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PRINT NAME ( ) ID No.
Last Name, First Name MI, What you wish to be called

Follow the instructions on the Exam Cover Sheet for Fill-in-the Blank/Multiple Choice questions.
You are to classify the first order ordinary differential equations given below. The classification relates to the
method of solution. Recall from class (attendance is mandatory) the possible methods listed below. Do not put
more than one answer. If more than one method works, then any correct answer will receive full credit. Also
remember that if I cannot read your answer, it is wrong. DO NOT SOLVE. Also recall the following:

a. In this context, exact means exact as given (in either of the forms discussed in class).

b. Bernoulli is not a correct method of solution if the original equation is linear.

c. Homogeneous (use the substitution v = y/x) is not a correct method of solution if it converts

a separable equation into another separable equation.

1. (4 pts.) (5" + 2xy + x )dx + (x* + 6y)dy = 0 ~____ABCDE
2. (4 pts.) (3xy + 5cos(x) )dx + 6 x* dy =0 ABCDE
3.(4pts) By +x*)dx +5x*dy=0 ABCDE
4. (4 pts.) 3xye*" dx + 4x*y’dy =0 ~____ _ABCDE
5.(4pts.) (Y +3x°y)dx+ xdy=0 ABCDE

Possible answers this page.

A) First order linear (y as a function of x). B) First order linear (x as a function of'y).

C) Separable. D) Exact Equation (Must be exact in one of the two forms discussed in class).
E) Bernoulli, but not linear (y as a function of x).

AB) Bernoulli, but not linear (x as a function of'y)

AC) Homogeneous, but not separable. ABCDE) None of the above

Possible points on page 1 is 20. TOTAL POINTS EARNED THIS PAGE
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PRINT NAME ( ) ID No.
Last Name, First Name MI What you wish to be called
Answer questions using the instructions on the Exam Cover Sheet. Also, circle your answer. Be
careful. No part credit. If you miss one part, it may cause you to miss other parts.
Consider the first order linear ODE y’ = - y - 2x which we denote by (*). To solve (*), you may need to
change it to a standard form.
1. (1 pts.) The correct standard form for (*) is ABCDE
A)y'ty=x B)y'ty=-x Oy -y=x D)y -y=-x E)y +2y=x AB)y 2y =-x
AC)y' -2y=x AD)y-2y=-x AE)y'+y=2x BC)y+y=-2x BD)y' -y=2x
BE)y -y=-2x CD)y +2y=2x CE)y +2y=-2x DE)y’ -2y=2x ABC)y’' -2y =-2x
ABCDE) None of the above

2. (2 pts.) An integrating factor for (*) is p= . ABCDE
A)x B)-x C)x* D)-x> E)2x AB)-2x AC)2x> AD)-2x> AE)e* AD)e*
AE)e* BC)e® BD)e®  Ee™ ABCDE) None of the above

3. (3 pts.) Insolving (*) as we did in class (attendance is mandatory), the following step occurs:

. ABCDE
dye) _ . de)_ . s T diye’) . . dye™) . - il 0 L
Nams® Bens Sers mee e D igeee AB)
AD) bl S R e s dye") =xg” 4" =—xe’ dGe™) =Ixe™ BD)
ix dx dx dx dx
CD) f(‘;::} ——Dgpt '-'1{1-::*:' ) fl-f:;i“ B {'.(3;5:” ) e ﬂ(};:x} =-22:%ABC)
ABCDE) None of the above

4. (1pt.) Let (**) be the initial value problem consisting of (*) and the initial condition y(0) = 0.

The number of solutions to (**) is ABCDE A)0 B)1
C)2 D)3 E)4 AB)5 AC) Countable infinite number of solutlons
AD) Uncountably infinite number of solutions ABCDE) None of the above

Possible points on page 2 is 7. TOTAL POINTS EARNED
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PRINT NAME ( ) ID No.
Last Name, First Name MI What you wish to be called
Answer questions using the instructions on the Exam Cover Sheet. Also, circle your answer.

An ODE may be considered to be a “vector” equation with the infinite number of unknowns in the vector
being the values of the function for each value of the independent variable in the function’s domain. To solve a
first order linear ODE, we may isolate the unknown function. The isolation of the function (dependent variable)
solves for all of the (infinite number of) unknowns simultaneously. In solving a particular first order linear
ODE, call it (*), of the standard form L[y] = g(x) where L is of the form L[y] =y’ + p(X)y, an integrating factor

and the product rule were used to reach the following step: dﬁ:;i_ d = ,call it (**). Recall that if a

problem has an infinite number of solutions, the form of the solution is not unique. To obtain the answer listed,
follow the directions given in class (attendance is mandatory). Also, be careful. If you miss a question on this
page, it may cause you to miss questions on the next page.

1. (2 pts.) The theorem from calculus that allows you to integrate the Left Hand Side of (**)

is . ABCDE
A) Intermediate Value Theorem  B) Mean Value Theorem C) Rolle's Theorem D) Chain Rule
E) Fundamental Theorem of Calculus AB) Product Rule

AC) Integration by Parts ~ AD) Partial Fractions ABCDE) None of the above
2. (4 pts.) The solution (or family of solutions) to the ODE (*) may be written

as . ABCDE
A)y=x+1+ce B)y=-x+1+ce* C)y=x-1+ce* D)y=-x-1+ce'
E)yy=x+1+ce™* AB)y=-x+1+ce™ AC)y=x-1+ce™ AD)y=-x-1+ce™
AE)y=2x+2+ce* BC)y=-2x+2+ce* BD)y=2x-2+ce* BE)y=-2x-2+ce*
CD)y=2x+2+ce™ CE) y=-2x+2+ce™ DE)y=2x-2+ce™* ABC)y=-2x-2+ce™

ABCDE) None of the above

Possible points page 3 is 6. TOTAL POINTS EARNED
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PRINT NAME ( ) ID No.

Last Name, First Name MI What you wish to be called
Let L, p(x), g(x), (*), and (**) be as on the previous page.

3. (1 pts.) The set of solutions for the ODE (*) on the previous page may be written as

S= . ABCDE
A){y=x+1+ce:ceR} B){y=-x+t1+ce*:ceR} C){y=x-1+ce:ceR}
D){y=-x-1+ce’:ceR} E){y=x+1+ce*:ceR} AB){y=-x+1+ce™ceR}
AC){y=x-1+ce™:ceR} AD){y=-x-1+ce*:iceR} AE) {y=2x+2+e*+c:ce R}

BC) {y=-2x+2+ce*: c € R} BD){y=2x-2+ce": c R} BE) {y=-2x -2+ce":ce R}

CD) {y=2x+2+ce*:ce R} CE){y=-2x+2+ce*:ceR} DE) {y=2x-2+ce ™ ceR}

ABC) {y=-2x-2+ce ™ ce R} DE) None of the above

4. (1 pt.) A basis for the nullspace of L is B = . ABCDE
A) {1} B){x} O){1x} D){e'} E){e*} AB){e", e*} ABCDE) None of the above

5. (1 pt.) The general solution of L[y] =0 isy.(x) = . ABCDE
A)c B)ex C)c,+c,x D)ce® E)ce™ AB)c,e*+c,e™ ABCDE) None of the above
6. (1 pt.) ) Using the linear theory, a particular solution of L[y] = g(x) is given by

y(x) = . ABCDE
A)l B)x O)x+1 D)x-1 E)1-x AB)-x-1 AC)e* AD)e™*
ABCDE) None of the above

7. (1 pt.) The number of solutions to (*) is ) ABCDE

A)0 B)1 C)2 D)3 E)4 AB)5 AC) Countable infinite number of solutions
AD) Uncountably infinite number of solutions ABCDE) None of the above
8. (2 pts.) Let (***) be the initial value problem consisting of (*) and the initial condition
y(0) = 0. The solution (or family of solutions) to (***) may be written

asy= . ABCDE
A)y=x+1-¢ B)y=-x+1-¢ C)y=x-1+¢e" D)y=x+1-¢*

E)y=-x+1-¢* AB)y=x +2-2¢™* AC)y=x-1+e* AD)y=x+1+¢" -2+c¢c
AE)y=x+l+e* BC) y=x-1+¢* BD)y=xtlt+te*-2 BE) y=-x+1+e*-2
CD)y=x-1+e *CE)y=x+1-¢* ABCDE)None of the above .

9. (1 pt.) The number of solutions to (***) is X ABCDE
A)0 B)1 ©)2 D)3 E)4 AB)S5 AC) Countable infinite number of solutions
AD) Uncountably infinite number of solutions ABCDE) None of the above

Possible points on page 4 is 8. TOTAL POINTS EARNED
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PRINT NAME ( ) ID No.
Last Name, First Name MI, What you wish to be called
Answer questions using the instructions on the Exam Cover Sheet. Also, circle your answer.

O s T L

Let A= . | x= , Bl , T(X)=Ax . Also let SO
— T 1-:.-r |

Prob(C%, AX = b ); that is, solve the mapping T(Z)=b (ie., solve tAX = b equation

form of the answer may not be unique. To obtain the answer listed, follow the directions given in class
(attendance is mandatory). Also, be careful. If you miss a question on this page, it may cause you to miss
questions on the next page.

1. Bpts.) If [E‘L ‘B:| is red [U|E:| using Gauss elimination we obtain
7 M il 1 iH
[Uf] - : ABCD 1o oo 0 oo| P
1 -l 1 -H 1 22 £ uﬂ AR ABC)
9o op 0 0]0 0 o1 0 oo )
2. (3 pts.) The solution of AX = b may be written as
- . ABCDE A)NoSolution ;]I [}'] ©)
_ 17 i 1 [+ = A T i
D)r| . | +¥ +y AB) +v +y +y AD)
L) 0 1 0 1 0 1 0 1 0 1
i I
BC) 0 +v ! ABCDE) None of the above .

