix A have the eigenvalue table Eigenvalues  Eigenvectors
- |1
Let L:A(R,R?-A (R,R? be defined by L[x]=x-Ax r,=-1 &= {2}
= 2
and let the null space of L be N r,=2 & = L}

70.(1 pt). The dimension of N, is : ABCDE
A) 0 B) 1 C)2 D)3 E)4 AB) 5 AC) 6 AD) None of the above.

72. (2 pts.) A basis for the null space of L is . ABCDE

oe-[R ] oL o R o )
L R RIS O PN A
[ 2] w0 [ e[l ] o

None of the above

73.(2 pts.) The general solution of %' =Ax is : ABCDE
A) )“((t):cl{ }e +c{ }ez‘ B) x(t) = c{ﬂe" +c, [ﬂez‘ C) x(t) = cl[ﬂ@ +C, B}e’m D) x(t) =c, [ﬂe" +¢, [ﬂe’z‘

E) x(t) =c, B}d +c, L}e“ AB) x(t) =c{ﬂe‘ +c, {ﬂez‘ AC) x(t) =, [ﬂe‘ +c, {ﬂe’z‘ AD) x(t)=c, {ﬂe‘ +c, {ﬂez‘
AE) X(t):cl{jewc{_ﬂez‘ BC) X(t):cl{_lz}e#c{ﬂez‘ BD) X(t):cl{_lz}ewc{ﬂez‘

BE) X(t):cl{_lz}e‘ +c2me2‘ CD)None of the above

Total points this page = 5. TOTAL POINTS EARNED THIS PAGE
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) ID No.

Last Name, First Name MI, What you wish to be called
True or False. Let fand g be real valued functions of a real variable; that is, ;R - Rand g:R - R. Circle
True if the statement is true. Circle False if the statement is false.

73. (1 pt.) A)True B)False The function fisevenif f(-x) = f(x) V x e R.

74. (1 pt.) A)True B)False The function fis not odd if f(-x) = -f(x) V x € R.

75. (1 pt.) A)True B)False If fand g are both even functions, then the product of fand g is an

odd function.

76. (1 pt.) A)True B)False The function f is periodic of period T if f(x+T)= f(x) VxeR.

77. (1 pt.) A)True B)False Iffis an even function, then we know that J‘jlf(x)dx =0.

For each of the following questions write your answer in the blank provided. Next find your answer
from the list of possible answers listed and write the corresponding letter or letters for your answer in the

blank provided. Then circle this letter or letters

Classify the following function with regard to whether they are odd or even.

78. (Lpt) f(x) = - x s

ABCDE

79. (Lpt) f(x) = -3 s

ABCDE

80.( 1 pt.) f(x) = cos(x) is

ABCDE

81. (1 pt) f(x) = *x* is

ABCDE

82. (1 pt.) f(x) = e* is

ABCDE

83. (Lpt) f(x)=0 is

ABCDE

Possible answers for questions 78-83.
A) odd, but not even B) even, but not odd
D) neither odd nor even E) none of the above

C) both odd and even

Total points this page = 11. TOTAL POINTS EARNED THIS PAGE
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Last Name, First Name MI, What you wish to be called
Answer questions using the instructions on the Exam Cover Sheet. Also, circle your answer.
Let f;R-R be in PC.(R,R;¢) = {feF (R,R): fis periodic of period 2¢, fand " are piecewise continuous

on[)(,(],and f(x)=[f(x+)+f(x-)]/2 at points of discontinuity} so that its Fourier series exists.
84. (2 pts.) The formula for the general Fourier series for f € PC; (R,R;¢) given in our text is

f(x) = . ABCDE

n7nx)+bnsin(n—;rx) B) a,+ Y a, cos(n?nx)ern sin(n?nx)
n=0

N
A) a, + > a, cos(
n=1
d; O . a, =z nm . N
C) 7+Zan cos(nnx) +b_sin(nnx) D) > +>a, COS(TX) +b, S'”(TX)
n=0

= n=1

E) a?‘) +>a, cos(n?ﬂx) +b, sin(n%x) AB) &, > a, cos(nmx) + b, cos(nmx)
n=0 n=1
AC) None of the above
85. (2pts.) where forn=0, 1, 2, ... we have a, = : ABC DE

A) %Iif(x)cos(n?nx)dx B) % Io‘f(x)cos(n—;x)dx C) %jif(x)cos(nnx)dx

AC) None of the above.
86. (2pts.) andforn= 1,2, ... we have b, = : ABC DE

A) % I[[f(x)sin(n%x)dx B) % Iofff(x)sin(”%x)dx C) b, = % [ f(0sinx)ax

D) L' te0sinTgax €)1 toosinxax AB) ' fsingox
AC) None of the above.

