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Abstract

Let k,n,s,t > 0 be integers and n = s + ¢ > 2k 4 2. A simple bipartite graph G
spanning K ; is bi-k-maximal, if every subgraph of G has edge-connectivity at most
k but any edge addition that does not break its bipartiteness creates a subgraph with
connectivity at least k + 1. We investigate the optimal size bounds of the bi-k-maximal
simple graphs, and prove that if G is a bi-k-maximal graph with min{s, ¢t} > konn
vertices, then each of the following holds.

(1) Letm be an integer. Then there exists a bi-k-maximal graph G withm = |E(G))|
if and only if m = nk — rk? + (r — 1)k for some integer r with 1 <r < sznﬂj'
(i1) Every bi-k-maximal graph G on n vertices satisfies |E(G)| < (n — k)k, and this
upper bound is tight.
(iii) Every bi-k-maximal graph G on n vertices satisfies |E(G)| > k(n — 1) — (k* —
k)L#HJ, and this lower bound is tight. Moreover, the bi-k-maximal graphs
reaching the optimal bounds are characterized.
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1 Introduction

Throughout this paper, Z denotes the set of all integers. We consider finite simple
graphs, with undefined terms and notation following Bondy and Murty (2008). In
particular, «'(G) denotes the edge connectivity of a graph G. We use G° to denote
the complement of a simple graph G. If X € E(G°), then G + X is the simple
graph with vertex set V(G) and edge set E(G) U X. We will use G + e for G + {e}.
Following Bondy and Murty (2008), we often use G[ X, Y] to denote a bipartite graph
with vertex bipartition (X, Y). The bipartite complement of a simple bipartite graph
G = G[X, Y] is defined to be the bipartite graph G*¢ with V(G*¢) = V(G) and

E(G")={xy:xeX,yeYandxy ¢ E(G)}.

IfW C V(G)orif W C E(G), then G[W] denotes the subgraph of G induced by
W.Forv € V(G), weuse G — v for G[V(G) — v]. For graphs H and G, we denote
H C G when H is a subgraph of G. We use G = H when the graphs G and H are
isomorphic. Following Bondy and Murty (2008), for vertex subsets X, Y < V(G),
Egl[X, Y] denotes the set of edges of G with one end in X and the other end in Y. If
H, J are two subgraphs of G, then we also use Eg[H, J] for Eg[V(H), V(J)].

Given a graph G, Matula (1972) first explicitly studied the quantity ¥’ (G) =
max{k(H) : H € G}. He called k’(G) the strength of G. Mader (1971) and Lai
(1990) considered extremal problems related to £’(G). For an integer k > 0, a simple
graph G with |V (G)| > k + 1 is (strength) k-maximal if i’ (G) < k but for any edge
e € E(G), k(G + e) > k. Mader (1971) and Lai (1990) proved the following for a
positive integer k.

Theorem 1.1 Let k > 1 be an integer, and G be a k-maximal graph on n > k + 1
vertices. Each of the following holds.

(i) (Mader 1971) |[E(G)| < (n — k)k + (15) Furthermore, this bound is tight.
(ii) (Lai 1990) |E(G)| = (n — 1)k — Lk"ﬁj + (];) Furthermore, this bound is tight.

There have been quite a few studies on this topic, as seen in Anderson (2017),
Anderson et al. (2017, 2018), Lai (1990), Li et al. (2019), Lin et al. (2016), Mader
(1971), Matula (1968), Matula (1969), Matula (1972), Matula (1976) and Xu (2018),
among others. Theorem 1.1 motivates the the current research. For integer s > 1,
t > 1, define

F(s,t) ={G[S, T]:s=|S|,t =|T|}.

Let k > 0 be an integer. A graph G is bi-k-maximal if for some positive integers s
and ¢, we have G € F (s, t) with i’(G) < k but for any edge ¢ € E(Gbc), we have
©’(G+e) > k+1. The graph obtained by K41 k41 deleting one edge is bi-k-maximal.
Additional examples of bi-k-maximal can be found in subsections 3.1 and 3.2 of this
paper. By definition, a graph G € F (s, t) with min{s, 1} < k — 1 is bi-k-maximal if
and only if G = K ;. Thus in this paper we may assume that min{s, ¢} > k. Then
every bi-k-maximal must have at least 2k vertices, and {Ky ,—r : n > 2k} is the
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collection of bi-k-maximal complete bipartite graphs with order at least 2k. The main
result of this paper is the following.

Theorem 1.2 Let k and n be integers withk > 2 andn > 2k +2. Each of the following
holds.

(i) Let m be an integer. Then there exists a bi-k-maximal graph G withm = |E(G)|
if and only ifm = nk — rk? + (r — 1)k for some integer r with 1 < r < Lagz -
(ii) Every bi-k-maximal graph G on n vertices satisfies |E(G)| < (n — k)k, and this
upper bound is tight.
(iii) Every bi-k-maximal graph G on n vertices satisfies |E(G)| > k(n — 1) — (k% —
k) L5531, and this lower bound is tight.

Section 2 below is devoted to the study of structural properties of bi-k-maximal
graphs, which would be used in our arguments. Theorem 1.2 will be proved in Sec-
tion 3.

2 Properties of bi-k-maximal graphs
By the definition of bi-k-maximal graphs, we observe that when k = 1,
a bipartite graph G is bi-1-maximal if and only if G is a tree with |E(G)| > 1. (1)

Thus throughout this section, we assume that k, s, ¢ are integers with min{s, ¢t} > k >
2,and G = G[S, T] € F(s,t) — {K x} be a bipartite graph with n = s 4 ¢ vertices.
Let

B(n, k) = {G : G is a simple bipartite graph with |V (G)]

= n and G is bi-k-maximal},

and B(k) = U,>B(n, k) be the family of all bi-k-maximal graphs. Thus for any
integert > k,wehave Ky ; € B(k). Moreover,if H € B(k)and |V (H)| € {2k, 2k+1},
then H € {Kk k, Kk k+1}. It follows from definition of B(k) that

forany G € B(k), G is connected and «'(G) < ¥'(G) < k. )

Lemma2.1 Let G € B(n, k) be a graph and X be a minimum edge-cut of G with
|X| <k, and let G| and G be the two components of G — X. Each of the following
holds.