Possible points on page 5 is 6. TOTAL POINTS EARNED
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PRINT NAME ( ) ID No.
Last Name, First Name MI, What you wish to be called
Let Prob(C*:Ai =b), Ab¥ andT be as on the previous page.
3. (1 pt.) The set of solutions for Prob(C?, AX = b ) may be written as
s ]
S= . ABCDE A)e B) { ;

oot £ fBles e
’ 01 1)=€ | ’ (N
AE) {i |:_;}+§;r;j|e C::}fEC}- J[i=|:_02:|+}'|:_fl:|ecl:}r5{3}

ABCDE) None of the above correctly describes the set of solutions for this problem.

4. (1 pt.) A basis for the null space of the operator T is B = . ABCDE

oo} B G & G} [ ewn e
w3 LIEE GHE) =)E) o

ABCDE) None of the above correctly describes a basis for the null space for this problem

5. (1 pt.) The general solution of AX = 0 may be wri_n as = . ABCDE
i 1 — i i r—i]
A) No Solution  B) 0 1 y [ 1} D) v { E)¥| ;1 AB)
-4 2i -2
AC) { 1} ‘r[ ; } { { } AE) ABCDE) None of the above
6. (1 pt.) Using the linear theory, a particular solution of AX -b is given by
m 1 0 [i i
By = . ABCDE 0 [JB) 1] 0] 1 D)
E) H = M ac) | apy|™ -, [ﬁ BC)| BD)
0 T—1 Li =4 0 — i] 10
CD)AX = b has solutions but none are listed A% =b?) has no solutions ABCDE) None of the at
7. (1 pt.) The number of solutions to Prob(C?; AX = b )
is . ABCDE A)0 B)l ()2 D)3 E)4
AB) 5 AC) Countable infinite number of solutions AD) Uncountably infinite number of solutions
ABCDE) None of the above

Possible points on page 6 is 5. TOTAL POINTS EARNED THIS PAGE
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PRINT NAME ( ) ID No.
Last Name, First Name MI, What you wish to be called

True or false. Solution of Abstract Linear Equations (having either R or C as the field of scalars). Assume
T: V-~ W is a linear operator from a (real or complex) vector space V to a (real or complex) vector space W.
Now consider the mapping problem defined by the vector equation

T(X)= b

Under these hypotheses, determine which of the following is true and which is false. If true, circle True. If
false, circle False.

1. (1 pt.) A)True or B)False If E! =0 , then (*) has an infinite number of solutions.

2. (1 pt.) A)True or B)False The vector equation (*) may have exactly five solutions.

—+

3.(1 pt.) A)True or B)False If the null space of T has a basis B = {il,f{:, : .._.Kﬂ} b=0 and
then the general solution of (*) is given by
el o5 SE BN S SRS 1 - where c¢,, ¢, ..., ¢, are arbitrary

4. (1 pt.) A)True or B)False Either (*) has no solutions, exactly one solution, or an infinite number
of solutions.

5. (1 pt.) A)True or B)False If the null space of T is N(T) = {Ej} b and is in the range
space of T, then (*) has a unique solution.

Possible points on page 7 is 5. TOTAL POINTS EARNED THIS PAGE
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PRINT NAME ( ) ID No.
Last Name, First Name MI, What you wish to be called
Answer questions using the instructions on the Exam Cover Sheet.
The dimension of the null space N; of the linear operator L[y] =y” - y’ that maps . (R,R) to
/(R,R) is 2. Assuming a solution of the homogeneous equation L[y] = 0 of the form y = e™ leads to the two
linearly independent solutions y, = 1 and y, = e *. Hence we can deduce that
B, = {1, e*} is a basis of N; so that

y,=¢, + ¢, e*is the general solution of y' -y =0.

Use the method of undetermined coefficients as discussed in class (attendance is mandatory) to determine the
proper (most efficient) form of the judicious guess for a particular solution y, of the following ode's. Begin
with a first guess. If needed provide additional guesses. Place your final guess in the space provided. Then
circle the letter or letters that correspond to your answer from the answers listed below.

I.3pts.) y' -y = 2x First guess: y, =
Second guess (if needed): y, =
Third guess (if needed): y, =

Final guess . ABCDE

2.3pts.) y' -y =2sinx First guess: y, =
Second guess (if needed): y, =
Third guess (if needed): y, =

Final guess . A BCDE

3.3pts.) y' ~y' = 4e* First guess: y, =
Second guess (if needed): y, =
Third guess (if needed): y, =

Final guess . ABCDE

Possible Answers this page.

A) Ae* B)Axe* C)Ax’e* D) Axe*+Be* E)Ax’e*+Bxe* AB)Ae™ AC) Axe*
AD) Ax’e™ AE) Axe*+Be™* BC)Ax’¢*+Bxe* BD)Asinx BE)Acosx
CD) Axsinx CE) Axcosx DE) Asinx +Bcosx ABC) Axsinx +Bxcosx
ABD)A ABE)Ax ACD)Ax+B ACE)Ax’+Bx ADE) Ax*+Bx +C

BCD) None of the above

Possible points on page 8 is 9. TOTAL POINTS EARNED THIS PAGE
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PRINT NAME ( ) ID No.
Last Name, First Name MI, What you wish to be called
Let Prob(.~((-n/2,m/2),R), (*)) be the problem defined by the ODE

y'+y=-sec(x) [=(-n/2,7/2) (*)

Let L: A(-n/2,1/2),R)~./((-n/2,m/2),R) be defined by L[y] = y" +y. The general solution to

L[y] =01isy, =c, cos(x) + ¢, sin(x). To obtain a particular solution of L[y] = tan(x) we let

¥o(X) = u,(x) cos(x) + uy(x) sin(x). You are to find y,. Be careful!! Remember, once you make a mistake, the
rest 1S wrong.

1. (3 pts.) Starting with y (X) = u,(x) cos(x) + u,(x) sin(x) and making the appropriate
assumption(s) you obtain the two equations which are:

ABCDE
A)u’,(x) cos(x) + u',(x) sin(x) =0, -u',(x) sin(x) + u’,(x) cos(x) = tan(x)
B) u’,(x) cos (x) + u’',(x) sin(x) =0, -u',(x) sin(x) + u’,(x) cos(x) = -tan(x)
C) u',(x) cos (x) + u',(x) sin(x) = tan(x), - u',(x) sin(x) + u',(x) cos(x) =0
D) u',(x)cos (x) + u'y(x) sin(x) = -tan(x) - u’,(x) sin(x) + u’,(x) cos(x) =0
E) u',(x)cos (x) + u’y(x) sin(x) =0, -u',(x) sin(x) + u’,(x) cos(x) = sec(x)
AB) u’,(x) cos (x) + u',(x) sin(x) =0, -u',(x) sin(x) + u’y(x) cos(x) = -sec(x)
AC) u',(x) cos (x) + u',(x) sin(x) =sec(x), - u',(x) sin(x) + u',(x) cos(x) =0

AD) u’,(x) cos (x) + u',(x) sin(x) = -sec(x) - u’,(x) sin(x) + u',(x) cos(x) =0
ABCDE) None of the above.

Possible points on page 9 is 3. TOTAL POINTS EARNED THIS PAGE



MATH 261 FINAL EXAM F -A4 Professor Moseley Page 10

PRINT NAME ( ) ID No.
Last Name, First Name MI, What you wish to be called

Let Prob(. A(-n/2,n/2),R), (*)), (*), L and y,(x) = u,(x) cos(x) + u,(x) sin(x) be as defined on the previous page.
2. (2 pts.) Solving the set of equations for u’,(x) and u’,(x) on the previous page we obtain

u',(x)= . ABCDE
3. (2 pts.) And u',(x) = . ABCDE
4. (2 pts.) Hence we may choose u,(x) = . ABCDE
5. (2 pts.) And u,(x) = X ABCDE

6 (2 pts.) Hence a particular solution to (*) is

yo(x) = . ABCDE

Possible answers this page.

A)0 B)I C)-1 D)x E)-x AB)sinx AC)-sinx AD)cosx AE)-cosx BC)tanx BD) -tanx
BE)sin(x) cos(x) CD) -sin(x) cos(x) CE) sin*(x)/cos(x) DE) - sin’(x)/cos(x) ABC)In(sin x)

ABD) -In(sinx) ABE) In(cos x) ACD) -In(cos x) ACE) [sin(x)]In(tan(x)+sec(x))
ADE)[cos(x)]In(tan(x)+sec(x)) BCD) -[cos(x)]In(tan(x)+sec(x))  BCE) In(sin x) BDE)-In(sin x)
CDE) In(cos x) ABCD) -In(cos x) ABCE) (cos(x)) [In(sin(x))] + x sin(x)

ABDE) -(cos(x)) [In(sin(x))] + x sin(x)  ACDE) (cos(x)) [In(cos(x))] + x sin(x)

BCDE) -(cos(x)) [In(cos(x))] - x sin(x) ABCDE)None of the above.

Possible points on page 10 is 10. TOTAL POINTS EARNED THIS PAGE
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PRINT NAME ( ) ID No.
Last Name, First Name MI, What you wish to be called
Follow the instructions on the Exam Cover Sheet for Fill-in-the Blank/Multiple Choice questions.
Also, circle your answer. Be careful. If you miss one part, it may cause you to miss other parts.
Consider y" - 4y”'= 0 which we denote by (*) Also let L: (R,R) -~ (R,R) be defined by
Llyl=y" - 4y” and N; be the null space of L.

1. (1 pt). The dimension of N; is ABCDE A)l B)2 O3
D)4 E)5 AB)6 AC) 7 AD) Countably infinite AE) Uncountably infinite
ABCDE) None of the above.

2. (1 pts). The auxiliary equation for (*) is . ABC DE
A)r+4r =0 B)yr-4° =0 O r+4*+4°’=0 D)r*-4r+4r=0
E)t*+4r=0 AB)r*-4r =0 AC) r*+4r+4r=0 ABCDE) None of the above.

3. (2 pts). Listing repeated roots, the roots of the auxiliary equation

are ABCDE A)0,0,0,2,2 B)0,0,0,-2,-2
0)0,0,0,2,-2 D)0,0,0,2i,-21 E)0,0,0, 2 -2 AB)r=0,0,0,-2,-2i ABCDE) None of the above.