Total points this page = 6. TOTAL POINTS EARNED THIS PAGE
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Recall from the previous page that PC; (R,R;¢) = {feF (R,R): fis periodic of period 2¢, fand f’ are

piecewise continuous on [)¢,(], and f(x) = [f( x+) + f( X))]/2 at points of discontinuity}. Now let
PCL (R, R;¢) be the subspace of PCL(R,R;¢) for which the Fourier series is finite. Recall from class

discussions (attendance is mandatory) that PC(R,R;¢) and PCL (R,R;¢) are inner product spaces with

inner product (f,g) = [ fx)g()dx, that By s, =/ Zo{os() i eNpULsinCS):n e N} is an orthogonal

Schauder basis for PC{(R,R;¢), and that B,y =, isan orthogonal Hamel basis for pCi (R,R;) .
87. (1 pt.) Using the notation given above, an orthogonal Hamel basis for pCL (R,R;2)

IS : AB CDE Hint: What is (?
A) {cos(%”) ‘ne N}u{sin(n—zn) ‘neN} B) {U/ 2}u{cos(n—2n) e N}u{sin(n—zn) ‘neN}
C) /2% u{cos(n—;c) ne N}u{sin(i;‘) ‘neN} D) {/3 u{cos(“{) e N}u{sin(”{) ‘neN}
E) {WU/2Acos()neNpusin() ey AB) None of the ahove.

88. (2 pts.) The Fourier series for the function f(x)e PCL (R,R;¢#) which has period 2z and is defined
on the interval [-m,7) by f(x) = 2 + 2 cos(x) + 3 sin(X) is

f(x) = ._ABCDE
Hint: Think Hamel basis.
(2k+Dm < 2k +D)rn
X B) 2+ X
kZ(Zk I sin( 2 ) ) kZ:;‘(Zk I sin( 2 )
2 4 (2k +1)n . i
C) 3+ X GirpecsC—7—x D)2 +;k—nsm(knx) E) 2+ 2c0s(x) + 2sin(x)

AB)2+ 2cos(x) + 3sin(x) AC)2 + 3cos(x) + 35ir;(x) AD) 3+ 3cos(x)+ 3sin(x)
AE) 2+ 2cos(2nx) + 2sin(2r X) BC) 2 + 2cos(2nx) + 3sin(2ax) BD)2 + 3cos(2nx) + 3sin(2nx)
BE)3 + 3cos(2nx) + 3sin(2rx) ABCDE) None of the above.

Total points this page = 3. TOTAL POINTS EARNED THIS PAGE
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PRINT NAME ( ) ID No.
Last Name, First Name MI, What you wish to be called

Let PCL(R,R;¢) and Boci rr.) be as on the previous page. Now let f(x) € PCL(R,R;/) be the function
0 -2<x<0
4 0<x<2

the formulas on the previous page, determine the Fourier series for the function f. Begin by sketching f
for several periods. As discussed in class, indicate on your sketch the function to which the Fourier series
converges
89. (1 pt.) To apply the formulas given on the previous page we choose ( = . ABCDE
Al(=1 B)¢t=2 $6=3 D)t=4 E)(=-1 AB) (=-2 AC)(=-3
AD) (=-4  ABCDE) None of the above
Next write down the formulas for a Fourier series and its coefficients using this value of (. After
computing the a,’s and the b,’s, note what they are for n odd and n even. Then answer the questions
below and on the next two pages.
90. (3 pts.) We have a, = : ABCDE A0 B)1 (€2 D)3
E)4 AB)-1 AC)-2 AD)-3 AE) -4 ABCDE) None of the above

whose domain is R which has period 4 and is defined on the interval (-2,2) byf(x) ={ Using

Total points this page = 4. TOTAL POINTS EARNED THIS PAGE
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Let f(x) be as on the previous page. Continue the computation of the Fourier Series coefficients.
91. (3 pts.) Fora, withnodd (n=1, 3,5, ...) so that for k=0,1,2,3,.. we have

Apper = : ABCDE A)0 B) 1/(2k+1)
C) 2/(2k+1) D) 3/(2k+1) E) 1/[(2k+1)x] AB) 2/[(2k+1)n] AC) 3/[(2k+1)x]
AD) 4/[(2k+1)x] AE) 8/[(2k+1)xr] BC) -1/(2k+1) BD) -2/(2k+1) BE) -3/(2k+1)
CD) -4/(2k+1) CE) -1/[(2k+1)x] DE) -2/[(2k+1)x]  ABC) -3/[(2k+1)x]
ABD) -4/[(2k+1)x] ABE) -8/[(2k+1)r] ABCDE)None of the above
92. (3 pts.) For a, withneven (n=2, 4, 6, ...) so that for k =1,2,3,... we have

