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Handout #1 REVIEW OF THE HOMOGENEOUS BVP FOR Prof. Moseley
THE HEAT CONDUCTION MODEL

The model for heat conduction in a rod of length R which is insulated on the sides is given
below.   Recall that we require the temperature at both ends to have zero temperature (i.e.
Direchet boundary conditions).  Later, we will see how to handle arbitrary temperatures
(nonhomogeneous conditions) and insulated ends (Neumann conditions).
 

t xxPDE u   = á  u 0 < x < R ,   t > 0 2

BVP BC u(0, t) = 0 ,   u(R,t) = 0  t > 0
(homogeneous boundary conditions)

IC u(x,0) = f(x) 0 < x < R
(initial temperature distribution)

We represent this BVP schematically as follows: 
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Handout #2 SOLUTION OF THE HOMOGENEOUS BVP FOR Prof. Moseley
THE HEAT CONDUCTION MODEL USING FOURIER SERIES

Recall that 

 u(x,t)   = (1)

t xxis a family of solutions  to the PDE    u   = á  u   and  the homogeneous BC’s 2

u(0, t) = 0 ,   u(R,t) = 0.  That is, a "linear combination" of an infinite number of linearly
independent solutions  is in the null space of the linear operator defined by the PDE and the BC’s
and in some sense gives the "general" solution to the problem defined by the PDE and the BCs.
Clearly the dimension of this null space is  infinite..  We assume no convergence problems and
blindly try to use (13) to satisfy the IC in the BVP

t xxPDE u   = á  u 0 < x < R ,   t > 0 2

BVP BC u(0, t) = 0 ,   u(R,t) = 0  t > 0
IC u(x,0) = f(x) 0 < x < R

Letting t= 0 in (1) we obtain

u(x,0)  =   =  

Hence we require 

f(x)   =  � x 0 [0,R] (2)

n"Clearly" we can satisfy (2) by taking the c 's to be the Fourier Sine series coefficients for f(x). 
That is, we let 

mc     =       for    m  =  1, 2, 3, ... .
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                     REVIEW OF  STEPS IN SOLVING A HOMOGENEOUS PDE 
Handout #3                 WITH HOMOGENOUS BOUNDARY CONDITIONS

1. Use Separation of Variables (for PDE's) to obtain two ODE's with an arbitrary constant from    
    the PDE (typically, a spacial ODE and a temporal ODE).
2. Use the Boundary Conditions (BC) for the PDE to obtain BC's for the spacial ODE and hence   
   an Eigen Value Problem (EVP) for the spacial ODE.
3. Solve the EVP for the ODE.  Typically, it is self adjoint so  that the eigen values are real.
   Make a Table.
   a. Find all of the negative eigen values or show that none exist.
   b. Determine if zero is an eigen value.
   c. Find all of the positive eigen values or show that none exist.
4. Solve the time ODE  and express the solutions in terms of the eigen values for the space
    ODE.
5. Using  the solution of the eigen value problem and the solution of the temporal ODE write an
    expression for the family of solutions to the PDE and its BC's.  We refer to this as  the 
    "general solution" of the PDE  and its BC's.
6. From the "general solution" of the PDE and its BC's, apply the initial condition and use 
    Fourier series to find the solution of a Boundary Value Problem (BVP) consisting of a PDE, its 
    BC's  and its Initial Condition (IC).
7. List the results of the above six steps to solving a BVP for a PDE.
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PDE's SOLUTION OF THE NONHOMOGENEOUS BVP FOR
Handout #4 THE HEAT CONDUCTION MODEL Prof. Moseley

      USING FOURIER SERIES

     Recall the model for heat conduction in a rod of length R  which is insulated on the sides and
zero (homogeneous) temperature conditions.  The nonhomogeneous problem allows the
temperature at the ends to have values other than zero.  Later, we consider insulated ends
(Niemann conditions) where the (partial) derivative ,  rather than the temperature is specified.

t xxPDE u   = á  u 0 < x < R ,   t > 0 2

1 2BVP BC u(0, t) = T  ,   u(R,t) = T  t > 0
(nonhomogeneous boundary conditions)

IC u(x,0) = f(x) 0 < x < R
(initial temperature distribution)

We represent this BVP schematically as follows: 
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Physically, we expect u(x,t) to approach a steady-state or equilibrium solution.  Recall that for
the homogeneous problem, the steady-state solution was zero.  Recall also that we expect that the
general solution of a nonhomogeneous problem to be of the form

p hu(x,t)  = u (x,t)  +  u (x,t)

Ch. 5 Pg. 5



p hwhere u  is a particular solution to the nonhomogeneous and u  is the general solution of the

passociated homogeneous (complimentary) equation.  Thus it is reasonable for u  to be the steady-

hstate solution and u  to be the previously found general solution to the homogeneous problem. 

p p p ssThus to find u , we take u  independent of time, i.e. let u (x,t) = X (x).  Thus since 

  =     = 0,

   =     = XN(x),   =    = XO(x) 

ss X  must satisfy the ODE boundary value problem
 

ssODE             X '' = 0

ss 1 ss 2BCs      X (0) = T  ,     X (R) = T .   