4. (1 pts). A basis for the null space of LisB= ABCDE
A){1x,x%e* xe™}  B){l,x,x%e *xe 2"} O){1,x,x%,e™,e >} D){1,x,x%sin 2x, cos 2x}
BE){1,x,x%™,sin2x} AB){l,x,x’ e ™, sin2x} AC) {1,x,x*, ¢} AD){l,x,x,x3, x*}

AE) {1,e*, xez", e, xe ™} ABCDE) None of the above

5. (2 pt). The general solution of (*) is y(x) = . AB CDE
A)c, + ¢, x + c3x +cte™+eyxe™  B)e,te,xtexite, e +teoxe™ C)e,+c,x+ext e e tese ™
D) ¢, + ¢,x + ¢ x> + ¢, sin 2x + ¢, cos 2x E)c,+c,x + ¢ x> +¢ X’ +c; e AB)c e, x + ¢, x> + ¢, e + ¢, €
AC)c, e, x+e; x> +c,e™ AD)cte,x+e; x> +¢, X AE) c,e®™ +c, xe™ +¢, e > +¢, xe ™
ABCDE)None of the above

Possible points on page 11 is 7. TOTAL POINTS EARNED THIS PAGE
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Page 12

Last Name, First Name MI, What you wish to be called
Let (*) and L be as on the previous page.
6. (1pt.) The set of solutions for (*) may be written as

S =

ABCDE

A) {y(x)=c, +c,x +c x> +c, e +c,e ™1 ¢y, ¢y, Cy Cy, €, ERY
B) {y(x) =c, +c, x + c;x* + ¢, e ™+ ¢, Xxe ™ ¢, €y, C3,Cyy €5 ER}
C) {y(x)=c¢, +¢,x + ;x> + ¢, ™ +cx e ¢y, ¢y, 5, €y, €5 ER}
D) {y(x)=c¢,+c,x ++cx + ¢, e +ecxe ™ ¢, ¢, Cy,Cy, Cs ER}
E) {y(x)=c¢,+¢c,x +¢c; x* + ¢, e™ +cxe™ ¢, ¢, CyyCy, Cs ERY
AB) {y(x)=c¢,+¢c,x+¢; x> + ¢, e ™ +cyxe ™ ¢, €y Cy, €, , €5 ER}
AC) {y(x)=c¢, +¢c,x +¢c; x> +¢, e ™ ¢, ¢y, €5, €, ER}

AD) {y(x)=c,+¢c,x+¢c; X +¢,e*: ¢, ¢y €5, ¢y ER} ABCDE) None of the above

7. (1 pt.) The number of solutions to (*) is

ABCDE

A)0 B)1 C)2 D)3 E)4 AB)S5 AC) Countable infinite number of solutions
AD) Uncountably infinite number of solutions ABCDE) None of the above

Possible points on page 12 is 2. TOTAL POINTS EARNED THIS PAGE
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Answer questions using the instructions on the Exam Cover Sheet. Also circle your answers. Be careful!!
Remember, once you make a mistake, the rest is wrong.
Consider the ODE y” - y” = 6x + 4¢* which we will call (*). Now let L[y]=y" - y”".
1. (3 pts.) The general solution of y” - y”"= 0 is

y.(X) = . ABCDE
A)c,+extce® B)ete,xte,e ™ C)etee+cse ™ D)e,e+c, sin(x)+c, cos(x)
E)c,e ™ + ¢, sin(x) + c; cos(x) ABCDE) None of the above
2. (4 pts.) A particular solution of y” + y” =6x is

You(X) = . ABCDE
A)l+tx B)2+x C)2+2x D)2+3x E)3+3x AB)3+4x AC)4+3x AD)4+4x AE)4+5x BC)5+4x
BD) -3-x BE)1+3x CD)2+3x CE)1+4x DE)3+x ABC)3+2x ABD)4+2x ABE)5+2x ACD)2+5x
ACE)6+x ADE)2+2x BCD)2+2x BCE)2+2x BDE)2+2x CDE)2+2x ABCD)2+2x ABDE)2+2x
ACDE)2+2x BCDE)2+2x  ABCDE) None of the above
3. (4 pts.) A particular solution of y” + y” =4e* is

Ypa(X) = . ABCDE
A)2+¢e* B)e* C)2e* D)3e* E)dxe® AB)Se* AC)6e* AD)e*+xe* AE)2e*+xe* BC)2e*+2xe* BD)2e™+ 3xe*
BE)3e* +3xe* CD)3+2x+ ¢* CE)2+2x+¢* DE)2+2x +e¢* ABC)2+2x+ ¢* ABD)2+2x ¢* ABE)2+2x+ ¢*
ACD)2+2x+ e* ACE)2+2x+ ¢* ADE)2+2x +¢* ABCDE) None of the above
4. (1 pts.) A particular solution of (*) is

yo(x) = . ABCDE
A)l+x+¢e* B)-1+x +2e* C)1+2x+ 3e* D)2+2x+ 3xe* E)3+x+4xe* AB)2+2x+3xe* AC)-1+2x+ 3xe*
AD)-3-x+4xe* AE)2+2x + xe* BC)2+2x+ ¢* BD)2+2x+ ¢* BE)2+2x+ ¢* CD)2+2x+3 ¢* CE)2+2x + 4¢*
DE)2+x +3e* ABC)2+2x+ ¢* ABD)2+x ¢* ABE)2+2x+¢* ACD)2+2x+¢e* ACE)2+2x+ 5¢*
ADE)2+2x + 6¢* BCD)2+2x+ 7¢* BCE)2+2x +8¢* BDE)2+2x+ 9¢* CDE)2+3x +4¢*
ABCD)2+4x+9¢* ABDE)2+5x +tex ACDE)2+6x+¢* BCDE)2+7x +e* ABCDE) None of the above

Possible points on page 13 is 12. TOTAL POINTS EARNED THIS PAGE
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PRINT NAME ( ) ID No.
Last Name, First Name MI, What you wish to be called
Let (*) and L be as on the previous page.
5. (2 pts.) The general solution of (*) is

y(x) = . ABCDE
A)c, tcx tce+x+1+xe* B)c, te,x +c,e* +x+ 1+ 2xe* C)c, tc,x +ce* +x+ 2 + xe*
D)c,+cx+ce* +x+2+2xe* E)c, te,x +¢,e" -x -3 +4xe*  AB)c, te,x +ce* +2x + 1 + 2xe*
AB)c, te,x tcet +2x+2+xe**  AC)c, te,x +ce” +2x +2 4+ 2xe*  AD) ¢, +e,x +cie* + 2x + 2 + 3xe*
AE)c, tc,x +cie* +2x + 3 + 2xe” BC)c, tcx +cie* +2x +3 +xe* BD)c, +¢,x + ¢,e” +x + 3 + 4xe*
BE)c, tc,x +c,e* +x +3 +4xe* CD)c, +¢c,x + ce* + 2x + 3 +4xe* CE)c, +c,x + cie* + 3x + 3 + 4xe”
DE)-2xe * +2sin(x) +2 cos(x) +¢,tc,x+tc,e * ABC) -2xe ™ +2sin(x) -2cos(x) + ¢, + ¢,x + ce ™
ABD) -2xe * -2sin(x)+2cos(x) +¢c, + c,x + ¢;6 *  ABE) -2xe™* -2sin(x)-2cos(x) +c¢,+c,x+c,e
ACD)-2¢* -2sin(x)+2cos(x) +¢,+c,xtce *  ACE)2e* -2sin(x) -2cos(x) + ¢, + ¢,x + c,e*
ADE) 2¢* + ¢, sin(x)+ ¢, cos(x) + ¢, e * CDE)2e* +2sin(x)+2cos(x)+c,e*+ ¢,e *+c,x
ABCD) 2e *+2sin(x)+ cos(x)+c,xe*+c,e *+c,xe © ABCE)2e* + 2 sin(2x) + cos(2x)+c,e™+ ¢,xe* +c,
ABCDE) None of the above.
6. (1pt.) The set of solutions for (*) may be written as

S = . ABCDE
A){c,tcx+ce*+x+1+xe*:¢c,c,c; €R} B) {c, +e,x +ce* +x + 1 + 2xe*ic, ¢,, C; ER}
C){c,tcx+c,e"+x+2+xe*: ¢, ¢y c; €ER} D) {c, +c,x +ce* +x +2 +2xe™: ¢, C,, c; ER}

E){c, tc,x + ce* -x +3 +4xe* : ¢}, ¢, C; ER}  AB) {c, tc,x + ce* +2x + 1 + 2xe* }

AB) {c, tc,x +c,e* +2x+2+xe* ™ : ¢, C,, c; ER} AC){c, +c,x + ce* +2x + 2 +2xe* : ¢, C,, C; ER}

AD) {c, ¢, x + ce* +2x + 2 + 3xe*: ¢;, ¢,, ¢; ER}  AE){c, +¢c,x + cye* + 2x + 3 + 2xe™: ¢, ¢,, C; €ER}

BC){c, tc,x +ce* +2x +3 +xe* :¢y, ¢, c; ER} BD)c, +e,x +ce* +x+3 +4xe* @ ¢, ¢, C5 ER}
BE){c, tc,x + c,e* + x +3 +4xe* : ¢, c,, c; ER} CD){c, +c,x +cie* + 2x + 3 + 4xe™: ¢, C,, C; ER}

CE){c, tc,x + c,e* + 3x + 3 + 4xe*: ¢, ¢,, ¢, ER}

DE) {y(x) = 2xe* +2sin(x) -2cos(x) +¢,+ ¢,x + ¢c,e*: ¢, C,, ¢; ER}

ABC) {y(x) = 2xe* -2sin(x) +2 cos(x) +c,+ c,x + c4e*: ¢y, C,, C; ER}

ABD) {y(x) = 2xe* -2sin(x) -2co0s(x) + ¢, + ¢,X + c;e*: ¢y, C,, ¢; ER}
ABE) {y(x) = -2xe* +2sin(x)+2cos(x) +¢c, + c,X + c,e*: ¢, C,, C; ER}
ACD) {y(x) = -2xe" +2sin(x) -2cos(x) +c, + ¢,x + ¢,e": ¢, Cy, ¢; ER}
ADE) {y(x) = -2xe* -2sin(x)+2cos(x) + ¢, + ¢,x + c4€*: ¢, Cy, ¢; ER}
BCD) {y(x) = -2xe* -2sin(x)-2cos(x) + ¢, + ¢,x + c;e*: ¢, Cy, C; ER}
BCE) {y(x) = 2xe * + 2sin(x)+2cos(x) +c, + ¢,x + ¢, *: ¢, ¢,, ¢; ER} ABCDE) None of the above

7. (1 pt.) The number of solutions to (*) is ) ABCDE
A)0 B)1 C)2 D)3 E)4 AB)5 AC) Countable infinite number of solutions
AD) Uncountably infinite number of solutions ABCDE) None of the above

Possible points on page 14 is 4. TOTAL POINTS EARNED THIS PAGE
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PRINT NAME ( ) ID No.