Ay = : ABCDE A)0 B) 1/(2k) C) 1/k

D) 3/(2k) E) 1/(2kn) AB) 1/(kr) AC) 3/(2knr)  AD) 2/(kn) AE) 4/(kr)
BC) -1/(2k) BD) -1/k  BE) -3/(2k) CD) -2/k  CE) -1/(2kn) DE) -1/(kn)
ABC) -3/(2kn) ABD) -2/(2knr) ABE) -4/(kr) ABCDE)None of the above

93. (3 pts.) For b, withnodd (n=1, 3,5, ...) so that for k=0,1,2,3,... we have

Dyer = : ABCDE A)0 B)1/(2k+1) C) 2/(2k+1)
D) 3/(2k+1) E) 1/[(2k+1)x] AB) 2/[(2k+1)x] AC) 3/[(2k+1)xr]  AD) 4/[(2k+1)x]

AE) 8/[(2k+1)r] BC) -1/(2k+1) BD) -2/(2k+1) BE) -3/(2k+1) CD) -4/(2k+1)

CE) - 1/[(2k+1)x] DE) -2/[(2k+1)x] ABC) -3/[(2k+1)r] ABD) -4/[(2k+1)x]

ABE) -8/[(2k+1)xr] ABCDE)None of the above

Total points this page =9. TOTAL POINTS EARNED THIS PAGE
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Let f(x) be as on the page before the previous page. Continue the computation of the Fourier Series
coefficients.

94. (3 pts.)For b, withneven (n=2, 4, 6, ...) so that for k=1,2,3,...

we have b, = : ABCDE A)0 B)1/(2k) C)1l/k
D) 3/(2k) E) 1/(2kn) AB) 1/(kr) AC) 3/(2kn)  AD) 2/(kn) AE) 4/(kr)
BC) -1/(2k) BD) -1/k BE) -3/(2k) CD) -2/k  CE) -1/(2kn) DE) -1/(knr)
ABC) -3/(2kn) ABD) -2/(2kx) ABE) -4/(kx) ABCDE)None of the above

95. (3 pts.) Thus the Fourier series for f(x) may be written as

f(x) = : ABCDE

) Z(Zkil)nsm(@k;l)nx) B) g(zku)n S((Zk;rl)nx)

©) Z(Zkil)nsm(@k;l)nx) P) g(zku)ncos((Zk;l)nx)

®) Z(Zkil)nsm(@k;l)nx) AB) 2(2k+1)n S((Zk;rl)nx)

AC) L Z(Zkil)nsm(@k;l)nx) AD) L+ kz(zk+1)n ((Zk;l)n )

AE) 1+ g(zkil)nsm((z'(;l)n ) BOL g(zku)n (Zk;l)n x)
BD)1+2(2k41) n((2k;1)“x) BE) 1+ Z(ZK o s((Zk;rl)“x)

D)2+ Z.O:;(Zkil-l-l)n n((Zk;rl)nX) B2+ g(zku)n S((Zk;rl)nx)
DE) 2 + 2(% 5 n((z";l)“ x)  ABC)2+ Z(ZK 1) s((Zk;rl)“x)
ABD) 2 + Z(zkil)nsm((%;l)n x)  ABE)2+ g( o cos((Zk;l)nx)

ABCDE) None of the above

Total points this page = 6. TOTAL POINTS EARNED THIS PAGE
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Follow the instructions on the Exam Cover Sheet for Fill-in-the Blank/Multiple Choice questions. Also

circle the correct answer.
Consider the Partial Differential Equation (PDE): tu,, =X U,,

96. (4 pts.) Using the method of separation of variables with separation constant A (or -X if
appropriate), one of the following sets of two Ordinary Differential Equations (ODE's) can be
obtained from this PDE. Recall that the process does not yield a unique set of ODE's. (Note that
we are looking for product solutions in the null space of the linear operator

L[u]=tu,, - xu,,). Following the advice given in class as to how to choose the separation

constant (attendance is mandatory) we may obtain the set of

ODE’s ABCDE
A) X"+L X =0, T"+AT=0 B) X"+AX=0, T"-AT=0

C) X"+AX=0, T"+AtT=0 D) X" +AxX=0, T"+AT=0

E) X"+AxX =0, T"+AtT=0 AB) X" +AtX=0, T"+AxT=0

AC) XX"+AX=0, tT"+AT=0 AD) tX"+AX=0, XT"+\XT=0

AE) xX"+1X =0, T"+AT=0 BC) X" +AX=0, tT"+AT=0

BD) X" +AxX=0, T'+AT=0 BE) X"+AX=0, T'+AtT=0

CD) Separation of variables does not work on this PDE.
CE) Separation of variables works on this PDE, but none of the above is correct.

