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Handout #1 PERIODIC FUNCTIONS Professor Moseley

We consider the general problem of trying to represent a periodic function by an infinite
series of sine and cosine functions. One application is the heat conduction model. Another is the
response of an electric circuit to a square wave. Nonhomogeneous superposition can be used to
obtain the spectrum of frequencies in the forcing function.

DEFINITION. A function f:R ~ R is periodic of period T if V x € R we have
f(x+T)=1(x). The smallest positive period is called the fundamental period.

We can check this property either graphically or analytically (or both).

EXAMPLE.

NS NS NS N
| | . X
o | Q
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T

THEOREM. If f:R -~ R is is a periodic function with period T, then 2T, 3T, ... and — T, — 2T, ...
are also periods.

(Idea of) PROOF. (A proof would require mathematical induction.)
Let us assume that f is periodic of period T. We prove that 2T is a period.

STATEMENT REASON

fx+2T)=f((x+T)+T) (Theorems from) Algebra
=f(x+T) Hypothesis (assumption) that f is periodic of period T
=f(x) Hypothesis that f'is periodic of period T

Since f(x + 2T) = f(x), 2T is a period. (The general case requires mathematical induction.)
THEOREM. If f:R -~ R is is a periodic function with period T, then there need not be a
fundamental period.

PROOF. We give a counter example to the statement "Every periodic function has a
fundamental period". Let f(x) =4 (or any constant function). Then f(x+T)=1(x)=4 V x,T €
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R. Since all real numbers are periods, there is no smallest positive period and hence no
fundamental period.

DEFINITION. If f:(—(,0 ]-R, then we define the periodic extension , f, of f by
f.(x+2nl)=1(x) Vxe(-4l] and VneZ

DEFINITION. Let PCL(R,R;&) = {feF(R,R):1) fis periodic of period 2(, 2) f and f are

piecewise continuous on [—(,(], and 3) f(x) =( f( x+) + f( x—)/2 at points of discontinuity},

PCL([-4.4 R 6 be FC.(R,R;¢1ns in with their domains restricted to [-(,0]
PC. ([-4£LR;8 be thrc ([ 41 R4 for which the fourier series is finite.

EXERCISES on Periodic Functions
EXERCISE. Sketch the periodic extensions of:

1. f(x) =x xe(—-2,2]
2.f(x)=x*> xe(-1,1]
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Handout #2 FACTS ABOUT THE SINE AND COSINE FUNCTIONS Professor Moseley

THEOREM #1. (Facts about Trigonometric Functions)

l.sin(g x)andg X ) wheren € Z.
e . 2(
are periodic with fundamental period T = —
n
All are periodic of (common) period 2.
H M nmw O forallmneZ ifm=n
2. | cos(—x)cos(— K)dx =1 _
o7 { { { torallmneZ ifm=n

3. | sin(Ex)cos(E Ddx=0 forallmneZ

-f

j’ .
. O forallmne?Z fm=n
4. | sin(g K)Siﬂ(ﬁ dx = { ’

2 { forallmneZ ifm=n

These properties say that these functions form an orthogonal (perpendicular) set of nonzero
functions. A theorem from linear algebra says that such a set is linearly independent. Our
Fourier Theorem will tell us the subspace "spanned" by this set. We will see that

B . ={1r2}u{ms:1%:kemu{mk7“}:keN} PC! ([ ALR) is a Hamel basis

Schauder basis of rC! ([-£.¢L.R.#

EXERCISES on Facts about the Sine and Cosine Function
EXERCISE 1. Write a proof of part 1. of Theorem #1 using the definition of periodicity.
EXERCISE 2. Write a proof of part 2. of Theorem #1 using properties of the cosine function.

EXERCISE 3. Write a proof of part 3. of Theorem #1 using properties of trigonometric
functions.

EXERCISE 4. Write a proof of part 4. of Theorem #1 using properties of the sine functions.
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Handout #3 FOURIER THEOREM AND Professor Moseley
COMPUTATION OF FOURIER SERIES

THEOREM. (Fourier). Let f:R — R. Suppose
1. fis periodic of period 2(.