Last Name, First Name MI, What you wish to be called
Answer questions using the instructions on the Exam Cover Sheet. .
Compute the Laplace transform of the following functions in PC[0,)nExp c T.

1.3 pts) f(tH)=2-3t = L(f)= ABCDE
2.(3pts.) f(tH)=2¢€e"-3e™ = L= . ABCDE
3.3 pts.) f(t)=2sin(3t) - 3 cos(2t) = L(f)= ABCDE
Possible answers this page
2 2 " 2 2 2 2 3
AEer B cfe et Ay 24 0 2.bp
8. S5 5 B 5 5 s 8 5 5 5 5 s 5 5 5
2 2 2 2
AE)i tigm e i s Bl s, BE)
s+2 s5+3 s+2 s+3 s+2 s+3 s+2 s+3
2 2 2 N 3
CD) + 3 sopi S - +i D -—— ABC)
s—2 s+3 s—2 543 s—2 s+3 542 53
) : & :
ABD) = 4 =2 ke B S
=44 =39 =44 5 39 s +4 5749 s +4 s+9
ADE) 14 N 135 14 B 135 B 14 " 135 - 14 B 135
s —4 s -9 St M wE s —4 s°-9 g 4 50
ABCD) — T - * _\BCE) 2" el ABDE)
(s—2)° (s+3)° e 2 +2 843

ACDE) ¢{f} exists but none of the above is &L {f} BCDE) <{f} does not exist.

ABCDE)None of the above.
Possible points on page 15 is 9. TOTAL POINTS EARNED THIS PAGE

AC
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PRINT NAME ( ) ID No.
Last Name, First Name MI, What you wish to be called
Follow the instructions on the Exam Cover Sheet for Fill-in-the Blank/Multiple Choice questions.
Compute the inverse Laplace transform of the following functions if they are in F:

.
1.3 pts.) F(s)== - 9 UYF} = . ABCDE
5 5+2
2s+3 5
2. (3 pts.) F(s) = = - 9 UYF}= . ABCDE
5 +9
—23+3 5
3.3 pts.) F(s)= —— - YUYF}= . ABCI
5*—25+72

Possible answers this page.

A)2+3¢e* B)2-3¢* (C)-2+3¢" D)-2-3¢" E)2+3e* AB)2-3¢* AC)-2+3e™
AD) -2 -3e* AE) cos 3t + sin 3t BC)2 cos 3t - sin 3t BD) 2 cos 3t + sin 3t

BE) 2 cos 3t + sin 3t CD)2 cost+(4/3)sin3t  CE)2 cos 3t -(4/3) sin 3t

DE)-2 cos 3t + (4/3) sin 3t ABC) -2 cos 3t -(4/3) sin 3t ABD) 2e'cost+ 5¢'sint
ABE)2e'cost-e'sint ACD)-2¢'cost+e'sint ACE)-2¢e'cost -e'sint

ADE) 2¢e'cost+e'sint BCD)2¢'cost-e'sint BCE) -2¢'cost+2e'sint

BDE) -2¢'cost -2¢'sint CDE) < '{f} exists but none of the above is L {f}

ABCD) < '{f} does not exist. ABCDE)None of the above.

Possible points on page 16 is 9. TOTAL POINTS EARNED THIS PAGE
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PRINT NAME ( ) ID No.

Last Name, First Name MI, What you wish to be called
Answer questions using the instructions on the Exam Cover Sheet. Also, circle your answer.
Using the procedure illustrated in class (attendance is mandatory), find the eigenvalues of
A= [‘i 4 e
0 4|
1. (2 pts.) We have that p(A) = det (A-Al) in factored form is

p(h) = . ABCDE
A) ((+tV)(1+0)  B) (itA)(1-2) C) (i-A)(1+A) D) (i-M)(1-1) E) (i+A)(2+A) AB) (i+tA)(2-1A)
AC) (i-M)(2+A) AD)(i-A)(2-1) AE) (2itA)(1+A) BC)(2itA)(1-1) BD)(2i-A)(1+A)
BE) (2i-M)(1-1) CD) (2itA)(2+A) CE)Q2i+A)(2-A) DE)(-i-A)(-4-1A) ABC)(2i-A)(2-1)
ABD) (3i-1)(2+A) ABCDE)None of the above.

2. (1 pt.) The degree of p(A) is . ABCDE A)0 B)1 C)2
E)4 AB)S5 AC) 6 AD) 7 ° AE) 8 ABCDE) None of the above

3.(1 pt.) Counting repeated roots, the number of eigenvalues of A

is . ABCDE A0 B)y1 C)2 D)3 E)4 AB)S
AC) 6 AD) 7 AE) 8 ABCDE) None of the above
4.(2 pts.) The eigenvalues of A can be written as ABCDE

A)M=1,,=1 BA=114=-1 OA=-1,L,=1 DA, =-1,A,=-1 E)A, =2, A, =1
AB)A =2, ,=-1 AC)M,=-2,A,=1 AD)A =-2, ,,=-1 AE) A\, =1, A, =21

BOA, =1, A, =-21 BD)A,=-1, A,=21 BE)A,=-1, ,,=-2i CD) A, =2, A,=2i

CE)M =2, ,,=-21 DE)A,=-2, A,=21 ABC)A,=-4,A,=-1 ABCDE) None of the above

Possible points on page 17 is 6. TOTAL POINTS EARNED THIS PAGE

D) 3
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PRINT NAME ( ) ID No.
Last Name, First Name MI, What you wish to be called
Answer questions using the instructions on the Exam Cover Sheet. Also, circle your answers.

Note that A, =3 is an eigenvalue of the matrix A = |:?1’ E}

1. (4 pts.) Using the conventions discussed in class (attendance is mandatory), a basis B for

the eigenspace associated with A, is B = . ABCD E
A){[LIT% 441 BY{LITY O {[L2]"} D) {[1,2]", [4.8]"} E) {[2,11"}

AB) {[1,3]"} AC) {[14]"}  AD) {[41]'} AE) {[3,1]"} BC) {[1,-11", [4,4]"}

BD) {[1,-1]"}  BE) {[1,-2]"} CD){[1,-2],[4.8]"} CE){[2,1]'}  DE){[1,3]"}

ABC) {[1,-4]"} ABD) {[4,-1]"} ABE) {[0,1]"}

ACD) A =2 is not an eigenvalue of the matrix A
ACE) A= -1 1isnot an eigenvalue of the matrix A
ADE) A =3 is not an eigenvalue of the matrix ABCDE) None of the above

2. (I1pt.) Although there are an infinite number of eigenvectors associated with any eigenvalue,
the eigenspace associated with A, is often one dimensional. Hence conventions for selecting
eigenvector(s) associated with A, have been developed (by engineers). We say that the
eigenvector(s) associated with 2,

is (are) . ABCDE
A) LI [44]  B)[LI1]Y O {[1,2]"} D) [1,2]',[4.8]" E)[2,1]
AB)[1,3]" AC)[1,4]" AD)[4,1]" AE)[3,1]" BC) [1,-177, [4,4]"
BD)[1,-1]" BE)[1,-2]" CD)[1,-2]%,[4,8]" CE)[2,1] DE) [1,3]"

ABQ) [1,-4]" ABD) [4,-1]" ABE) [0,1]"

ACD) A, =2 is not an eigenvalue of the matrix A
ACE) A= -11is not an eigenvalue of the matrix A
ADE) A =3 is not an eigenvalue of the matrix ABCDE) None of the above .

Possible points on page 18 is 5. TOTAL POINTS EARNED THIS PAGE
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PRINT NAME ( ) ID No.
Last Name, First Name MI, What you wish to be called
Answer questions using the instructions on the Exam Cover Sheet. Also, circle your answer. Consider the
scalar equation u” - 5u’ + 3 u =0 where u = u(t) (i.e. the dependent variable u is a function of the independent
variable t so that u’ = du/dt and u” = du’/dt). As was done in class (attendance is mandatory) convert this to a
system of two first order equations by letting u = x and u’ =y (i.e. obtain two first order scalar equations in x
and y). You may think of x as the position and y as the velocity of a point particle). This system of two scalar

equations can be written in the vector form X' = AX K= {T] and A is a 2x2 matrix. You ar
A= : ﬂ ; that is you are to find a, b, ¢, and d.

I.(1pt) a= . ABCDE

2.(1pt) b= . ABCDE

3.(1pt) c= . A BCDE

4.(1pt) d= . ABCDE

Possible answers this page.

A0 B)1 €2 D)3 E)4 AB)5 AC)6 AD)7 AE)8 BC) 9
BD)-1 BE)-2 CD)-3 CE)-4 DE)-5 ABC)-6 ABD)-7 ABE)-8 ACD)-9
ACE) None of the above

Possible points on page 19 is 4. TOTAL POINTS EARNED THIS PAGE
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PRINT NAME ( ) ID No.
Last Name, First Name MI, What you wish to be called
Answer questions using the instructions on the Exam Cover Sheet. Also, circle your answer.