Total points this page = 4. TOTAL POINTS EARNED THIS PAGE
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Recall that we have established pci(R,R;¢) as a set where we can calculate Fourier Series. Now let
PC:.(R,R;?) be the subspace of pC(R,R;# containing only odd functions, PC. (0,/.,R;%) be the functions in
PCi,(R,R;¢) with their domains restricted to [0,(], and PCl_([0,7],R;¢) be the subspace of PC. ([0,],R;¢) for

which the Fourier (sine) series is finite. Recall that B, ={sin(nr/¢):n e N}is a Schauder basis of
PC. ([0./,R;) and a Hamel basis for pc_([0,7,R;¢). Consider the heat conduction in a rod problem defined

by

PDE U = o Uy, 0<x<{(, t>0
BC u(0,t) =0, u(et) =0, t>0
IC u(x,0) = uy(x) 0<x<L.

Recall that prct ([0,¢1,R;¢) is the state space for this problem. To formulate this problem as a linear

mapping problem we also need the solution space. Let D = (0,0)x(0,»), 6 =[0,0]x(0,), D =
[0,0]1x[0,%), A ,,o(D ,R,0) = {u(x,t)eF (D ,R): ucA(D,R)nC(5,R), u(0,t) =0, u(¢,t) =0 for t >
0,u(x,0)e PCi, ([0, 71,R;¢) and V¥xe(0,() we have that u(x,t) is continuous at t = 0 except where u(x,0) is
discontinuous}. Thus a function u(x,t)eA (D ,R,0) is analytic in D, contiuous on the boundary of

D except where u(x,0) is discontinuous, satisfies the boundary conditions u(0,t) = 0, u(¢,t) = 0 for t > 0,
and u(x,0)e PCL ([0,7],R;¢) . We take A ,-(D ,R) as the solution space for our problem. Now let Lg:A
ue(D,R;0) ~A (D,R;0) be defined by Lg[u] = u, -a?u,,, Thus we incorporate the boundary

conditions into the domain of the operator. Now let N, ; be the null space of L and A  g( D ,R;0%,0) =
{u(x,t)eN,: u(x,0)e Pci (0,7,R;%) }and A \ s D,R;02,0) = {u(x,t)eN, : u(x,0)e PCL ([0.7,R;) }. Hence
we see that A  gu( D ,R;0%,0) Ay pie( D R;0%,0< N5 = A o(D,R;0). Recall

that B, ={e7[¥j tsin(%) :neN} is a Schauder basis for A , g«( D ,R;¢ )and a Hamel basis for

Anterrs( DR )
We denote the problem of finding all solutions to PDE ~ u,= o’u,, 0<x<2, t>0
BC u(Ot)=0, u@2t)=0, t>0
by Prob,,.(A.c(D ,R; o (), Lg[u] = 0; & ). We denote the problem of heat conduction in a rod that is
given above by Prob, (A (D ,R), Lg[u] =0, u(x,0) = uy(X) ; o?, 0)
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Let Prob,,.(A.c(D ,R; o2, 0), Lg[u] = 0; o?, 0), Prob,.(A,(D,R), Lg[u] =0, u(x,0)), L, N

Uo(X), all of the function spaces, and all of the basis sets, be as on the previous page.
97. (1pt.) The set (which may be thought of as a subset of L([0,(],R) ) that we (attendance is
mandatory) considered to be the state space for the problem of heat conduction in a rod

LBffss

§ . ABCDE

A)D B)D C)A(D Ri0%0) D) Aygns(D Ri0%0) E)A(D,R0) AB) N, AC)R
AC) PCL ([0,7],R;¢) AD) PCL_([0,1,R;¢) AE)A(D,R;!) ABCDE) None of the above

fss

98. (1pt.) A Schauder basis for the state space for heat conduction in a rod may be taken to

be : ABCDE A)A(D,R)
B)A(D,R;l) C) Aw(D ,R;l) D) Ay(D,R;l) E)N _, AB)A gl D R;0%0) AC)PCL([0,4R;/)