(i) If G is not a complete bipartite graph, then Egpc[V(G1), V(G2)] # 0.
(ii) ' (G) =k'(G) = k.

Proof Let G = G[A, B] with |A| = s and | B| = t. We may assume, by symmetry,
that s > 1.

(i) Since G is a bipartite graph, we let G| = G1[A1, B1] and G, = G3[A», B]
denote the two components of G — X, with A = A U Ay and B = B U By. We
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argue by contradiction to prove (i) and assume that E5sc[V(G1), V(G2)] = @. Thus
EGlA(, B2]U Eg[A3, B1] € X, and so we have

|A1]1B2| + |A2||B1| = |X| < k. 3

Claim 1 |A4], |Bi], |A2|, and | Ba| > O.

If [A1] = O, then |B;| = 1 as G is connected. By (3), |[A2| < k. As G is not
a complete bipartite graph, there exists an edge xy € E(G”¢). Since G € B(k), we
have i’(G + xy) > k + 1. As |A| = |A;| < k, implying that ¥’ (G + xy) < k. This
contradiction forces that |A1| > 0. By symmetry, we conclude that Claim 1 must hold.

As s > t, we have |A(| + |Az]| = 5 > % By Claim 1, we have |By| > 1 and
|Bo| = 1, and s0 |A1]|Ba| + |Bi[|A2] = |A1] + |A2| = 255 > &.

This leads to a contradiction to (3), and so Lemma 2.1(i) holds.

As (ii) holds trivially if G = Ky ,—, we assume that G is not a complete bipartite
graph to prove (ii). By (2), k' (G) < ¥'(G) < k. Assume that X € E(G) is aminimum
edge-cutof G. Then |X| < k.By Lemma2.1(i), we musthave E;uc [V (G1), V(G2)] #
@. Pick an edge e € Egoc[V(G1), V(G2)]. Since G € B(k), we have k' (G + ¢) > k.
Let H C G + e be a subgraph such that «'(H) > k + 1. By (2), ¥'(G) < k,
and so e € E(H). It follows that (X U {e}) N E(H) is an edge cut of H. Thus
IX| 4+ 1> [(XU{e})| = «'(H) > k + 1, implying that |X| = k. Thus «'(G) > k.
This, together with (2), implies Lemma 2.1(ii). O

Lemma 2.2 Suppose that G = G[A, B] € B(k) — {Kkx}. Let X C E(G) be a
minimum edge-cut of G such that G| and G are the two components of G — X. One
of the following must hold:

(i) |V(G1)| = 1 and G, € B(k).
(ii) G € B(k) and |V (Gy)| = 1.
(iii) Both G| € B(k) and G, € B(k), and, both G| and G, are not complete bipartite
graphs.

Proof Let X be a minimum k-edge-cut, and let G| and G, denote the two components
of G—X.If min{|V(G)|, |V(G2)|} = 1, then we shall show that (i) or (ii) must hold;
if min{|V (G1)|, |V(G2)|} > 1, then we shall show that (iii) must hold.

We start with a proof for (i) and (ii). By symmetry, we shall assume that
[V(G1)| = |V(G2)| = 1, and so it suffices to assume V (G3) = {v} C B to prove that
Lemma 2.2(ii) must hold. Let G| = G[A}, B1] with A; = A and B; = B — {v}.
By Lemma 2.1(ii), we have §(G) > «'(G) = k. Lets; = |A{| and #; = |Bj|. Then
st =|A| >kandt; > k— 1.

If Gi = Ky, 4, thenk = k' (G) > «'(G1) = min{sy, t;}. Assume first that s; > 1.
Then as ' (G) = k, we have s; > k,t; € {k—1, k} and Ng(v) = A. Since G # Ki ,
we conclude thatt| = kandso G| = Kj g, (s1 > k) € B(k). Now assume thats| < .
As k’(G) = k, we have 51 = k, and so G| = Ky, with 71 > k. Thus G| € B(k).
Therefore, we may assume that G is not a complete bipartite graph.
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Thus there exists an edge e = xy € E(G’fc). We may assume that x € A; and
y € By.Since G € B(k), G+xy contains a subgraph L with k(L) > k+1. Since v has
degree |[X| =k in G, v ¢ V(L) and so L is a subgraph of (G —v) + xy = G| + xy.
Since L is a simple subgraph of G| with §(L) > «/(L) > k + 1, it follows that
[V(G)| = |V(L)| = 2(k + 1), and so G| € B(k) and Lemma 2.2(ii) holds.

It remains to prove (iii). In the rest of the proof, we assume that both G| =
G[Ay, B1] and G, = G3[A3, By] with min{|A ], |B1|, |A2], |B2|} = 1 to prove (iii).
If G is a complete graph Ky ,, then since G 2 Kj ; and since by Lemma 2.1(ii),
min{s’, t'} > k, we have max{s’, t'} > k+ 1. Hence k = |X| = |A{||Bz2|+|B1||A2| >
max{|A1| 4 |A2|, |B1| 4+ |B2|} > k + 1, a contradiction. Thus with the assumption of
(iii), G cannot be a complete graph. O

Claim 2 Neither G| nor G, is a compete bipartite graph.

By contradiction and by symmetry, we may assume that G| = G[S,T] = Ky, 1,
with |S| = 52, |T| = and 1 < sp < £». Since G is not a complete bipartite graph,
by Lemma 2.1(1), Egec[V(G1), V(G2)] # 0. Let e € Egic[V(G1), V(G2)]. Since
G € B(k), we have s < k and that G + e has a subgraph L with «’(L) > k + 1
and we call this subgraph L(e). Since ¥'(G) < k, we must have e € E(L), and
so (X U {e}) N E(L) is an edge-cut of L. Since «'(L) > k + 1, we conclude that
X U{e} C E(L).