TABLE
Let the 2x2 matrix A have the eigenvalue table Eigenvalues Eigenvectors
= |'H
Let L: /(RR?)-.(R,R? be defined by L[f]=7 —A% r,=4& =[J
e 1
and let the null space of L be N r,=-2 S J
1. (1 pt). The dimension of N; is ABCDE

A0 B)l (2 D)3 E4 AB)5S AQ6 ABCDE) None of the above.

2. (2 pts.) A basis for the null space of L is B = . ABCDE

1370 [1 0] N3] <[1]al] T3] 1) ] [Ed S B [ 1 |
A)I'_J_"“_J_" |l ‘L[ 5 {:_g” | Lz2]" 12]” | 1t2F =1 § Wzl i | D)

|--3-.__.--. -J-__..;'--ll [-3-.:.'. -J-.__.-;'.-ll [_3_:--. _J___.-;-.-ll |-_1__.||-'- _J _-_-n;"-l.
AB) {21 |*] 2 1 e e L | ALl Sl AE)
(% N TR T g B TR T g B ,
BO) 2l 1] -2 a® [ U=z La]® ] BE) AB
3. (2 pts.) The general solution of =4z X(f) = : ABCDE
A HeselBe  efffee]e [3+[1 P R ) FORY ) (RN D)
Ty IR 7 O A, (O i, OO - o) K I s o
AB)e.| e vy aagcet el Al eeall alals Sl AE
N L I b =

Possible points on page 20 is 5. TOTAL POINTS EARNED THIS PAGE
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PRINT NAME ( ) ID No.

Last Name, First Name MI, What you wish to be called
True or False. Let fand g be real valued functions of a real variable; that is, fR -~ Rand g:R - R. Circle True
if the statement is true. Circle False if the statement is false.

1. (1 pt.) A)True B)False The function fis even if f(-x)= f(x) Vx € R.
2. (1 pt.) A)True B)False The function fis odd if f(-x)=-f(x) V x € R.

3. (1 pt.) A)True B)False If fand g are both odd functions, then the product of f and g is an
an even function.
4. (1 pt.) A)True B)False The function fis periodic of period T if f(x+T)= f(T) Vx e R.

5. (1 pt.) A)True B)False Iffis an odd function, then we know that {iﬁﬁi{@i

For each of the following questions write your answer in the blank provided. Next find your answer from
the list of possible answers listed and write the corresponding letter or letters for your answer in the blank
provided. Then circle this letter or letters

Classify the following function with regard to whether they are odd or even.

6.(1pt) f(x)= x is : ABCDE
7.(1pt) f(x)=0 is : ABCDE
8.(1pt) f(x)=sin(x) is . ABCDE
9.(1pt) fx)= - |x]| is . ABCDE
10. (1 pt.) f(x)=3e™ is . ABCDE
11.(1pt) fx)=4 is . ABCDE

Possible answers for questions 78-83.

A) odd, but not even B) even, but not odd C) both odd and even
D) neither odd nor even ABCDE) none of the above

Possible points on page 21 is 11. TOTAL POINTS EARNED THIS PAGE
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PRINT NAME (

Last Name, First Name MI, What you wish to be called
Answer questions using the instructions on the Exam Cover Sheet. Also, circle your answer.
Let f;R-R be in PCL(R.R:{) = {fe A(R,R): fis periodic of period 2(, f and {’ are piecewise continuous orn
f(x+)+f(z-)
7

) ID No.

[—0,0], and fi(x)= at points of discontinuity} so that its Fourier series exists.

1. (2 pts.) The formula for the general Fourier series for f € PCL(R.R;{) given in our text is

f(x) = : ABCDE
N @
A)a,+ Z a, mi(n—nxj+br ﬂn(ﬂx) E+Zar cos(ﬂ[x}+br sin(gx}
Tl - £ ) £ 2 =l ) £ ) £
- nm . AT iy X .
O EL:,-I-ZEIT_ CDS(?X}-I-]I}T_ sm(?:!{} ? a, cos(nmx)+b, sin(nmx)) +
b =0
E) % ;1 a, cos(nmx)+b, cos(nmx) a_; nZ_:Iar_ CDS(% x)+b, sin(? ) +
ABCDE) None of the above
2. (2pts.) where forn=0, 1, 2, ... we have a, = ABC DE
A Lirmeonios o[t 1) cosmd 0)
; |_fix)cos( = E--f X )cos Tx E-S' X)cosin X
1 rt nm £t . 1 pt nm
D)~ | , £Gx) cos(—x)dx 2 _[_f fx)cos(u)dsd)  — | _, ) cos(—x)dx AB)
ABCDE) None of the above.
3.(2pts.) and forn= 1,2, ... we haveb, = . ABC DE
el e [ £ 0oy sin(2lx)dx e [ (x) siname)dx C) b, =
£ £ £I-¢ £ g0 !
D) %_[:f(x} sin(="x)dx “ [ fsin()dn ) %j:f(x}sin(%x}dx AB)

ABCDE) None of the above.

Possible points on page 22 is 6. TOTAL POINTS EARNED THIS PAGE
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PRINT NAME ( ) ID No.
Last Name, First Name MI, What you wish to be called

Recall from the previous page that PC} (R,R;{) = {fe AR,R): fis periodic of period 2(, fand {" are
piecewise continuous on [—(,0], and f(x) = ( f( x+) + f( x—)/2 at points of discontinuity}. Now let pc.L,(R.R:é)
the subspace of PCL(R,R;:{) for which the Fourier series is finite. Recall from class discussions (attendancc
mandatory) that PC} (R, R:£) PCL(R.R:0d are inner product spaces wit [_fff (x)g(x)dxt (f,g) =
that B s, =/ B {cosC) ne Npw fsinth)in e N PC (R.R:£)n orthogonal Schaud:
D s it is an orthogonal Hamel | 2c (R.R; 1)

4. (1 pt.) Using the notation given above, an orthogonal Hamel basis for PCL (R.R:3)

18 . A B CDE Hint: What is (?
A) tees(Fyin e N fsin() in e N) 230 feoe(n) 0 N} fein( o) :n e N}
C) /23w feostTr):neNpu fsin(T) :n e N} T} ) {cm(%}:n =N {5.1'11(%}:11 e N}
E){(l/ 2x}u {cus(%}:n = N} u-{sini%}:n = N} ABCDE) None of the above.
5. (2 pts.) The Fourier series for the function f(x)e PCL (R.R:7) which has period 27 and is defined

on the interval [-m,m) by f(x) =3 + 3 cos(2x) + 3 sin(2x) is

f(x) = . ABCDE
Hint: Think Hamel basis.
= g ) ] y 3
A) 3+ 50 = L LUkEIRE R il L
w0 (Zk+ D 2 = (2k+Dr 2

@

a 4 |
C) 3+ cos ) —sin(kmx D)2+ E) 2+
)3+ s ékﬂ Hhes) ) )

AB)2+ 2cos(x) + 3sin(x) AC)2 +3cos(x) + 3sin(x)  AD) 3+ 3cos(x)+ 3sin(x)
AE) 2+ 2cos(2nx) + 2sin(2r x) BC) 2 + 2cos(2nx) + 3sin(2ax) BD)2 + 3cos(2x) + 3sin(2x)
BE)3 + 3cos(2x) + 3sin(2x) ABCDE) None of the above.

I:[]k;l-l}r :

Fi

Possible points on page 23 is 3. TOTAL POINTS EARNED THIS PAGE
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PRINT NAME ( ) ID No.
Last Name, First Name MI, What you wish to be called

Let PCL(R.R:f) B, ansand be as on the previous pPC} (R.R:):t f(x) € b

[2 —1<x<0

domain is R which has period 4 and is defined on the interval (- 1,1) byfiz) =+ s . Using t

D<x<l

formulas on the previous page, determine the Fourier series for the function f. Begin by sketching f for several
periods. As discussed in class, indicate on your sketch the function to which the Fourier series converges.

6. (1 pt.) To apply the formulas given on the previous page we choose ( = . ABCDE

Next write down the formulas for a Fourier series and its coefficients using this value of ( and compute them.
After computing the a’s and the b,’s, note what they are for n odd and n even. Then answer the question below
and those on the next two pages.

7. (3 pts.) We have a, = . ABCDE
Possible answers this page

A)0 B)l €2 D)3 E4 AB)S AC)6 AD)7 AE)8 BC)-1 BD)-2
ABCDE) None of the above

Possible points on page 24 is 4. TOTAL POINTS EARNED THIS PAGE
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PRINT NAME ( ) ID No.

Last Name, First Name MI, What you wish to be called
Let f(x) be as on the previous page. Continue the computation of the Fourier Series coefficients.
8. (3 pts.) Fora, withnodd (n=1, 3, 5, ...) so that if we let n =2k+1 for k=10,1,2,3,.. we have

Ay = . ABCDE A)0  B) 1/(2k+1)
C) 2/(2k+1) D) 3/(2k+1) E) 1/[(2k+1)x] AB) 2/[2k+1)n]  AC) 3/[(2k+1)x]
AD) 4/[(2k+1)r] AE) 8/[(2k+1)x] BC) -1/(2k+1) BD) -2/(2k+1) BE) -3/(2k+1)
CD) -4/(2k+1)  CE) -1/[(2k+1)x] DE) -2/[(2k+1)x]  ABC) -3/[(2k+1)x]
ABD) -4/[(2k+1)r] ABE) -8/[(2k+1)x] BCD)None of the above
9. (3 pts.) For a, withn even (n=2, 4, 6, ...) so that if we let n =2k for k =1,2.,3,... we have

ay = . ABCDE A)0 B)1/(2k) C) 1/k
D) 3/(2k) E) 1/(2kn) AB) 1/(kr) AC)3/2kn) AD) 2/(km) AE) 4/(km)
BC) -1/(2k) BD)-1/k BE) -3/(2k) CD) -2/k  CE) -1/(2kn) DE) -1/(km)
ABC) -3/(2kn) ABD) -2/(2kn) ABE) -4/(kr) ABCDE)None of the above
10. (3 pts.) For b, withn odd (n=1, 3, 5, ...) so that if we let n = 2k+1 for k=0,1,2,3,... we have

by = . ABCDE A)0 B) 1/(2k+1) C) 2/(2k+1)
D) 3/(2k+1) E) 1/[(2k+1)x] AB) 2/[(2k+1)n] AC)3/[(2k+1)x]  AD) 4/[(2k+1)m]
AE) 8/[2k+1)x] BC) -1/(2k+1) BD) -2/(2k+1)  BE) -3/(2k+1) CD) -4/(2k+1)
CE) -1/[(2k+1)x] DE) -2/[(2k+1)x] ABC) -3/[(2k+1)n] ABD) -4/[(2k+1)x]
ABE) -12/[(2k+1)xr] ABCDE)None of the above
11. (3 pts.)For b, with n even (n =2, 4, 6, ...) so that if we let n =2k for k=1,2,3,...