SOLUTION OF ODE BVP

1 2Solving the ODE we obtain X(x) = c  x  + c .  Applying the BCs, we obtain 

1 2 1 2 1c  (0)  + c   =  T     Y c   =  T

1 2 2 1c  (R)  + c   =  T          c   =   =  

 

ss 1Hence   X (x)  =   [ ] x   + T .  (Check that the BCs are satisfied.) 

So we have 

p h ss hu(x,t)  = u (x,t)  +  u (x,t)  =  X (x)  +  u (x,t)

1=   [ ] x  + T .   +   (1)

Applying the initial condition u(x,0)  = f(x) we obtain the requirement

1   f(x)   =      [ ] x   + T .   +    

or

1   f(x)  !   [ ] x   + T .    =    (2)

n"Clearly" the c 's are the Fourier Sine series coefficients for 
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1 =    f(x)  !   [ ] x   + T .   

That is we have

mc    =    for    m  =  1, 2, 3, ... .

       =   for    m  =  1, 2, 3, ... .
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Handout #5                  ROD WITH INSULATED ENDS Professor Moseley

     Recall the model for heat conduction in a rod of length R  which is insulated on the sides and

where the temperature is specified (Dirichelet conditions, homogeneous or nonhomogeneous).  
For the rod (or bar) with insulated ends, we must consider conditions on the (partial) derivative 
(i.e. Neumann conditions).  Recall that the energy flow through a cross section (e.g. the ends of
the rod) is given by Fourier's Law as Rate at which Heat energy crosses any cross section A (to

xthe right)    =   ) K A u  where K is the thermal conductivity (proportionality constant) and A is

xthe area of the cross section.  If the ends are insulated then u  is zero.

t xxPDE u   = á  u 0 < x < R ,   t > 0 2

x x 2BVP BC u (0, t) = 0 ,   u (R,t) = T  t > 0

(homogeneous Neumann boundary conditions)

IC u(x,0) = f(x) 0 < x < R
(initial temperature distribution)

We represent this BVP schematically as follows: 
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Since the PDE and BC are homogeneous, we expect to be able to find the general solution of
these in the form

 u(x,t)   =      =   (1)
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Since the system is closed with no energy entering or leaving, physically, we expect u(x,t) to
approach a steady-state or equilibrium solution of a constant temperature.  However, this need

0not be u(x,t) = 0.  In anticipation of this, we started the series at n = 0 and expect u (x,t) to be
one.  That is we expect

 0 ss u(x,t)   =   c   +      =     T     +   (2)

We need to review and redo the steps in solving a BVP for the heat conduction problem with
homogeneous Bc’s.

Ch. 5 Pg. 9



Handout #6             REVIEW  OF  STEPS IN SOLVING A HOMOGENEOUS 
                               PDE WITH HOMOGENOUS BOUNDARY CONDITIONS

1. Use Separation of Variables (for PDE's) to obtain two ODE's with an arbitrary constant from    
    the PDE (typically, a spacial ODE and a temporal ODE).
2. Use the Boundary Conditions (BC) for the PDE to obtain BC's for the spacial ODE and hence   
   an Eigen Value Problem (EVP) for the spacial ODE.
3. Solve the EVP for the ODE.  Typically, it is self adjoint so  that the eigen values are real.
   Make a Table.
   a. Find all of the negative eigenvalues or show that none exist.
   b. Determine if zero is an eigenvalue.
   c. Find all of the positive eigenvalues or show that none exist.
4. Solve the time ODE  and express the solutions in terms of the eigen values for the special
    ODE.
5. Using  the solution of the eigenvalue problem and the solution of the temporal ODE write an
    expression for the family of solutions to the PDE and its BC's.  We refer to this as  the 
    "general solution" of the PDE  and its BC's.
6. From the "general solution" of the PDE and its BC's, apply the initial condition and use 
    Fourier series to find the solution of a Boundary Value Problem (BVP) consisting of a PDE, 
    its BC's  and its Initial Condition (IC).
7. List the results of the above six steps to solving a BVP for a PDE.
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