Fori € {1,2},define L; = L[V(G;))NV(L)] = L;[S;, T;]with S; C SandT; C T,
anddenote |V (L1)| = £and |S;| = 5. Thus€ > sands, > s. As§(L) > «/(L) > k+1
and 1 < s < ¢, it follows that

Ck+1) < Y di,(v) =2[ELD|+ |X U e}
veV(Ly)
EZ
=2s(€—s)+k+1§3+k+1, “4)

where in the last inequality, equality holds if and only if £ = 2s. By (4), we have
200 — Dk + 1) < €2, and 50 2(k + 1) < 157 = £+ 1 + 7 < £+ 2, implying
that £ > 2k + 1. Since |S;| = s < sp < k, we have |T|| = £ —5s > k+ 1. If
Lk+1) = % + k + 1, then by (4), we have ¢ = 25 < 2k, contrary to the fact that

£ > 2k+1.Hence we musthave £(k+1) < §+k+ 1, whichimplies 2(¢—1)(k+1) <
02 —1, leading to £ > 2k + 2. It follows by s < k that |[D| = £ —5 > k + 2. As
|X U{e}| <k + 1, there must be a vertex v € V(T1) with dr (v) < k, contrary to the
fact that §(L) > «’(L) > k + 1. This justifies Claim 2.

By Claim 2, neither G| nor G» is a complete bipartite graph. Fix i € {1, 2}. For
any edge e € E(GY) € E(G"), G + e has a subgraph L with «'(L) > k + L.
Since X is an edge cut of G with |X| < k, we observe that X N E(L) = (. As
e € E(L)ﬂE(GibC), we conclude that L is a subgraph of G;, and so k' (G; +¢) > k+1.
Since k'(G;) < k'(G) < k, it follows that G; € B(k). This proves (iii). O

Definition 2.3 Letk,r € Z withk > O and r > 2.
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(i) Let G; and G; be two vertex disjoint connected bipartite graphs such that
G1 = G1[A1, Bi] and G2 = G3[Az, B2] with max{|V(G )|, [V(G2)|} = 2k.
A bipartite k-edge-join of G| and G is a simple bipartite graph obtained from
the disjoint union of G and G, by adding k new edges eq, €2, . . ., ¢; to the union
of G| and G, such that each ¢; is incident with a vertex of A and a vertex of B;
or a vertex of A, and a vertex of B;. Denote by (G, G2) the set of all bipartite
k-edge-joins of G| and G».

(ii) Inductively, let G1, G, ..., G, be sequence of mutually disjoint connected
bipartite graphs with max {|V(G1)|,...,|V(G,)|} = 2k and r > 3, and
assume that for some integer m with 1 < m < r — 1, the bipartite k-
edge-join families (G, Ga, ..., Gp)k and (Gp+1, Giuy2, - - -, G)i have been
defined. A bipartite k-edge-join of G|, G», ..., G, is a bipartite graph with
graph of the form G € (Hi, Hy); for some H; € (G1,Ga,...,Gy)r and
Hy € (Gu+1, Gm+2, ..., Gk Let (G1, Ga, ..., G;)i denote the family of all
bipartite k-edge-joins of G1, Ga, ..., G.

Observation 2.4 below follows from Definition 2.3 and routine verifications.

Observation 2.4 Each of the following holds.

(1) (G1, G2k = (G2, G)k-
(1) If «’(G1) > k, and if k' (G2) > k or G, = K, then

k'(H) =k forany H € (G, G)i. (5)

The corollaries below follows immediately from Lemma 2.2.

Corollary 2.5 Let G € B(k) \ {Kk «} be a bipartite graph. Then one of the following
must hold.

(i) For some H € B(k), G € (H, K))i.
(ii) For some non-complete bipartite graphs Hy, H, € B(k), G € (Hy, Hp)y.

Corollary 2.6 Suppose that min{x’'(H), k' (H2)} > k and G € (Hy, H2)y. Then for
any edge cut X of G with | X| = k, either X is an edge cut of Hy, or X is an edge cut
of Hy, or X = Eg[V (H1), V(H2)].

3 The size range of bi-k-maximal bipartite graphs

The main goal of this section is to prove Theorem 1.2. Let G be a graph and let
v € V(G). Define E¢ (v) be the set of edges in G incident with v. A minimal edge cut
X is trivial if there exists a vertex v with Eg(v) = X, otherwise X is an essential edge
cut. If §(G) = «'(G) and if every minimum edge-cut of G is trivial, then G is super-
edge-connected (see Chen et al. 2003; Esfahanian and Hakimi 1988; Xu to appear).
Throughout the rest of this paper, for an edge subset Y € E(G),let V(Y) = V(G[Y]).
For an integer k > 1 and a graph G with «'(G) > k, let C;(G) denote the set of all
edge cuts of size k of G.
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3.1 Structural properties of graphs in B (k)

The main results of this subsection are Lemmas 3.2 and 3.3, exploring some structural
properties of graphs in 5(k) to be applied in the arguments later.

Definition 3.1 Let k, n be positive integers with n > 2k + 2.

(i) Define H(k,n — 2k) to be the family of simple non-complete bipartite graphs
(Kkk, K1, ..., K1) of order n. Unless otherwise stated, H (k, n — 2k) denotes
an arbitrary member in H(k, n — 2k).

(i) If G = H(k,2), then G has exactly two vertices of degree k. We use
{x1(G), x2(G)} to denote the set of vertices of degree k in G.

As an example, H (1, n —2) is precisely the family of trees on n vertices. Assume that
k> 2.1f H € H(k,n — 2k), then let H' denote the subset of V (H) corresponding to
the (n — 2k) singletons K’s that are not in the subgraph isomorphic to Ky x of H. It
is routine to verify that that

k'(H) =k, forany H € H(k,n — 2k). (6)

Lemma 3.2 Suppose thatk > 2. If H € H(k, n — 2k), then

(i) H € B(k), and
(ii) H is super-edge-connected.

Proof If n = 2k + 2, then since H(k, 2) contains no complete bipartite graphs, we
have H(k,2) = {Kk+1,k+1 —e}, and so Lemma 3.2 holds. Assume thatn > 2k+3 and
Lemma 3.2 holds for smaller values of n. Let Hy = Hi(k,n — 2k) € H(k,n — 2k).
By Definition 2.3, there exists a graph H, = Hy(k,n — 2k — 1) € H(k,n — 2k — 1)
such that Hy = (Hz, K1) € H(k,n — 1). Let V(H;) — V(H>) = {v}.