we have b, = . ABCDE A)0 B)1/(2k) C) 1k
D) 3/(2k)  E) 1/(2kn) AB) 1/(kn) AC)3/(2kn) AD) 2/(km) AE) 4/(km)

BC) -1/(2k) BD)-1/k BE)-3/(2k) CD)-2/k CE) -1/(2kn) DE) -1/(kn)

ABC) -3/(2kr) ABD) -2/(2kn) ABE) -6/(kr) BCD)None of the above

Possible points on page 25 is 12. TOTAL POINTS EARNED THIS PAGE
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PRINT NAME (

Last Name, First Name MI, What you wish to be called

Let f(x) be as on the page before the previous page. Continue the computation of the Fourier Series of f.
12. (3 pts.) The Fourier series for f(x) may be written as

) ID No.

f(x) =

ABCDE
- 2k+D)m = 1 2k+D)m
Z [ ) x) Z I:DS(( ) x)
(”k + l}ﬂ 2 w0 (Zk+ D 2
@ g §) m o] 3
Q) Z 2 sin(("k-l_l}ﬂx} Z 2 Cm((hk+1:}ﬂx}
par (2k+ Dm 2 = @k+Dn 2
2k+D)m = 4 2k+D)m
) Z [ } x} Z C-DS-(( } x:}
(..k + l}ﬂ 2 w0 Zk+Dm 2
a o J-r
el [:"k+ l}ﬂ: 2 k=0 (21{ + lj'T[ 2
e ¥ ¥ o o ~
AE) 1+ —2 5iﬂ((.l{ +1}:r[x) e - & Cm(-k+l)ﬂx}_
] A Y = ! g
BD) 1+ 4 sin((‘k +1}:r[x} 3 4 CD&((,.I-:H}TEK:}
bl (21{+1}ﬂ: 2 k=0 (2k+1}ﬂ: 2
] el g
CD) 2 + Z 6 ?‘.n((ﬁlcﬂ}ﬂtx) Z 1 o ((-k+l)'.r[x)_
w2 (XK+Dm 2 o Ck+ D 2
1] F o 5 -
DE) 2 + Z 4 - (21{+1}‘th) Z 2 Cm((-k+l)1r[x)_
@ r @ r ¥
ABD)3+ Y 2 sin((2k +1)m) N 4 m((—kﬂ)nx)
ABCDE) None of the above

Possible points on page 26 is 3. TOTAL POINTS EARNED THIS PAGE
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PRINT NAME ( ) ID No.
Last Name, First Name MI, What you wish to be called
Follow the instructions on the Exam Cover Sheet for Fill-in-the Blank/Multiple Choice questions. Also circle
the correct answer.
Consider the Partial Differential Equation (PDE): wu,, =tu

X X

1. (4 pts.) Using the method of separation of variables with separation constant A (or -A if
appropriate), one of the following sets of two Ordinary Differential Equations (ODE's) can be
obtained from this PDE. Recall that the process does not yield a unique set of ODE's. (Note that
we are looking for product solutions in the null space of the linear operator
L[u]=xu,, - tu,,). Following the advice given in class as to how to choose the separation
constant (attendance is mandatory) we may obtain the set of

ODE’s . ABCDE

Possible answers this page

A) X"+A X =0, T'+1LT=0 B) X" +AX=0, T"-ALT=0

C) X" +1X=0, T'+AtT=0 D) X" +AxX=0, T"+AT=0

E) X" +AxX =0, T"+AtT=0 AB) X" +AtX=0, T"+AxT=0
AC) xX"+1X=0, tT"+AT=0 AD) tX"+AX=0, xT" +:xT=0
AE) xX"+AX =0, T"+AT=0 BC) X" +AX=0, tT" +AT=0
BD) X" +AxX=0, T"+AT=0 BE) X’ +AX=0, T"+AtT=0

CD) Separation of variables does not work on this PDE.

CE) Separation of variables works on this PDE, but none of the above is correct.
ABCDE) None of the above

Possible points on page 27 is 4. TOTAL POINTS EARNED THIS PAGE
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PRINT NAME ( ) ID No.
Last Name, First Name MI, What you wish to be called
Read pages 36-39. Let all of the problems, function spaces, and basis sets be as on pags 36-39.
1. (1pt.) The set (which may be thought of as a subset of L*([0,(],R) ) that we (attendance is
mandatory) consider to be the state space for heat conduction in a rod

is . ABCDE
2. (Ipt.) A Schauder basis for the state space for heat conduction in a rod may be taken to

be : ABCDE
3. (Ipt.) A Schauder basis for NLB.-, - ,thenull L ,
is : ABCDE
4. (2 pts.) The "general" or formal solution of Prob-( (D) Jho 5 [u] = 0; ¢, o®) which is jus
of the functions in the null space of L__ - (which we Ny Sgerca: ) is given
by u(x,t) = . ABCDE

Possible answers this page

A)PCL(R.R:{) PCL(R.R:{) PCI (R.R:f) PCL ([0.£1R) PCL. ([0.41R) D)

AB) By, =1/ Bad ) neNj T neN) By, ~(En():keN} AC)
AB)D® = [0,0]x[0,) BC) Do R) BD vl Ly, o) e CD)
N N . fea) _ Ell:l'.:i" t _E

B. =" dn{nx/H:neN £ A e
CE) Latsadny Lﬁ{a?.i?-’ R : i ; = Em(nﬂx:}
N B ulzfr:: ¢ @ ETE TS = B ulzfr:: ¢
ABE) Zl:re % 5in(ﬂ—ﬂx} b -y “sin(—x) Zl:,e - 5in(ﬂ—ﬂx}
el i E fi=l E el i E
o _D.J:I'.:?T-;[ o _D.-\:I'.:T::[ ﬂ':l'[ -] _D.-\:I'.:T::[ ﬂ':r[
ADE) Zl:r_e £ sin(nmfx) Zl:f_e £ osin(—zx) Z:r_e £ cos(—zx) B
Tl Thml -E: Tl -E
= ni
BDE) 2 ¢, :os.(Tx} ABCDE) None of the above

Tl

Total points this page =5. TOTAL POINTS EARNED THIS PAGE
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PRINT NAME ( ) ID No.
Last Name, First Name MI, What you wish to be called
Reread pages 36-39. Try to understand the notation.
5. (2 pts.) The "general" or formal solution of PDE u,=4u, 0<x<2, t>0
BC u(0,t)=0, wu2,¢t)=0, t>0

(we denote this problem by Proby.( (X2 R [u] =0;2,4)
is given by u(x,t) = . ABCDE
6. (4 pts.) The solution of
PDE u=4u, 0<x<2, t>0
BVP for a PDE BC u(0,t)=0, u(2,t)=0, t>0
IC u(x,0) = 6 sin(6mx) 0<x<2
(we denote this problem by Proby.( (D2 B [u] =0, uy(x) = 6 sin(6m); 2, 4)
is given by u(x,t) = . ABCD E
Posible answers this page
i _nw 2 ) i = g T
A eet t53111(—:!{) Soee tsin(n—ﬂx} b sin(—x) 0)
el ni = 2 =1 2
D)Yce * sin™lx)  Dee * sin(2nmx) e sin(ix) AB)
=l 2 fi=l . =l 2
gt . AT = . AT nm
AC) éﬂr_e Sln(?x} éar_sm(?x)+br_c05[?x)
AE) i I'i‘:'va_¥tsiﬂ(E x)  BOC) . St BE) g 3t
Z, 5 6e 7 sin(7mx) 6e™ an(fm) 6e sin(67mx)
CD) 2.6e™ " sin(6mx) 62 sin(6m)’E) 6 sin(3m) 6 &~ sin(6m)

=l

ABCDE) None of the above.
Total points this page = 6. TOTAL POINTS EARNED THIS PAGE
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PRINT NAME ( ) ID No.
Last Name, First Name MI, What you wish to be called
Follow the instructions on the Exam Cover Sheet for Fill-in-the Blank/Multiple Choice questions. Also circle
the correct answer. Reread pages 36-39.

Recall that Proby.( /(D) S o [u] = 0 u(x,0) = uy(x) ; ¢, o) is the problem defined by
PDE u = o’u, 0<x<{( t>0
BC u0,)=0, ult)y=0, t>0
IC u(x,0) = uy(x) 0<x<{(
1. (2 pts.) Recall that the formula for the solution of
Proby (/e (D) L . [u] = 0 u(x,0) = uy(x) ; ¢, &) is given by
u(x,t) = . AB CDE
2. (2 pts.) where the formula for c, isc, = . ABC DE

Posible answerrs this page.

L S
TR ]

= i, £ A - t am e nmn
= : = : S S
e T n
A) Zl:f_e sin(—x) Zl:r_e sin(—x) Z Cq8 sin(—x) 0]
Thml ni o | -E Tim] 'E
S N o e S .
D) Zl:f_e £ osin(—zx) Zl:r_e £ sin(nmfx) Z:r_e £ osin(—zx) AB)
=l £ =l =1 £
@ . :1'\1'_21::[
AC) B E2x) R cosin(®x)  AD2[u(xsinfLx] B ST
;E:I'.E COs Tx o E. - ) *T]éL“{me'MEEEFE ?.!‘L.c_{x__ngu'_lth_iF.x
1 v fom Y i [ . QL ! - A
BD) TJ:ue{xanalnlthipx T]éL_r{x,l:Lr.lkaildx ?:!Le{x;:l.f. [:r.:':r!'x_,c,x _\!Le{x;:mlthiI{!—x
DE) %jue{x} sin | ﬂ—:x Wix J?jue{x}-:aa: %x dx ABCDE) None of the above.