2. fand f' are piecewise continuous on [—(,(].
Then at the points of continuity of f, we have that

)= 22+ " a,008(- %) + bysin()

=1
where
I}
1y mar
a, = —| f(x)cos(fx)dx for m=0,1,2,3, ..
£d {
1 : T
b, = —| f(}:)sin(fx)dx for m=1,2,3,....

-f

That is, the series converges pointwise, (i.e. for each value of x) to the function f(x).
At points of discontinuity, the series converges to ( f( x+) + f( x—)/2 where

f(x+)= lim () and f(x- lim ().

We wish to give a name to the function space where we are sure that the fourier series
coefficients exist and where we know that the fourier series converges pointwise as explained in
the theorem. Hence the subset of F(R,R) that has the two properties given in the theorem and

the property that they are defined at points of discontinuity by ( f( x+) + f( x—)/2 we call
PCL(RR. ) . PCLRLR.E is a subspace of F(R,R) so that it is a vector spa

let PCL([-£ .41, &) be P (R,R:4)ms in with their domains restricted to [-(
functions in PCL(R R, £ are well-defined once their values on [-(,() are known, we see that
there is an isomorphism between PC}(R R PCL([-4.4 R 6 PC (-4 4R . We let
subspace of Pl ([-#,41R;#) for which the fourier series is finite. Since the set

B e, =20 (oo ke N fsind 5 ke N) is lincarly indeper
linearly independent) and every function in  PC. ([-#,¢],R;# can be written as a (finite) linear

.. . . k oyl
combination of functionsin B . _ . ={fo {':DSiT“} ke Npu {stiT“} ke N}

B, e, =20 (o) ke MU (s ke N) FC (-4, Ks) a Hamel basis of

function if PC!i[-241 R4 can be written as a "infinite linear combination" of functions in
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B e, =20 (oo ke N fsind 5 ke N) . we call

Boct pmrgma = W2 U{CDS(kT“F ke Npu {Sirill—ﬂ} ke N} PC ([~ 41 Ryd) a Schauder basi
EXAMPLE. Find the Fourier series for f(x) if fis periodic of period 2¢ and

Cfor—(<x=0
f(x) = :
Tfor Qe ¥

Sketch the graph for several periods (i.e. four: one between —( and (, two to the right and one to
the left). Indicate in an appropriate manner the function to which the Fourier series converges.
Note that values for the function are not given at the points of discontinuity. Explain why.

Solution. We begin by sketching the graph.

T!
_____ 1 | - - -
X X X >}< X X X X X
| —
=30 —20 —{ 0 ( 20 30 40 50

The Fourier series will converge to the function at points of continuity. It will converge to
(f( x+) +f( x—)/2 (i.e. to the average of the limits from the right and left) at points of
discontinuity. These are indicated by an X. The Fourier series is given by

)= 22+ 2,008(—n %) + bysin(—)

=1
where
I}
1¢ maT
a, = —| f(x)cos(fx)dx for m=0,1,2,3, ..
£d {
1 : T
b, = —| f(}:)sin(fx)dx for m=1,2,3,....

-f

Always compute a, separately.

) ) 0 f
a, = i| f(x)cos(@ x)dz i| f(z) dz il f(x) dx %I t) dx =
“ i : “ i “ i "
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1¢ 1 . 1
I. :I I. 'rl:l I_ K: D 1}
Hence ay/2 =1/2.
Next we compute a,, form=1,2,3, ....
17 maT 17 maT e mT
a, = —| f(x)cos(f}:)dx = f(x)cos(f}:)dx — | f(x)cos(— x)dx
|_ :I |_ |_ :I |_ I. 'rI:I I.
1: msT 1+ mir 11 mir
= — | @ecos(—xdx  —| (Deos(—x)dx | cos(——x)dx
fid { £ { i) .
Si——X)
1 , S . :
- - x={  —[sin(= () - sin(~— 0]
{ B AT L L
el
1 .
= — sin(mm) = 0
1T

Hencea, = 0 form=1,2,3, ... .

Proceeding to b,, , form =1, 2, 3, ... we obtain

I 0 ‘
by =~ fsin™wdx L s xdx L[ feosin™  xd
- :I - ety i - . bl:l L
= — | ©sin(—=x)dx  —| (Dsin(—=x)dx  —| sin(— x)dx
£ . { ! -.D f { *D {
s cns{ﬁ:{} 1 i -
=5 — |x=0  —f[-os(— - [-cos(—0)]]
X - ,: {
e x=10
1 0 1fmiseven
B G o [1- 2 semmeay

T
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We summarize in a table (Be sure you always list your Fourier coefficients in a table.).)
TABLE.

a,/2=1/2

a =20 for m=1,2,3, ...