Suppose that (ii) does not hold. Then there is a minimum edge-cut X =
En,[V(J1), V(J2)] of Hy, where J| and J> are the two components of H; — X with
min{|V (J1)], |V (J2)|} = 2. By (5), | X| = k. Without loss of generality, assume that
veVUJ).By(5), k' (H) =k.If Eg,(v)NX # @, thenas X # Eg, (v), X — Eg, (v)
is an edge-cut of Hp, and so k'(Hp) < |X — Epg, (v)| < |X| = k = «'(H>), a contra-
diction. Hence we must have Eg, (v) N X = @, and so Np, (v) € V(J1). It follows
that X = (V(J1 — v), V(J2))m, is an edge-cut of H,. By induction, H» satisfies
Lemma 3.2(ii), forcing min{|V (J1)|, |V (J2)|} = 1, contrary to the assumption of
min{|V (J1)|, |V (J2)|} = 2. Thus Lemma 3.2(ii) must hold.

To prove (i), we argue by way of contradiction, and assume that H; ¢ B(k).
Then there is an edge e € E(H') such that i'(H) +e) < k. If e € E(HY),
then by induction, we have H, € B(k) and sox’'(H| +¢) > k' (Hy +¢) > k+1,a
contradiction. Hence then e ¢ E(szc). By Definition 2.3, E(Hy) — E(H2) = Eqn, (v),
and so |E(Hy) — E(H>)| = k. Since e ¢ E(szc), we have e € Eg 4. (v).

LetY = Ep 4.V (F1), V(F>2)] be a minimum edge-cut of Hy + e with |Y| = k,
where F| and F, are the two components of (H, + ¢) — Y. By (5), «'(Hy) = k,
andsoe ¢ Y and Y # Ep, (v). This means ¥ C E(H;). Without loss of generality,
assume thatv € V(F1). By (5), ' (H2) = k. If YN Eg, (v) # @, thenas Y # Ep, (v),
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Y —E g, (v) isanedge-cut of Hy. Itfollows thatk’(Hz) < |Y — Eg, (v)| < k = «/(Ha),
a contradiction. Hence we musthave Y N Ey, (v) =¥, andso Y € E(H| — Ep, (v) =
E(H3). By induction, Lemma 3.2 holds for H», and so there exists a vertex w € V (H>)
such that Y = Ep, (w). As Ny, (v) U {v} € V(F1), we must have V(F2) = {w}.
Let G’ = Hy—w.Thene € E((G")"°). By Definition 2.3, G’ € H(k, (n—1) —2k).
By induction, G’ € B(k), and so k/(H| + ¢) > k/(G’ + €) > k + 1, contrary to the
assumption of i’ (H; +¢) < k. O

Lemma 3.3 Letn, k beintegerswithk > 2andn > 2k+2. LetG € B(n, k)—{Kk n—k}.
Then there exist integersr, mi, mo, . .., my, m,41 such that each of the following holds.

() 1=r <l3fmlmi =2 (0<i<r),andmy 4 >0;
(ii) my+may+---+mpyp1 =n—2rk,
(iii) Foreachi =1,2,...,r, there exists an H; = H(k, m;) € H(k, m;) such that

Ge(H,Ky,....,K1,H, Ky, ...,Ky, H, K1, Ky, ..., K1)k,

with exactly m, 41 singleton K1’s.

Proof We argue by induction on n. If n = 2k 4 2, then by Corollary 2.5, we conclude
that G = H (k, 2), and so the theorem holds with r = 1 and m| = 2.

Assume thatn > 2k +2 and the theorem holds for smaller values of n. By Corollary
2.5, either Corollary 2.5(1) or Corollary 2.5(ii) must hold. Assume first that Corollary
2.5(i) holds for G. Then there exists some H € B(k) such that G € (H, K{);. By
induction, there exist integers r, my, ma, ..., m,, m’r 4 such that H satisfies Lemma
3.3 (i), (ii) and (iii). As G € (H, K1), by Definition 2.3, Lemma 3.3 (i), (ii) and (iii)
hold for G with m, 1 =m) | + 1.

Now assume that Corollary 2.5(ii) holds. Then there exist non-complete bipartite
graphs H{, H} € B(k) with G € (H{, H})i. By induction, each of H and H} satisfies
Lemma 3.3 (i), (ii) and (iii), and so by Definition 2.3, Lemma 3.3 (i), (ii) and (iii) hold
for G as well. O

Corollary 3.4 Let k, n be integers withk > 2 and n > 2k + 2, and let G € B(n, k) —
{Kk.n—k}. Each of the following holds.

(i) There exist integers r,s with 1 < r < Lyfﬁj and s = n —rQ2k + 2), and

graphs Hy, Hy, ... H.s with H) = H(k,2) and for 2 <i < r + s, we have
H; € {H(k,2), K1} such that exactly r of the H;’s are isomorphic to H (k,?2)
and such that G € (Hy, Ha, ..., Hr4)k-

(ii) For the integers r and s defined in (i), we have |E(G)| = nk — rk* + (r — 1)k.

(iii) The integer r is uniquely determined by the value k and the graph G. (This
number r will be denoted by ri(G). )

(iv) There exist subgraphs H and Hy of G with Hy € B(k) —{Ky, j—x : ] > 2k} such
that either Hy = K1 and G € (Hy, K1), or8(G) > k+1, Hy € B(k)—{Kk’j_k :
j =2k} and G € (Hy, Hy)f.

Proof By Definition 3.1, if m > 2, then H(k,m) € (H(k,2), Ly, ..., Ly—2)r with
L; = Ky, forall j € {1, 2, ..., m—2}.Itfollows from Lemma 3.3 that there exist inte-
gersr,swithl <r < L#HJ ands = n—r(2k+2),and graphs Hy, Hy, ... H,4 with
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Hy = H(k,2)andfor2 <i <r+s,suchthat H; € {H (k, 2), K} and that exactly r
of the H;’s are isomorphic to H (k, 2) and such that G € (Hy, Ha, ..., Hy4)k. This
proves (i).

r+s

By (i),andby s = n—r(2k+2),wehave |E(G)| = Zi:l |E(H) |+ +s—1Dk =
r(k2+2k)+ (r +5 — Dk = nk —rk>+ (r — k. Thus r = (VG kzl)kk EG)]
is uniquely determined by the value k and the graph G. This proves (ii) and (iii).