2
anm

AD) pCi ([0.1.R;1) AE) BNLBfSS:{e'[ ! jtsin(%:nem} BC) B, = {sin(55)in e N}

BD) B, ={/ 2y u{cos(") :n e N}u{sin®):ne N} ABCDE)None of the above
99. (1pt.) A Schauder basis for A, g( D ,R;0%,0), which is a subset of N,

IS : ABCDE A)A (D ,R)
B)A(D,R;l) C) Aw(D ,R;l) D) A(D,R;l) E)N _, AB)A gl D R;0%0)  AC)PCL([0,7,R;0)

AD) PC.([0.4.R;))  AE) B, g :{e_[Tj tsin(%) ‘neN} BC) By ={sin(%) :neN}
BD) B, = {1/ 2} u{cos("5):n e N}ufsin(5):ne N} ABCDE)None of the above

100. (2 pts.) The "general" or formal solution of Prob,(AHC(D ,R),Lg(x,t) = 0; o?,0), the
problem of finding all solutions to PDE  u,= o’u,, 0<x<2, t>0
BC u(0t)=0, u2t)=0, t>0

is given by u(x,t) = . ABCDE

2,22 2,22

anm

anm

N A e N B YAk N —an?r2et ;o T
A dce ! sm(n—ﬂx) B) D ce sm(7x) C) D.c.e sm(7x)
=1 =1 n=1

o aZn?x? aZn?x? aZn?n?

dce “ tsin(%x) E)Yce  sin(nm/x) AB) dce ” tsin(%x)
=1 =1

o®n?n?

Tt & n
‘ cos(% x) AD) S, COS(TRX) ABCDE) None of the above.
n=1

AC) icnef
n=1

Total points this page =5. TOTAL POINTS EARNED THIS PAGE
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Let Prob,c(Auc(D \R; o, 1), Lg[u] = 0; 0 0), Prob,c(A (D ,R), Lg[u] =0, u(x,0)), Lg, N gr.» N
Uo(X), all of the function spaces, and all of the basis sets, be as on thepage before the previous page.
101. (2 pts.) The "general" or formal solution of PDE  u,= u, O<x<2, t>0
BC u@©t)=0, wu2t)=0, t>0
(we denote this problem by Prob,(A,«(D ,R;1),Lg[u] =0; 1, 2))

LBfss ’

Is given by u(x,t) = . ABCDE
© _n*a? N _n’x? % 2 2.,
A e ¢ sin(x) B) Yce ¢ sinix) ©) dc.e T sin(rx)
n=1 nm n=1 2 n=1 2
D) che4‘sin(r‘2—”x) E) Ylc,e ¢ sin(2nnx) AB) Sce ¢ sin(%"x)
n=1 n=1 n=1
- 22t - N - . N n
AC) D.ce tsm(fx) AD) . a, sm(fx) +b, cos(fx) ABCDE) None of the above.
n=1 n=1
102. (4 pts.) The solution of
PDE Uy = Uy 0<x<2, t>0
BVP for a PDE BC u(0,t)=0, u(2,t)=0, t>0
IC u(x,0) = 6 sin(3nx) 0<x<2
(we denote this problem by Prob,,(A,o( D ,R),Lg[u] = 0, 6 sin(3nx); 1, 2) )
Is given by u(x,t) = : ABCD E
= *ﬁt . Nm n? 2
A) > 6e * sm(; X)  B) e 'sin(x) © 6e*sin6) D) 66 sin(6mx)
n=1
E) >.6e ™ 'sin(6nx)  AB) gesin(6mx) AC) 6e " sin(3nx)AD) 6e " sin(6mx)
n=1

ABCDE) None of the above.

Total points this page = 6. TOTAL POINTS EARNED THIS PAGE
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Let Proby,c(A o0 D ,R;0), Lg[u] =0, u(x,0) = uy(x) ; o ¢) be the problem defined by

PDE U = o Uy, 0<x<i(, t>0
BC u(0,t) =0, u(,t)=0, t>0
IC u(x,0) = uy(x) 0<x<{(

103. ( 2 pts.) The formula for the solution of
Prob,c(Aoo( D ,R:0), Lg[u] =0, u(x,0) = ug(x) ; o, 0)

Is given by u(x,t) = : AB CDE

a?n?g? ocznzn2

A)Zce £ tsin(nix) B)Zce e sin(%x) C)Zce “”““sm(—x)
T n=1

(xznznz a?n?m? (xznznz

D)Zce e sm(—x) E)Zce 7 sin(nmdx) AB)Zce £ sm(—x)

n=1

o?n?n?

© St n .
AC)>ce ! cos(%x) AD)X c.