0 ifm=2445, .

= 2
" < ifmi=1.35
T

on
|

We now write the Fourier series:

)= 22+ 3" a,008(" %) + bysin()

i1
1 i . 1 & .
=+ @cos( w0y + b sin(2T =) b sin(0y
=1 L L o) L

L T b sin(e—) +3 b sm( il

|
m odd ? M ETeR

= T‘ iSlﬂ(—) \T‘ () Slﬂ(—) l i T‘ iSIH(E

2’ dﬂm‘ﬂ- M ERFETL n‘::ddmﬁ t

k= 012 34---

Letting m=2k+1 fork=0, 1, 2, 3, ... so that
m=2k+1=1 3 5 7 9 ---

Hence
., &2 2 2k+1
)= —+Y sin(K+ D7
2 ku(2k+1);?r '
1 2 2 . .3 D D 2 .7 2 .9
= — —sm(i} —sm(—_ﬁ) —sm(—,}T) —sm(—,ﬁj —sm(—,ﬁ)
2 T { 3T { ST { EFid { QT {
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Handout #4 EVEN AND ODD FUNCTIONS ) Professor Moseley
Read Section 10.3 of Chapter 10 of text (Elem. Diff. Eqs. and BVPs by Boyce and Diprima,

seventh ed.) again. Also read Section 10.4. Pay particular attention to Examples 1-2 on pages
567-569.

DEFINITION. A function f:R — Ris even if V x € R we have f( -x ) =1( x).
fisoddif Vx e R, f( -x) = -f( x).

We can check this property either graphically or analytically (or both).

EXAMPLES.
1. f(x) = sin(x)
/ ’ \\ % ‘ / \\\ / \\\
J \ X/ X -
/ N \ 7 N\
STATEMENT REASON
f( -x) = sin(-x) Definition of the function f
= -sin(x) Trig identity
= -f(x) Definition of the function f
Hence f(x) = sin(x) is an odd function
2. f(x) = cos(x) T
\ /W NPV
_________ / B | \ \ / / \ \ —
N/ N\
T \ \_/ \
STATEMENT REASON
f( -x) = cos(- x) Definition of the function
= cos( x) Trig identity
= f(x) Definition of the function f
Hence f(x) = cos(x) is an even function
3. f(x)=x
\ T //
N/
-X || X -
STATEMENT REASON
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f(-x) =(-x)? Definition of the function f

(Theorem from) Algebra
= f(x) Definition of the function f
Hence f(x) = x* is an even function
4. f(x)=x°
/
-X // X -
//
/
STATEMENT REASON
f(-x) = (-x)’ Definition of the function
=-x (Theorem from) Algebra
= f(x) Definition of the function f
Hence f(x) = x’ is an odd function
5. f{x)=x + x*
/
\ [ J/
R
N h
STATEMENT REASON
f(-x) =-x + (-x)? Definition of the function f
=-x + x? (Theorem from) Algebra
# f(x) or —f(x) At least so it seems

Hence we believe that f(x) = x + x* is neither odd nor even but we do not have a proof.
How do you think you could construct a proof. Hint: Look at the definition of odd and even and
note that the equations must hold V x € R

PROPERTIES OF ODD AND EVEN FUNCTIONS.

THEOREM #1. We state this theorem informally.

1. The sum (or difference) and product (or quotient) of two even functions are even.

2.. The sum (or difference) of two odd functions is odd. However, the product (or quotient) of
two odd functions is even.

3. The product of an odd function and an even function is odd.

A formal statement with proof that the sum of two even functions is even follows:
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THEOREM #2. Let fR—R and g:R—R be even functions. The h = f- g defined by
h(x) = f(x)* g(x) is an even function.

PROOF. Letf:R—R and g:R—R be even functions so that f( -x) = f(x) and g(-x) = g(x)
V x € R. Leth=fgso that h(x) = f(x) -g(x) V x € R. Then

STATEMENT REASON
h(-x)=f(-x) g(-x) VxeR Definition of h as the product of fand g
= f(x) - g(x) VxeR fand g are assumed to be even functions
= h(x) VxeR Definition of h as the product of fand g

Since h(-x)=h(x) V x € R, by the definition of what it means for a function to be even,
h is even.