To prove (iv), we first observe that by Lemma 2.1, we have §(G) > «'(G) = k. If
8(G) = k, then by Corollary 2.5, we must have G € (Hp, K1) for some subgraph
Hp of G with H; € B(k). Assume that §(G) > k + 1. Then by Lemma 3.3, we must
have subgraphs H, H» of G satisfying H{, H, € B(k) and G € (H|, Hy);. O

3.2 Structural properties of graphs in £ (k)

Lemma 3.3 reveals the structure of bi-k-maximal graphs and motivates the following
definition. We observed that by Definition 2.3 that H (k, m) and K are the building
blocks of bi-k-maximal graphs. This leads to the definition of a special subfamily
E (k) of B(k). The purpose of this subsection is to develop and explore some structural
properties of graphs in £(k) to be deployed in the arguments to justify the main result
of this paper in the last subsection.

Definition 3.5 Let n and k be integers with k > 1 and n > 2k + 2. Let S(n, k) be the

set of all integral sequences (sy, 52, .. ., §4) satisfying n = 51 +s2 +- - - + 5, such that
s1 =2k +2,and fori =2,s; € {1,2k +2}. For any s = (s1, 52, ..., 584) € S(n, k),
define bipartite graphs L(s) = L(s1, 52, ..., 54) as follows.

(i) Given s = (s1,52,...,8;) € S(n,k), define J; = Ky if s; = 1 and J; =
H(k,2)if s; = 2k + 2. Then the sequence of bipartite graphs Ji, J2, ..., J4
is called a construction sequence of L(s).
(i1) If i = 1, then define L = H (k, 2).
(iii) Assume thati > 2.
(iii-A) If s; = 1, then define L; € (L;—1, K1)k.
(iii-B) If s; = 2k + 2, then define L; € (L;_1, H(k, 2))i, in such a way that for
eachh € {1,2},dp,(x;,(L1)) = k+ 1land d, (x,(J;)) = k + 1.
(iv) Define L(s) = L. Thus each L(s) represents a collection of bipartite graphs.
(v) Define E(n, k) = {L(s) : s € S(, b)} and Ek) = (U242 0. 0)) U
{Kk.k» Ki vt}

In the discussions below, we shall adopt the notation in Definition 3.5 in our argu-
ments involving graphs in &. As an example, define

s'(n, k) = (51,52, ..., Sn—(k+2)), Where

S1 =k+2andsz=S3=...=sn,(k+2)=1.

Then by Definitions 3.1 and 3.5, L(s'(n, k)) = H(k, n — 2k).
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Observation 3.6 Let s = (s1,52,...,85) € S(n, k) withg > 2, and let G € L(s)
with Ji, J2, ..., J, being a construction sequence of G.

(i) If for some i > 1, s; = 2k + 2, then for every j with 1 < j <i and with J; =
H(k,2), the degree k vertices x1(J;) and x2(J;) of J; satisfies dp, (x1(J;)) >
k+1landdp,(x2(J;)) > k+ 1.

(i) Ifforsomei with1 <i < g,wehaves; = 2k+2andif X = Eg[V(Li-1), G —
V(Li—1)] € Ck(G),then G' = G —V(L;_1) € S(n—|V(L;_1)|, k), and either
G' = H(k,n —|V(Li-1)| — k) or both dg(x1(J;)) > k + 1 and dg' (x2(J;)) >
k+1.

(i) If X = Eg[V(Ly-1),V(Jy)] and if there exists an index iy < g — 1
satisfying V(X) N V(Ly—1) < V(Ljy), then G € L(s') where s’ =
(S1s e v Sign bgs sgdls - v Sg—1)-

(iv) If X is an edge cut of G with | X| = k, then there exists some i with 1 <i < ¢
such that X = Eg[V (L;), V(Ji+1)]-

Proof By Definition 3.5 (iii-B), if i > 1, then Observation 3.6 (i) holds since xj (J;)
has degree k in J; and is adjacent to a vertex in G — V (J;). Assume that i = 1. Let
t > 1 be the smallest integer such that s, = 2k 4 2. By Definition 3.5 (iii-B), we may
assume that x1(J;)x1(J1) € E(G). Since G is bipartite, it follows by Definition 3.5
(iii-B) again that we must have x2 (J;)x2(J1) € E(G),andsobothdy, (x1(J;)) = k+1
and dp; (x2(J;)) = k + 1, implying (i).

To prove (ii), assume that for some i with 1 < i < ¢, both s; = 2k 4+ 2 and
X = Eg[V(Li—1,G — V(L;_1)] is a k-edge-cut of G. As |X| = k, for any j with
i <j<g,noedgein X; = Eg[V(L;_1,G — V(L;_1)] is incident with an vertex
in V(L;_1). Define s = (s;, Si41,...,8¢) and G’ = G — V(L;_1). By Definition
35,5 € SUV(G"|,k) and G € L(s'). If si41 = ... = 54 = 1, then G’ =
H(k,n — |V(L;—1)| — k); if for some j > i, s; = 2k + 2, then by Observation 3.6
(1), both dg/(x1(Ji)) = k + 1 and dg/ (x2(J;)) = k + 1.

Observation 3.6 (iii) follows from Definition 3.5 straightforwardly.