Total points this page =4. TOTAL POINTS EARNED THIS PAGE
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PRINT NAME ( ) ID No.

Last Name, First Name MI, What you wish to be called

Recall that Proby,( v (D(2) PRI [u] =0, u(x,0) =4 ;2, 1) is the problem defined by
PDE u, = u, 0<x<2, t>0
BC u0,t)=0, u2,)=0, t>0
IC u(x,0)=4 0<x<2
3. (2 pts.) The formula for the solution of Proby,( ;. (D(2) L [u] =0, u(x,0)=4;2,1) is giver
by u(x,t) = ABC DE
4. (2 pts.) where the formula for ¢, isc, = ABC DE
Posible answers this page.
] _ﬁ ] N _ﬁ ] e L ] _ﬁ
MY ce * osin(—x) e ¢ osinCmx) D sl x) Yo *osin(ex)
= nm P 2 =l Z e 2
@ o ﬁ @ ﬁ ri] _E @ . TT
E) e e tﬁin(lnm{} 9ot tﬁiﬂ(ﬂx:}S) e tcni(n—ﬂx} Zﬂr_ﬁlﬂ(nTx}
=l =l 2 =l 2 n=l -
AE) 1 ] zin ;;ri_x \;dx 1:51'.1:1 :fgx\.'fjﬁ ) 1 ] zin :;1"1—'_';:{1: BI% i‘sﬁl:rgx\.'pﬁ 3.1: 5i:1;fﬂ—fx‘;é.x )
L el :‘; o= - = b 2 = :‘; L Seai i [ sl
CE) #fsin[ 1 jex 5{‘51-11;’“_;"{',55 2] cos 2% Jox ABCQ) ABCDE) None of
- L < y l‘_: - 3 W I

Total points this page =4. TOTAL POINTS EARNED THIS PAGE
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PRINT NAME ( ) ID No.
Last Name, First Name MI, What you wish to be called
Reread pages 36-39. Let Prob,.( ;. ( D(2) PR [u] =0, u(x,0) =4 ;2, 1) be as on the previous pag

5. (2pts.) Computing ¢, using the formula on the previous page, fornodd (n=1, 3,5, ...) so that if n = 2k+1

where k=0,1,2,3,... then ¢, ,,= . ABCDE A)0 B) l/[(2k+1)n]
C) 2/[2k+1)n] D) 3/[(2k+]1)mr] E) 4/[(2k+1)x] AB) 12/[(2k+1)x] AC) 16/[(2k+1)x]
AD) 32/[(2k+1)x]  AE) 64/[2k+1)nr] BC) -1/(2k+1) BD) -2/(2k+1) BE) -3/(2k+1)
CD) -4/(2k+1) CE) -1/[(2k+1)x] DE) -2/[(2k+1)x] ABC) -3/[(2k+]1)x]
ABD) -4/[(2k+1)x] ABE) -8/[(2k+1)xr] ABCDE)None of the above
6. (2 pts.)For ¢, with n even (n =2, 4, 6, ...) So that if n =2k where k = 1,2,3,...then

Oy = . ABCDE  A)0 B)l/[Qk+tDr] C)2/[2k+D)r]
D)3/[2k+1)r] E)4/[Qk+D)r]  AB) 12/[2k+D)a]  AC) 16/[(2k+1)n]

AD) 32/[(2k+1)n]  AE) 64/[(2k+1)r] BC) -1/(2k+1) BD)-2/(2k+1) BE) -3/(2k+1)

CD) -4/(2k+1) CE)-1/[2k+1)x] DE) -2/[(2k+1)n] ABC) -3/[(2k+1)x]

ABD) -4/[(2k+1)n] ABE) -8/[(2k+1)nr] ABCDE)None of the above

7. (2 pts.) Hence the solution of Proby.( (D2 § PR— [u] =0, u(x,0)=4;2, 1) may be written
as u(x,t)= . _E ABC DE
= 1 _Beliay ki = 2 _EERE e g
Z L. e 5111(Q ) Z L e 5111(Q )
k=0 (21{ + 1:|T[ 2 -0 (21{ + 1:|T[ 2
= 7 _(2ly q w (el =
®) 2—4 e ¢ t5:'111[—("1{4_1:”T X} 7. 0 8 e * tsin(—("k-i_nfJT x))
=0 (2]:C+1:}T[ 2 :{_3(21{4'1)"]'[ 2
@ _'::k_l:':“; 2 =] 32 R Jk—l:Fft &_'_1
5 16 =% :Ein(( lc+1)‘.r[x} 5> By Sin(( Imx)
1-:-3(21C+1}T|: 2 -0 (21{+1:|T[
. ! (2l - = _ (kY= 9
AQ) S 64 = tsin((‘k +1)m 2 = 8 e tms((_kﬂ}n =
wmo(2k+m 4 w0 (2k+D)w .
= 8 By o = 4 K g = g ¥ g
AE)Z (‘}1{} [~ 4 tCDE(( J}}T[};) Zk_e 4 S]I].':TT[ X) Izk_ g 2 Sm(TT[Xj
01 LK )T - k-1 KT - kKT -
ABCDE) None of the above.

Total points this page = 6. TOTAL POINTS EARNED THIS PAGE
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PRINT NAME ( ) ID No.
Last Name, First Name MI, What you wish to be called
Answer questions using the instructions on the Exam Cover Sheet. Also, circle your answer

1. (3 pts.) Suppose both ends of a rod are held at different temperatures. (Recall that we assume
that the lateral sides are insulated so that the temperature does not vary over a cross section),
A good mathematical model of this physical heat conduction problem is given by:

PDE u, = a’u,, 0<x<{( t>0
BVP for a PDE BC u0,)=T,, u,t)=T,, t>0
IC u(x,0) = u,(x) 0<x<{(

where u,(x) is the initial temperature distribution in the rod.

Iy
-0 O --
/ I \
u=T, u=T,

|
x=0 X =1

The general solution of the homogenous problem associated with this nonhomogeneous problem is
D.::I'.:T::
== f

= el . : .
E i - EIH(T x) . To obtain a particular solution of the nonhomogeneous problem we
fi=l

steady state solution which we compute to be

u(x,t) = u(x) = . ABCDE

Possible answers this page.

I -T)x B, B T, —-T)x
o Omhx  GoDxy g (G r.+& : ) D)
= .
. i —E gL L
E)r, -+ T;“ AB) Tﬁ‘g j}+¥ AD) E_’IH.Q
AR) 7,+ 2~ h) ABCDE) None of the above.

Total points this page =3. TOTAL POINTS EARNED THIS PAGE
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PRINT NAME ( ) SS No.

Last Name, First Name MI, What you wish to be called

TABLE OF LAPLACE TRANSFORMS THAT NEED NOT BE MEMORIZED

f(t) =<' {F(s)} F(s) = L{f(t)} Domain F(s)
e n!
t" n = positive integer P s>0
sinh (at) L s> |a |
s -a’
S
cosh (at) T s> |a |
¢"sin (bt) _b_ s>a
(s-a)y+b’
at _s-a
e*cos(bt) RS s>a
t"e n = positive integer _n s>a
p v g (S _ a)n-v-l
1
u(t) — s>0
S
u(t - ¢) %‘ s>0
e“f(t) F(s-¢)
fict) ¢>0 Led
c c
a(t) 1

o(t-c¢) e
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PRINT NAME ( ) ID No.

Page 35

Last Name, First Name MI, What you wish to be called

PARTIAL TABLE OF ANTIDERIVATIVES

—

. j x[sin(ax)]dx = 12
a

2. Ix[ccs(axj]d}iz 12
a
3. j [mn{axj]dx— 2ms(ax)+c
4. [x [cos(ax)]dx =—|:u5(ax}— :x:_zsin(ax}+c
a
5. [sin:(ax}dx e %—41—5&11(2 ax )+ c
b 2 d
6. J‘ccrs:(ax}dx = ;—fsin(iax}— C
7. J-[sm[ax} [cos(ax)]dx ?1— in’(ax) +c¢
Ld
8. | [ﬁin(ax}][mﬂ(bx}]dx=EIH:E((::E}}K]—Eiﬂlf((:igx]+c a’ = b’
sin[(a—b)x] sin[{a+bx] 1 43
9. [[cos(ax)][cos(bx)]dx = S + i +c a‘zb
_[[sin(ax)][m(m]dx=—°°5[(a_b}x]—““"‘[(“b}x]ﬂ al zb’

2(a—b) 2(a+b)
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PRINT NAME ( ) ID No.
Last Name, First Name MI, What you wish to be called

SETS AND SPACES FOR FOURIER SERIES

1. PCL(R.R:{) = {fe AR,R): fis periodic of period 20, fand f’ are piecewise continuous on
[—0,0], and f(x) =( f( x+) + f( x—)/2 at points of discontinuity}. This is a space where the Fourier
Series converges. At the points of discontinuity, the function is defined to be half way between the
one-sided limits.

2. PCL(R.R;f) is the s PC, (R.R:{) for which the Fourier series is finite. Recall from
class discussions (attendance is mandatory) that PC (R.R:£) PCL(R.R;0d are inner product
spaces with inner product (f,g) = [_if (x)g(x)dx . However, they are not Hilbert spaces. Why?

3. By =1/ 3T ) neNhAsn(T):ne N} PCL(R.R:£)in orthogonal Schauder |
and an orthogonal Hamel basis of =i (R.R:)

4. PCL(RR; % is the s12CL (R R:£) containing only odd functions. Hence a Fourier Serie
PC. (R.R: %) contains only sine terms and is hence called a Fourier Sine Series.