AE) None of the above

104. (2 p:t_s) where the formula for c,isc, = : ABC DE
A) ju sm(%x)dx B) ju sm(—x)dx C) 27-|/'u0(x)sin(r]7nx)dx D) %j'ug(x)sin(n%x)dx E)

© 0

27-|U’u0(x)sin(nn/x)dx AB) _[u (x)sm(—x]dx AC) %

Le— e
ﬂ
=
|
x
~—
[N
x
)
~

%iug(x)cos(%ﬂx)dx ABCDE)

None of the above.

Total points this page = 4. TOTAL POINTS EARNED THIS PAGE
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Let Prob,,c(As.0( D ,R), Lg[u] =0, u(x,0) = 2 ; 1, 2) be the problem defined by

PDE Uy = Uy 0<x<2, t>0

BC u(0,t) =0, ui2,t)=0, t>0

IC u(x,0) =2 0<x<2

105. (2 pts.) The formula for the solution of Prob,,.(A ,c(D ,R;(), Lg[u] =0, u(x,0) =2 ; 1, 2) is given by
u(x.t) = . ABC DE
- n?n? N n?n? ©
A ce Ttsin(ix) B) > c.e T sin C)Y, c,e " sin(L x)
n=1 nmw n=1 2 n=1 2

0 nznzt 0 nznzt nznz

.n _ _ 0 R,
D)>.ce * sm(?nx) E)>.ce ¢ sin2nmx) AB)Y.ce * ‘sm(n?“)()
n=1 n=1 ol

r'lﬂit

© - N
AC)> ce cos(%nx) AD) D G, Sln(7X) ABCDE) None of the above.
n=1 n=1
106. (2 pts.) where the formula for c,isc, = : ABC DE
) t . (nm t . (nn 5% . (nn
A) 2£3|n[n—nx]dx B) E[mn[?x]dx C) ijsm[zx]dx D) zb[sm[szdx
t . (nn : . (nn t . (nn ‘ nm
E) 3£sm[7x]dx AB) 4£sm[2x]dx AC) 5£sm[7x]dx AD) 2‘([005[7x]dx
ABCDE) None of the above.

Total points this page = 4. TOTAL POINTS EARNED THIS PAGE
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Let Prob,,.(A,,c(D ,R;0), Lg[u] =0, u(x,0) =2 ; 1, 2) be as on the previous page.
107. (2pts.) Computing c, using the formula on the previous page, fornodd (n=1, 3,5, ...) we

have for k =0,1,2,3,... that c,,,=

ABCDE A0 B)U[(2k+1)n]

C) 2/[(2k+1)x] D) 3/[(2k+1)x]
AD) 32/[(2k+1)n]  AE) 64/[(2k+1)x]
CD) -4/(2k+1)  CE) -1/[(2k+1)7]

E) 4/[(2k+1)x]
BC) - 1/(2k+1)
DE) -2/[(2k+1)x] ABC) -3/[(2k+1)x]

AB) 12/[(2k+1)x]  AC) 16/[(2k+1)x]
BD) -2/(2k+1) BE) -3/(2k+1)

ABD) -4/[(2k+1)x] ABE) -8/[(2k+1)xr] ABCDE)None of the above

108. (2 pts.)For ¢, with neven (n = 2, 4, 6,

Cyp = . ABCDE

AB) 12/[(2k+1)n]
BC) - 1/(2k+1)

DE) -2/[(2k+1)x] ABC) -3/[(2k+1)x]

D) 3/[[(2k+1)n]  E) 4/[(2k+1)x]
AD) 32/[(2k+1)x]  AE) 64/[(2k+1)n]
CD) -4/(2k+1)  CE) - 1/[(2k+1)n]

...) we have for k =1,2,3,...that

A)0 B) 1/[(2k+1)n]
AC) 16/[(2k+1)n]
BD) -2/(2k+1) BE) -3/(2k+1)

C) 2/[(2k+1)n]

ABD) -4/[(2k+1)x] ABE) -8/[(2k+1)xr] ABCDE)None of the above
109. (2 pts.) Hence the solution of Proby(Ayco( D ,R), Lg[u] =0, u(x,0) = 2 ; 1, 2) may be written

as u(xt) = ABC DE
(2k+l)27[2t (2k+1)7[ 0 (2k+l)27[2t ) (2k+1)7[
tosin(G——/——x B) 4 sin(Ai——=x
A Z(2k+1)rc ( ) Z(2k+1)rc ( )
o _ (2k+1)*7? o (2k+1)2n2
C) Z 4 tsin(—(2k+1)n X) z 4 tsin(—(2k+1)7t X)
< (2k +1)n < (2k +1)n
o _ (2k+1)*7? o _ (2k+1)°n?
E) Z i sin 2T Z o tginZKDT
(2k +1)n (2k +1)n
o _ (2k+1)*7? o _ (2k+1)*n?
Z (L S LW Z U os(BEDT
- 2k +1)TC 5 (2k +1)TE

(2k+1) 2

AE) z (2k)n 4 cos(

ABCDE) None of the above.