To prove (iv), let X is an edge cut of G with |X| = k and let i < ¢ be the smallest
index such that E(L;) N X # (. If i = 1, then by Definition 3.5, L1 = H(k,2),
and X = Ep,(x;(J1)) for some j € {1,2}. By Observation 3.6 (i), we conclude
that s = 2k +2,1,1,...,1) and G = H(k,n — 2k). Thus Observation 3.6 (iv)
must hold. Assume that that i > 1. By the definition of i, X N E(L;—1) = @. If
X N E(J;) # @, then J; = H(k,2), and so the only edge cut of size k in J; must
be Ej, (x;(J;)) with j € {1, 2}. Since X N E(J;) is an edge-cut of J; of size at most
|X| = k, it follows that X = E,(x;(J;)) for some j € {1, 2}. By Observation 3.6 (i),
X cannot be an edge cut of G, contrary to the assumption on X. Hence XN E(J;) = )
and so X = E;,[V(L;i—1), V()] = EG[V(Li—1), V(G) — V(L;—1)]. This proves
Observation 3.6 (iv) . O

Lemma 3.7 Forany G € &, we have

K'(G) = k(G) = k. (7
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Proof Let G € &. Then there exists an s = (s1,82,...,8;) € S(n, k) such that
G € L(s). If g = 1, then G = H(k, 2), and so (7) holds. Assume that ¢ > 1 and
(7) holds for smaller values of ¢. In the rest of the proof of this lemma, we adopt the
notation in Definition 3.5 and let Jy, J2, ..., J; be the construction sequence of G.
Define s = (s1,52,...,5—1) and G’ = G — V(Jy). Then s’ € S(n — 54, k), and
G’ € L(s"). By Definition 3.5, G € (G', Jy)i. By induction, k (G') = k'(G') = k.

To prove that k' (G) > k, we assume that G has an edge-cut X with |X| < k — 1.
If X N E(G’) # @, then X N E(G’) is also an edge-cut of G’, and so k = «(G') <
| XNE(G")| < k—1,acontradiction. Thus X N E(G") = @.1f s, = 1, then J, = K.
Let w denote the only vertex in J,. It follows that X € E(G) — E(G") = Eg(w).
But |Eg(w)| = k > kK — 1 > | X], implying that X is not an edge-cut of G. Hence we
musthave s, = k+2and J, = H(k,2). As«’(Jy) = k, XN E(J;) = ¥ as well. This
implies that X € E(G) — (E(G")U E(J,)) = Eg[V(G"), V(J,)]. By Definition 3.5
and as G = (G', Jy)k, we have k = |Eg[V(G"), V(J,)1| > |X]|, contrary to the fact
that X is an edge-cut of G. This proves that ' (G) > k.

Finally, we argue by contradiction to prove k’(G) = k, and assume that G has a
subgraph H such that x(H) > k + 1. By induction, ¥'(G") < k, and so V(H) —
V(G # 0.1 V(H)NV(G') # ¥, then Eg[V(G"), V(J,)1N E(H) is an edge-cut of
H,andsok+1 < «k(H) = |EG[V(G"), V(JPINE(H)| < |EGIV(G), V(I =k,
acontradiction. This forces that V (H)NV (G’) = @, and so H is a subgraph of J,,. This
also leads to a contradiction, since J; € {K, H(k, 2)} contains no nontrivial subgraph
with edge-connectivity at least k + 1. This completes the proof of the lemma. O

Lemma3.8 Let k > 1 be an integer. If G € E(n, k) and X is an edge cut of G with
| X| = k, then one of the following must hold.

(i) There exists a vertex w € V(G) such that X = Eg(w).
(ii) There exists ani with2 <i < m, such that X = Eg[V(L;—-1),G — V(L;-1)].

Proof We assume that (ii) does not hold to prove (i). We adopt the notation in Defini-
tion 3.5 in the proof. Suppose first that g = 2. Then G € (J1, Jo)x with J1 = H(k, 2)
and J; € {K1, H(k,?2)}.If Lemma 3.8 (ii) does nothold, then X # Eg[V (J1), V(J2)].
Hence for some i € {1, 2}, we must have both J; = H(k,2) and X N E(J;) # @, and
so X N E(J;) is an edge-cut of J;. It follows thatk = «/(J;) < | XNE(J)| < |X| =k,
which forces that X C E(J;) is an edge cut of J;. By Lemma 2.1(ii), there exists a
vertex w € V(J;) such that X = E;,(w). Since X is also an edge-cut of G, we have
X = Eg(w) and so (i) holds. Hence Lemma 3.8 holds if ¢ = 2. Assume that g > 3
and Lemma 3.8 holds for smaller values of g.

Let E' = Eg[Ly—1, Jgl. By Lemma 3.7, k’(Ly—1) = «'(Lg—1) = k. If X C
E(Ly4—1), then by induction, there exists a vertex w’ € V(Ly—1) such that X =
EL, , (w’). As X is an edge-cut of G, we conclude that X = Eg(w’), and so Lemma
3.8 (i) must hold. Hence we may assume that X — E(L,—1) # ¥ and X # E'.

If X N E" # ¢, then since X # E’, either X N E(Ly_1) is an edge-cut of L,_1,
whence «'(Ly—1) < |X N E(Lgy—1)| < k, a contradiction; or both J, = H(k, 2) and
X N E(Jy) is an edge-cut of J,, whence k = «"(H (k,2)) < |X N E(H (k,2))| <k,
another contradiction. Hence we must have X N E’ = @. It follows that both J, =
H(k,2) and X C E(J,). Again X must be an edge-cut of J,;, and so by Lemma 3.7,
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there exists a vertex w” € V(J,) such that X = E; (w"). As x1(J,) and x2(J,)
are the only two vertices of degree k in J,, by Definition 3.5 (iii-B), dg (x) > k + 1
for any x € {x1(Jy),x2(Jy)}, and so no such vertices would exist. This justifies
Lemma 3.8. O

Lemma 3.9 Let k > 2 be an integer. Then E(k) C B(k).

Proof Suppose n and k be positive integers with n > 2k + 2, and let G € E(n, k).
By Definition 3.5, there exists an s = (s1, 52, ..., ;) € S(n, k) such that G € L(s).
We shall adopt the notation in Definition 3.5 and use L1, Lj, ..., Ly to denote the
construction sequence in the process to build L,. We argue by induction on n to prove
the Lemma. If n = 2k 4 2, then by Definition 3.5, G = H (k, 2) € B(k). Assume that
n > 2k 4 2 and that £(n, k) C B(k) for smaller values of n.

By contradiction, assume that G € £(n, k)—B(k). Chooseans = (s1, 82, ...,54) €
S(n, k) with ¢ minimized so that G € L(s), and let Ji, Jo, ..., J,; to denote the
corresponding graphs as in Definition 3.5. Since n > 2k 4 2, we have ¢ > 2, and so
G € (Ly—1, Jy)k- In the rest of the proof, we let G1 and G, be the two components
of G — X.

