Compute the line integrals in conservative fields and search for
potential functions

Useful facts: Let F = (P, Q, R) denote a vector field. F is conservative if there exists a function f
such that Vf = F. In this case f is a potential function of F.

(1) The line integral of [ F - Tds is independent of path in the region D if and only if F = V f
in D for some function f.

(2) Suppose that a vector function F = (P(z,y), Q(z,y)) has continuous second order of derivatives in
a region D. Then there is a function f in D such that V f = F if and only if P, = Q.

(3) Suppose F = (P(z,y),Q(x,y)) and P, = Q.. Then the following steps will lead to the discovery
of a potential function f(z,y). (Another way to find a potential can be found in Example (3) below).
(Step 1) f(z,y) = [ P(z,y)dz = fi(x,y) + c(y), where ¢(y) is an unknown function of y (viewed as
constant for x).

(Step 2) Use the fact that f, = Q to get

which results in a differential equation.

(Step 3) Solve this equation for ¢(y), and substitute it back in Step 1 to get f(x,y).

Example (1) Given F = (422%y — 5y*, 2% — 2029?), check if this is a conservative vector field, and if
yes, find a potential function.

Solution: Here P = 42%y — 5y* and Q = z® — 20xy>. First compute P, = 4z? — 20y3, and
Q. = 322 — 20y3. As P, # Q.. This is not conservative.

Example (2) Given F = (1 4 ye®¥, 2y 4+ ze™¥), check if this is a conservative vector field, and if yes,

find a potential function.
Solution: Here P = 1+ye® and Q = 2y+xe®. First compute P, = e®Y+xye™, and Q, = e"V+zye™.
As P, = @, this is a conservative field.

To find a potential f, we first compute

fla,y) = / (1+ye™)de = = + e + c(y).

Then, set 2y + ze™ = f, = 04 ze™ + ¢/(y), to get ¢/(y) = 2y. Therefore, c(y) = y>. Substitute
c(y) = y* to f(z,y) above to get
f(z,y) ==z + €Y +y°.

Example (3) Given F = (2xy? + 322,222y + 49?), check if this is a conservative vector field, and if

yes, find a potential function.



Solution: Here P = 2zy? + 32% and Q = 22%y + 4y®. First compute P, = 4zy, and Q, = 4xy. As
P, = Qg, this is a conservative field.

To find a potential function f, we note that the integral [, ¢ Pdx + Qdy is independent of the path.
Therefore, we note that one of the potential functions f(x,y) satisfies f(0,0) = 0, and so for fixed
unknown (zo,yo), we choose C to be the straight line from(0,0) to (xg,yo). Thus the parametric
equations of C' are x =tz and y = tyo with 0 < ¢ < 1. Thus as f(0,0) =0,

f@ow) = flxoyo) — £(0,0) = / Pz + Qdy

c
1
= / (2zoyat® + 3xdt?)xodt + (2xdyot® + dyot®)yodt
0
= @Y5 + o + Yo-
Therefore, f(x,y) = 22y + 2® + y*.

Example (4) Show that the involved vector field is conservative and for some curve C on the zy-plane,
evaluate the line integral y
/( ) )(2x —3y)dz + (2y — 3z)dy
(0,0)
Solution: Here P = 2z — 3y and @ = 2y — 3x. Note that P, = —3 = @),. Therefore, the vector field
is conservative. We shall choose an easy to compute path C.
Let C1:0<zx<landy=0;and C:0<y <3 and z=1. Then C = C; + C5 and so

(1,3) 1 3
/ (22 — 3y)dx + (2y — 3z)dy = / 2xdm+/ 2y —3)dy=(1-0)4+(0—0)=1.
(0,0) 0 0

Example (5) Given a conservative vector field F = (22 — y — 2,2y — z,2z — z), find a potential

function.

Solution: Here P =2z —y — 2,Q = 2y — x and R = 2z — x. We can apply the method in Example
(3) to find a potential function.

One of the potential functions f(x,y, ) satisfies £(0,0,0) = 0, and so for fixed unknown (zg, yo, 20),
we choose C' to be the straight line from(0, 0,0) to (xo, Yo, 20). Thus the parametric equations of C are
x = txg, y = tyo and z = tzg with 0 < ¢ < 1. Thus as f(0,0,0) =0,

f(zo,90,20) = f(20,%0,20) — £(0,0,0)

1
/ (220 — yo — 20)tzodt + (290 — o )tyodt + (220 — o )tzodt
0

2 2 2
= Xy — XoYo — To20 t+ Yo t+ 2o-

Therefore, f(z,y,2) = 2% — 2y — xz +y* + 2%