(2K)w
2

o0 4 _
x) BC)» —e
kZ:; krn

k?n? 0 k?n?

v Km 2 -“Ft . kn
4 sin(—x) BD —e 2 sin(—x
(2 ) );kn (2 )

Total points this page = 6. TOTAL POINTS EARNED THIS PAGE
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110. (3 pts.) If the left end of a rod are insulated (recall that we assume that the lateral sides are
also insulated so that the temperature does not vary over a cross section) and the right end is
held a the constant temperature 0, then a good mathematical model of the physical heat

conduction problem is given by:

PDE U, = 0U,, 0<x<{(, t>0
BVP for a PDE BC u(0t)=0, u(t)=0, t>0
IC u(x,0) = ug(x) 0<x<{

where u,(x) is the initial temperature distribution in the rod.

T

- O O --
/ I \
insulated u=0
x=0 X=1

Applying the separation of variables process to the PDE results in the two ODE's:
1. X"+AX=0
2. T'+d?AT=0
where A is the separation constant. The spacial eigenvalue problem that results from

applying the BC’s given above is . ABCDE
A X"+AX=0 B) X"+AX=0 C)X"+AX=0
X(@0) =0, X(0)=0 X'(0)=0, X(t)=0 X(0)=0, X'(¢)=0
D) X"+AX=0 E) X"+AX=0 AB) X"+AX=0
X(0)=1, X(0)=0 X'(0)=0, X'(©)=0 X'(0)=1, X'0)=0
AC) X"+AX=0 AD) X"+AX=0 AE) X"+AX=0
X(0)=1, X(0)=1 X'(0)=1, X()=0 X(0)=0, X'(¢)=0

ABCDE) None of the above.

Total points this page = 3. TOTAL POINTS EARNED THIS PAGE
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TABLE OF LAPLACE TRANSFORMS THAT NEED NOT BE MEMORIZED

f(t) = L*{F(s)} F(s) = L{f(t)} Domain F(s)
D)))))))))) 2))))))))) D)),
" n = positive integer 355))) $>0
sinh (at) ?Z)a_)a)))) 5> xg *
cosh (at) HIIIY 5 > *a *
esin (bt) ?S)_)g)n)) s>a
e*cos(bt) ?j_)'%a)lp s>a
t'e® n = positive integer ?s)_fé;) s>a
u(t) )b s>0
u(t - ©) SS) s>0
e“f(t) F(s-c)

f(ct) ¢>0 §F(§)

5(t) 1

5(t - ¢) e
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PARTIAL TABLE OF ANTIDERIVATIVES

[

. Ix[sin(ax)]dx = aizsin(ax) —gcos(ax) +c

N

: Ix[cos(ax)]dx = a—lzcos(ax) — gsin(ax) +C

2,2
3, Ixz[sin(ax)]dx = % sin(ax) -2 Xas_ 2 cos(ax) +¢
4. I x?[cos(ax)]dx = 2—)2( cos(ax) — aZXZ; 2 sin(ax) +c¢
a a

(62}

. fsinz(ax)dx = g—:—asin(Zax) +cC

(2]

: Icos2 (ax)dx :i—isin(Zax) +C
2 4a

1. I[sin(ax)] [cos(ax)]dx = Zl—asinz(ax) +cC

. _sin[(a—b)x] _sin[(a+b)x] 2 L2
8. J.[sm(ax)] [cos(bx)]dx = 2(a_b) 2(ash) +C a“#b
0. I[cos(ax)] [cos(bx)]dx = sinf@=b)x] | sinl@+b)x] /o2 e

2(a—h) 2(a+b)
_cos[(a—b)x] cos[(a+b)x]
2(a—h) 2(a+b)

+c a’#b?

10 [[sin(ax)]cos(bx)]dx =
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SETS AND SPACES FOR FOURIER SERIES AND THE HEAT CONDUCTION PROBLEM

1. PCL(R,R;¢) ={feF(R,R): fis periodic of period 2¢, fand f’ are piecewise continuous on
Do,0], and f(x) =( f( x+) + f( x))/2 at points of discontinuity}.