We will prove the Lemma by finding a contradiction. Since G € £(n, k) — B(k),
there exists an edge e = uv € E(G"¢), we have

(G +e) <k. (3)

Ifu, v € V(Ly—1),thenbyinduction, L, € B(k)andsok’(G+e) > k'(Ly—1+e) >
k + 1, contrary to (8). Similarly, when s, = 2k + 2 and so J, = H (k, 2), we cannot
have u, v € V(J,). Hence we may assume that

ueV(Lyy)andv e V(J,). )

By (8), there exists an edge-cut X of G + e with | X| = k.If e € X, then X — e is an
edge-cut of G with ' (G) < |X —e| = k — 1, contrary to Lemma 3.7. Hence ¢ ¢ X/,
and so X is an edge-cut of G. By Lemma 3.8, either Lemma 3.8 (i) or Lemma 3.8 (ii)
must hold.

Assume Lemma 3.8 (i) holds. Then for some vertex w € V(G), we have X =
Eg(w).Ass = (s1,52,...,5) € S(n,k)and G € L(s),eitherw € {x1(J1), x2(J1)},
or for some £ > 1, s, = 1 and V(Jy) = {w}. If w € {x1(J1), x2(J1)}, then by Obser-
vation 3.6(ii) and Lemma 3.2, G = H (k,n — k) € B(k), contrary to the assumption
that G € £(n, k) — B(k). Therefore, we there must be an £ > 1 such that sy = 1 and
V(Jp) = {w}. Lets" = (s1, ..., 8e—1,S¢+1, ..., 8¢). Since s € S(n, k), we conclude
thats’ € S(n—1, k). Since dg (w) = k, it follows by Definition 3.5 that G—w € L(s’).
By induction, G — w € B(k), and so ¥’ (G +¢) > k' (G — w) +e) > k + 1, contrary
to (8).

Therefore, Lemma 3.8 (ii) must hold, and so for some i with2 <i < ¢,

X = Eg[V(Li-1), V(G) = V(Li-1]
= EGe[V(Li-1), V(G +e) — V(Li-D]. (10)
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Let G’ = G — V(L;—1). By Observation 3.6 (iii), G' € S(n — |V (L;—1)|, k). By (8),
e € E((G")P¢). By induction, G’ € B(k), and so we have k'(G + ¢) > i/ (G’ +¢) >
k + 1, contrary to (8). This completes the proof of the lemma. O

3.3 Justification of Theorem 1.2

We are now ready to prove Theorem 1.2. By (1), it suffices to study the bi-k-maximal
graphs for k > 2. For integers k and n with k > 2 and n > 2k + 2, define

Fp(n, k) = max{|E(G)| : G € B(n,k)} and fz(n, k) = min{|E(G)| : G € B(n, k)}:;

Inorder to recursively characterize the extremal graphsin {G : G € B(n, k) and |E(G)|
= fp(n, k)}, we recall that by Corollary 3.4, rx(G) is uniquely determined by k and
G, and make the following definition.

Definition 3.10 Let k and n be integers with k > 2 and n > 2k + 2. Let B (k) be the
family of graphs satisfying the following.

(BL1) H(k,2) € By (k).
(BL2) Forany Hy, H, € By (k) U{K},agraph G € (Hy, Hy)y is in B (k) if and only

if both r¢(G) = L'z ) and L) + L) = L.

Let By (n, k) ={G € Br(k) : |V(G)| = n}. We will prove a slightly extended version
of Theorem 1.2 as follows.

Theorem 3.11 Letk andn be integers withk > 2 andn > 2k+2. Define ry = sznﬁj.
Each of the following holds.

(i) Let m be an integer. There exists a graph G € B(n, k) with m = |E(G)| if and
only if m = nk — rk* + (r — 1)k for some integer r with 1 < r < sznﬁj,
(ii) Fp(n,k) = (n — k)k. Moreover, a graph G € B(n, k) with |E(G)| = Fg(n, k) if
and only if G € {Kg n—r} U H(k,n — k),
(i) fg(n,k) = k(n — 1) — (k* — k) Lﬁj. Moreover, a graph G € B(n, k) with
|[E(G)| = fg(n, k) ifand only if G € B (n, k).

Proof For given values k and n, define
Mn, k) = {nk —rk> + (r — Dk : wherer = 1,2, ..., ro}.

We first show that for any integer  with 1 < r < ry, there exists a graph G € B(n, k)
such that |E(G)| = nk — rk® + (r — 1)k. Since Ky n—k € B(n, k) and |[E(Ky p—r)| =
k(n — k) € M(n, k) withr = 1. Assume that2 <r < ry. Let £ = n — 2k + 2)r,
s1 =8 =...8 =k+2,854 = ... =5 = 1,and s = (51, 52,...,8). For
any G € L(s), by Definition 3.5, |V(G)| = 2k + 2)r + £ = n, and |E(G)| =
SI_IEHE2) + (€471 — Dk = r(k> +2k) + (n — 2k + 2r +r — Dk
= nk —rk* + (r — k. As L(s) € E(n, k), by Lemma 3.9, G € B(n, k), and so any
value in M (n, k) is the size of a bi-k-maximal graph of size n.
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Conversely, let G € B(n, k). We shall show that |E(G)| € M(n, k). As Kx n—k €
B(n, k) and |E(Ky n—k)| € M(n, k), we assume that G € B(n, k) — {Kx p—x : n >
2k}. By Corollary 3.4(ii), |E(G)| = nk — rk®> + (r — 1)k € M(n, k). This proves (i).

To prove (ii) and (iii), we first observe that by Theorem 3.11 (i), we have
Fg(n, k) = (n —k)k and fg(n, k) = k(n — 1) — (k* — k)L#HJ. As BRk+2,k) =
{H(k,2), K k+2}. Theorem 3.11 (ii) and (iii) hold when n = 2k + 2. We assume
that n > 2k 4+ 2 and Theorem 3.11 holds for smaller values of n. It is routine by
direct computation to conclude that every graph G € H(k, n — k) U {Kj_,—i} satisfies
|E(G)| = Fp(n, k) and every graph G € Uscs/ (4, 1) L(s) satisfies |[E(G)| = fp(n, k).