5. PCL([0.£1.R) is the set of 1PC,,(R.R; ). with their domains restricted to [0,0]. This

space is also called the space of Fourier Sine Series. Since it’s domain is only [0,(], it can be used as
the state space for the heat conduction problem. Note that the dimension of the state space appears to be
uncountably infinite as there are an uncountablly infinite number of temperatures on the interval [0,0].
However, all of these temperatures can be expressed as a Fourier Sine Series. Hence the state space is
actually only countably infinite.
6. PC._([0.£1.R;8) is thePCL [0.£1.R; &) for which the Fourier sine series is finite.

7. Bas ={Eiﬂ(k—?:li keN} is an orthogo1 EC, [0,£].R:¢) basis for and an orth
Hamel basis of PC. ([0,¢.R;4)
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PRINT NAME ( ) ID No.
Last Name, First Name  MI, What you wish to be called

SETS AND SPACES FOR THE HEAT CONDUCTION PROBLEM

8. Recall that we have established PCL(R.R:f) as a function space where we can calculate Fourier Series a
let PCL(R.R;{) be the PCL(R.R:{)° for which the Fourier 2ci ®.R:éynite. Also, let
the subspace of PC}5(R=R;£ ) containing only od PC;, ([0.4].R) BCL(R.R; £ functions in
their domains restricted to [0,0], and 2Ci_([0,4], R} be the (PCL ([0,4.R) for which the F
Series is finite. Clearly By, ={sin(nz/£{):ne N} PC;EE([D._E ].Rhel basis of
PCL([0.£.R)

We will see that we can view Bc. ([0,{1.R) as the state space for the problem of heat conduction in a rod.
Recall that the heat equation is the pde, u, = o’u,,. To formulate the heat conduction in a rod problem as a
linear mapping problem we first let D(0) = (0,0)x(0,%0) and D(¥) =[0,0]x[0,»). We see that D(0) is the open
set where we look for solutions of the heat equation and D(£) contains D(0) and its boundary so that CD(£)
Hence D(£) is a closed set. Next we let Dy ( ,R) be the set of functic¥ in . ,R) whose restrictior
D(0) is analytic, whose restriction to D(£) is continuous, and whose restriction to [0,0]x {0} PC. ([0,£,R)
with the additional condition that the function be continuous at all points in [0,0]x {0} where its restriction to
[0,0]x{0} is continuous. Now let the operator Lesan) be d(LBﬁ;{ £.07) Dy /g ,R) -
where LBI_EE{ £.0%) [ul=u, -ofu,. TDs ,R) is the X set where we look for solutions to the pde in D(¥).

These functions are “nice” at the boundary of D({). Now let

NLEE;';:{{:QJ} = {Di)e. Lﬁrz.:u‘:. ,R): [u] =0} be theL, sesce.a®) © of the operator
u(x,t) € Ny e then it satisfies the the pde u, -o’u,, = 0 and is “nice” on the boundary of D(0).
Now let . (D ,R)={u(x,t)e.~5| ,R)): u(0,t) =0 and u((,t) =0 for t > 0}. Then . .D® ( ,R) is the

% set where we look for solutions of the pde in D(0) that also satisfy the zero boundary conditions. Since they
are in . (D) ,R), these functions are all “nice” on the boundary of D(), particularly on [0,0]x{0} where t = 0.

Now let the operator LHE{ 1) be d LB:'HI:.L', &) D(£) N ,R) - LBﬁ;{ s where, as
let LHE{ 1) [u] =y, -d’u,. 2 LHE{H}l map Ddunctions in ., ( ,R) to the same fi
operator L___ .. D) (- D@ R) - A ,R) defined by this same formula , the BC’s are now incorpc
the domain . /(D& R L ; that is, functions in tL__ . ain of also satisfy

boundary conditions. Recall that the definition of an operator (like that of a function) includes its domain and
codomain and not just the formula that tells you where the element is mapped. Now let

NLEE;';:{{:QJ} = {Dir)e Lﬁrz.:u‘:- ,R): [u] =0} be the LHEE{ 1y © of the operator
u(x,t) € NLBfm:f " then it satisfies the the zero boundary conditions as well as the pde u, = o’u,, and is “nic
on the boundary of D(0). Thus if we let Proby.( (D) Ahgis o [u] = 050, o) be the problem defis
PDE u = o’ u, 0<x<{( t>0

BC u0,)=0, utt=0, t>0
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then the set of solutions for Prob,,(. /(D e o [u] = 0; 0,a%) ) is just the null space of the ope

B o . Again, thenull L___ . f is just t1 D functions in ./ ( ,R) that satisfy the |
the pde (and are nice on the boundary). Also, because of the definition of .. (D ,R), if u(X’ANLEE"-{{ o
then its restriction to [0,0]x{0} is in PCL ([0.£].R) . This will allow us to satisfy the initial condition for th
Heat Conduction Problem which we denote by Prob,,.( v (T ,R Lafﬁ{ _;_m::_[u] =0 , u(x,0) =u,(x) ;
PDE u= o’ u, 0<x<{( t>0
BC u0,)=0, ult)=0, t>0
IC u(x,0) = uy(x) 0<x<{(
where uy(x)€ PCL_([0.£1R)

Note that a Fourier Sine Series in PCi ([0.£].R) gives the state of the rod (i.e., the temperature at each

point on the rod in the interval [0,(] ). Thus the temperature u(x,t) is a function of two variables, time and the
location on the rod. In your engineering courses, you may study heat conduction in two or three physical
dimensions as well as time. Again, for the rod in one physical dimension, the dimension of the state space is
countably infinite as although there are an uncountalbly infinite number of temperatures in the interval [0,(], for
our formulation of the heat conductiuon problem, every temperatute can be represented by a fourier sine series
so that the dimension of the state space is only countably infinite.. Recall that a vector space is an algebraic, not
a geometric construct. Often, the term dimension is replaced by the term “degrees of freedom”. Again, although
there are a uncountably infinite number of temperatures on the rod, with our formulation, we only allow a
countably infinite number of temperatures and hence only a countably infinite number of degrees of freedom.

9. Now recall the definition of Prob.( /(T R LEI_EE{ ;_m-‘;.[u] =0 , u(x,0) = uy(x) ; (,a%) as given ab
claim that if uy(x)e PCL ([0.£]1R:{) , then the solution of
Probuc( /(D Ry, u] =0, u(x,0) = uy(x) Ny o . It is the function |
O that has u,(x) as its initial condition.
. Next we let . (D) ,R) be the set of functions i D¢} ,R) whose restriction to D(0) is analytic, whose
restriction to D(£) is continuous, and whose restriction to [0,0]%{0} is no'2c._[0,/L.R) with the add:
condition that the function be continuous at all points in [0,0]x {0} where its restriction to [0,0]x{0} is
continuous. We now claim that if uy(x) € PCL_([0.£].R:{) , then the solution of
PI‘ObHC(‘ 4 ffss( E(._f} ’ L‘B’E-"f..:.:‘- [u] = 07 U(X,O) = uO(X) aga aZ) iS in
N =y e . . . B. = a_'“'-""=-'5in n—_:x}:n N
— {ubDBe v, L.y R s ( =N}

for HL;— ? and a Schauder b NLE. )

S5 2 )
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SUMMARY OF NOTATION FOR FOURIER SERIES AND HEAT CONDUCTION PROBLEM

Notation Definition
PCL(R.R:{) {fe AR,R): fis periodic of period 20, fand f’ are piecewise continuous on
[—0,0], and f(x) =( f( x+) + f( x—)/2 at points of discontinuity}

BCL (R_R:#) The s PC}, (R.R:£) for which the Fourier series is finite.

PC. (R.R;{) The sipCL(®R R:¢) containing only odd functions
PC: ([0,{1.R) The set of 1PC. (R.R;#). with their domains restricted to [0,0].
PCL ([0.£1.R) The PCi q0,£1.R;£) for which the Fourier sine series is finite.
(f.g) = [if(x}g(xj}dx ImPCL (R, R £)(PcL(R.R:6) PCL(R,R;{) FCL(0,£LR) PC., ([0, £],R)

By, =1/ E}u'{ms(g:l: n=N} u'{sliig:li neN} PC.(R.R:£).n orthogonal Schauder ba:
and an orthogonal Hamel basis for 2c. (R.R:#)
Baw = (sn():keN} An orthogo1 EC:, [0.£].R;#) basis for and an ort

.
Hamel basis of PC. ([0,.R;¢)

D(0) = (0,0)x(0,)

Die) =[0,0]%[0,).

A (DB ,R) The set of functions inD¥( ,R) whose restriction to D(() is analytic, whose restriction t
[0,0]%(0,%) is continuous, and whose restriction to [0,0]x{0} is in PC ([0.£.R) with ths
additional condition that the function be continuous at all points in [0,0]x {0} where its
restriction to [0,(]x{0} is continuous.

(D R = fux,p)e~B.  ,R)):u(0,t)=0and u((,t)=0 fort>0}
Probyc( /(7 JRL,__ . [u]=0 , u(x,0) = uy(x) ; 0,a%) Heat conduction problem defined by
PDE U= o’u, 0<x<{( t>0
BVP  BC u(0,t) =0, ul,t)=0, t>0
IC u(x,0) =uy,(x) 0<x<{(
LBEL';Z':J_',C[Z 3 D@ : '/fssz( 9R) - /(D(Q)aR [‘B'E{L:}:,ned by [ll] =W 7a2uxx'
| P D) (DB R)- Ligry, oo fined by [u] =u, -a’u,,
Proby.( v/, ( D) M 4 [u] = 0; o,0) Heat conduction problem defined by
PDE u = o’ u, 0<x<( t>0
BC u(0,t)=0, u(l,t)=0, t>0.
NLBH@U} ={uDif)ec Ly SR [u] =0} ThemL,_, .>of the operator
Also the “general”solution of Prob,,.( /y,( 0¥ LB'E{I_.:E:- [u] =
)
NLEE{&‘-I_.!:I :{U‘ E[E}E' ‘/ffss [‘E'E{I.m:} >R): [u] = 0}
B, =" dnlnx/ H:ne N} N, _  isaHamel basis for N and a Schaude:

it Bahie £ BET £