QED
EXERCISES on Even and Odd Functions

EXERCISE #1. Give formal statements to the remaining parts of Theorem #1.

EXERCISE #2. Give formal proofs of the statements in the previous exercise.

THEOREM. Let f:R~R be an even function and g:R~R be an odd function so that
f(-x) = f(x) and g(-x) = -g(x) Vx € R. Then

I I I
1) | fdx | fz)dx! | glxydxl  2) = 0.

-I 1] -I

EXERCISE #3. Write a proof of the above theorem using the STATEMENT REASON format.
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Handout #5 SINE AND COSINE SERIES Professor Moseley

DEFINITION. Let f:[0, (] — R. We define the even periodic extension f, . as follows:
l. Letf(-x)=1(x) for xe (-0, 0)sothat f(-x)=1f(x) Vxe(-41].
2, Let f,, be the periodic extension of f, that is,

fpe (x+2n0) =f(x) VXx€e(-0,L] and Vn € Z.

DEFINITION. Let f:[0, (] — R. We define the Fourier cosine series for f as the Fourier
series of the even periodic extension, f, ., of f.

> ~epe?

Recall:

)= 22+ 2,008(—n %) + bysin(—)

THi= 1
where
1 : T
a, = —| f(x)cos(f}:)dx for m=0,1,2,3, ..
I_ :I |_
1 : mar
b, = —| f(:s{)sin(fx)dx for m=1,2,3, ...

-{

Since f_ . is an even function, we have

epe

f ! -
= | T o dx [ cos(Thmdx [ ) cos(T %)
L :I -'_ l: T:I ': ': "I':I ':

even X even = even

g
b, = i| £, () sin(—— x)dx - 0
() ._
even x odd = odd

Summarizing, given f:[0, (] —R, to compute the Fourier cosine series for f given by

fizy = Bo by amcos(g %)

=1

compute the Fourier cosine series coefficients using
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{

A T
a, = —| t=) cos(ijdx for m=0,1,2,3, ..

m

0

We let PC. (R,R;# be the sPC (R, R, #)f containing only even functions. We let
PC. ([0, R;4) be th¢PC. (R,E;#) in with their domains restricted to [0,0]. We
FC. ([0,£LR;4) be thrc. ([0,4, ;) for which the fourier series is finite.
B L u{c':'s{kT“} ke N} is linearly independent (every finite subset is lin
independent) and every function in FC. ([0,#,R;4) can be written as a (finite) linear combination
of functions in B, ., =/Zu{esih ke B, ., =20 (s ke

Hamel basis of FC. ([0,#.R;4) . Since eve PC. ([0,4,R;#) can be writter
"infinite linear combination" of functions in B, L {CDS'{IZ—“} ke N} , W
B g =102} u{c':-s{kT“} ke Np FC.. ([0, R;#) chauder basis of

Similarly, given f:[0, (]— R, to compute the Fourier sine series for f given by

fs) = f bmsin(gﬁ

=1

compute the Fourier sine Series coefficients using

f
2EF s AT
b, = —I f(:s{)sm(f Zdx for m=1,2,3, ...
d {
We let P (R.R.4) be the src! (R, R4 containing only odd functions. We let
PC -4 4.R.4) be tIFC. (RR4): in with their domains restricted to [0,(].
PC (0,21 R;2) be thFC. ([0,4,R;4 for which the fourier series is finite.
set B = {,-,m(l‘_:;. ‘keN} is linearly independent (every finite subset is linearly inde
and every function in PC.. ([0,#]R;#) can be written as a (finite) linear combination of functions

in B i -{sm(l%j:kcﬂ} E . -{sintlgj:k:li} PC. (04K

Since every function if FC. ([0,#1K;# can be written as a "infinite linear combination" of

functions in SEMCIEPE B . -ismkeN)

P, (0,8 R
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EXERCISES on Sine and Cosine Series

EXERCISE #1. Give a formal definition of the odd periodic extension of f where f:[0,0} =R
where f(0) = 0. (Why is this required?)
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