2. pci.(rR.R;0) IS the subspace of PC, (R,R;¢) for which the Fourier series is finite. Recall from
class discussions (attendance is mandatory) that PC: (R,R;¢) and pci (rR,R;s) are inner product

spaces with inner product (f,g) = jif(x)g(x)dx . However, they are not Hilbert spaces.

3. B, ={L/2}Ufcos("1) 0 e N}u{sin() :n e N} is an orthogonal Schauder basis for PCL(R,R; /),
and an orthogonal Hamel basis of pci (R.R;/).
4. PC,(R,R;0) Iisthe subspace of pcL(R,R;¢) containing only odd functions.
5. PCL ([0,7],R;¢) is the set of functions in PC; (R,R;¢) with their domains restricted to [0,(]. This

fss

space of Fourier Sine Series is the state space for the heat conduction problem.
6. PC ([0,41,R;¢) is the subspace of PC: ([0,71,R;¢) for which the Fourier sine series is finite.

7. B ={Sin(%)ikeN} is an orthogonal Schauder basis for PCt ([0,7],R;¢) and an orthogonal

Hamel basis of PCL_([0,71,R;?).
8. Consider the heat conduction in a rod problem defined by

PDE U = o Uy, 0<x<{(, t>0
BC u(0,t) =0, u(et) =0, t>0
IC u(x,0) = uy(x) 0<x<l{.

Recall that pci_([0,7],R;¢) IS the state space for this problem. To formulate this problem as a

linear mapping problem we also need the X space. Let D = (0,0)x(0,»), 6 =[0,0]x(0,), D =
[0,0]1x[0,), A ,,o(D ,R,0) = {u(x,t)eF (D ,R): ueA(D,R)nC(5,R), u(0,t) =0, u(¢,t) =0
for t > 0,u(x,0)e PCi,([0.71,R;¢) and ¥xe(0,0) we have that u(x,t) is continuous at t = 0 except
where u(x,0) is discontinuous}. Thus a function u(x,t)eA ,,o(D ,R,() is analytic in D,
continuous on the boundary of D except where u(x,0) is discontinuous, satisfies the boundary
conditions u(0,t) = 0, u(¢,t) = 0 for t > 0, and u(x,0)€ PC. ([0,4,R;?) . Thus A,o(D ,R) is the set
where we look for solutions to the pde in D. Thus, we take A (D ,R) as the X space for our
problem. These functions are “nice” at the boundary of D.

9. Now let A czc(D ,R) = {u(x,t)eA (D ,R)): u(0,t) = 0 and u(¢,t) = 0 for t > 0}. Then
A cec(D ,R) is the set where we look for solutions of the pde in D that also satisfy the BC’s.
These functions are “nice” on [0,(]x{0} where t = 0. Now let Lg:A ,czc(D ,R) ~A(D,R) be
defined by Lg[u] = u, -«?u,,. Thus the BC’s are incorporated into the domain of the linear
operator Lg. Now let NHS(OZ,@ be the null space of Ly so that if u(x,t) € N (a?,0), then

it satisfies the BC’s as well as the pde. Now let Prob,,.(A,,csc(D ,R), Lg[u] = 0; 02,0) be the
problem defined by
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PDE U = o Uy, 0<x<{(, t>0
BC u(0,t) =0, u(et) =0, t>0.
Hence the solution set for Prob,,.(A ,csc( D ,R), Lg[u] = 0; o?,0) ) is the null space of L which
we have denoted by N, (a?,¢). These are the functions in A, ,cc( D ,R) that satisfy the pde

as well as the BC’s. Also, if u(x,t)e N, (a?,0) , then its restriction to [0,0]x{0} is in

PCL,([0.7,R). Now let M%(Of,g) ={u(x,t)e NBS(OZ,() : u(x,0) € PC:_([0,71,R;7) } so that if

u(xt)e N (a®,0) , its restriction to [0,(]x{0} is in PCi([0.71,R). Now let
Probyc(A hcec(D \R), L [u] =0, u(x,0) = uy(x) ; o, ¢) be the heat conduction in a rod problem
as defined in 8 above. From class, if uy(x)e PCL ([0,7],R;¢) , then the solution of
Prob,c(A e D ,R), Lg[u] = 0, u(x,0) = uy(X) ; o, 0) is in I (a?,0). If uy(x) €

PCL, ([0, R; ) , then the solution of Prob,,.(A ,,cec( D ,R), Lg[u] = 0, u(x,0) = uy,(X) ; o, 0) is in
NL%(az,o '

10. Fromclass, B, (a?.()={e™“""'sin(nn/¢):n N} is a Hamel basis for N, (a?,¢) and a
Schauder basis for N, (a?,/) -