To complete the proof for (ii), let G € B(n, k) —{K,, ,—} be a graph with |E(G)| =
k(n—k).Since |E(G)| = rk®>+(n—2kr)k+(r — )k = nk—rk>+(r — )k = nk—k?,
then r = 1, which implies that G € {Kj ,—«} U H(k, n — k), and so (ii) must hold.

To complete the proof for (iii), as graphs in { Ky ,—} are bi-k-maximal graphs, (iii)
holdsif2k < n < 2k+2. Assume that (iii) holds for smaller values of n,andn > 2k+2.
Let G € B(n, k) — {Ki.,—«} be a graph with |[E(G)| = k(n — 1) — (k* — k) ng‘ﬁj.
Since |E(G)| = nk —rk®+ (r — 1)k, it follows that we must have r = ro. By Corollary
2.5, either (i) or (ii) of Corollary 2.5 must hold.

Case 1 Corollary 2.5 (i) holds and for some H € B(k), G € (H, K)i.

Then nk — rok* + (ro — 1)k = |E(G)| = |E(H)|+k, and so |E(H)| = (n — 1)k —
r()k2 + (ro — 1)k. Since rg = |_2k”ﬁj, we can express that n = ro(2k + 2) + h, where
0<h=<2k+1.

Assume & = 0 and let r) = ﬁj. As h = 0, we have r) = ro — 1 and
n—1= r(’)(2k 4+ 2) + 2k + 1. Since H € B(k), by Theorem 3.11 (i), for some
l<r<ry,|EH)|=n-Dk —rk>+ (r — Dk.As G € (H, Ky); and |E(G)| =
k(n — 1) — (k2 = k)rg, we have

k(n — 1) — (k* — k)ro = |E(G)| = |E(H)|
+hk=m—Dk—rk>+ 0 —Dk+k=(n— Dk —r(k*>—k),

which forces ro = r < r(y = ro — 1, a contradiction. This implies that it is impossible
to have h = 0 in this case.

Hence we musthave 4 > 0. Thus (n—1) = ro(2k+2)+(h—1),andsorg = L%J.
As |V(H)| = n — 1, it follows by |E(H)| = (n — 1)k — rok® + (ro — 1)k and by
induction that for some s; € §'(n — 1, k), we have H € L(s1). As G €€ (H, Ky)y,
by Definition 3.5, we have G € L(s), for some s €€ S'(n, k). This justifies (iii) in
Case 1.

Case 2 Corollary 2.5 (ii) holds and for some non-complete bipartite graphs Hy, Hy €
B(k), G € (Hy, H2)x.

Letn = |[V(H1)|,n2 = |V(H2)|,r1 = |55 ] andra = | 5335 ]. By the conclusion
of Theorem 3.11 (i) and by the assumption of of Theorem 3.11 (iii), it follows by
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ni+ny=nandr +r = lys] + Ly ] < ro that
2
k(n— 1) — (k* —k)ro = |[E(G)| = k+Z|E(H,~)|

i=1

2
=k+ Y [nik — rik® + (ri — Dk] = nk — ro(k> — k) — k.
i=1

This forces that 1 +rp, = rg and fori € {1, 2}, |E(H;)| = njk — rik* + (ri — Dk =
fB(n;i, k). By induction, we have H; € By (k,n;) C B (k). Since G € (Hy, Hy), and
since r| + rp = r, it follows by Definition 3.10 that G € By (k, n). This completes
the proof of Case 2, as well as the theorem. O

Acknowledgements The research of L. Xu is supported in part by National Natural Science Foundation
of China (Nos. 11301217, 61572010), New Century Excellent Talents in Fujian Province University (No.
JA14168) and Natural Science Foundation of Fujian Province, China (No. 2018J01419), Y. Tian is supported
in part by National Natural Science Foundation of China (No. 11401510, 11861066) and Tianshan Youth
Project (2018Q066), and H.-J. Lai is supported in part by National Natural Science Foundation of China
(Nos. 11771093, 11771443).

References

Anderson J (2017) A study of arc strong connectivity of digraphs, PhD Dissertation, West Virginia University

Anderson J, Lai H-J, Lin X, Xu M (2017) On k-maximal strength digraphs. J Graph Theory 84:17-25

Anderson J, Lai H-J, Li X, Lin X, Xu M (2018) Minimax properties of some density measures in graphs
and digraphs. Int ] Comput Math Comput Syst Theor 3(1):1-12

Bondy JA, Murty USR (2008) Graph theory. Springer, New York

Chen Y-C, Tan JJM, Hsu L-H, Kao S-S (2003) Super-connectivity and super-edge-connectivity for some
internation networks. Appl Math Comput 140:245-254

Esfahanian AH, Hakimi SL (1988) On computing a conditional edgeconnectivity of a graph. Inf Process
Lett 27:195-199

Lai H-J (1990) The size of strength-maximal graphs. J Graph Theory 14:187-197

LiP, Lai H-J, Xu M (2019) Disjoint spanning arborescences in k-arc-strong digraphs. ARS Comb 143:147—
163

Lin X, Fan S, Lai H-J, Xu M (2016) On the lower bound of k-maximal digraphs. Discrete Math 339:2500—
2510

Mader W (1971) Minimale n-fach kantenzusammenhngende graphen. Math Ann 191:21-28

Matula DW (1968) A min—max theorem for graphs with application to graph coloring. SIAM Rev 10:481—
482

Matula DW (1969) The cohesive strength of graphs. In: Chartrand G, Kapoor SF (eds) The many facets of
graph theory. Lecture notes in mathematics, vol 110. Springer, Berlin, pp 215-221

Matula D (1972) K-components, clusters, and slicings in graphs. SIAM J Appl Math 22:459-480

Matula DW (1976) Subgraph connectivity number of a graph. In: Alavi Y, Ricks DR (eds) Theory and
applications of graphs. Lecture notes in mathematics, vol 642. Springer, Berlin, pp 371-393

Xu JM. Super or restricted connectivity of graphs, a survey (to appear)

XuM (2018) A study on graph coloring and digraph connectivity, PhD Dissertation, West Virginia University

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer



	On the sizes of bi-k-maximal graphs 
	Abstract
	1 Introduction
	2 Properties of bi-k-maximal graphs
	3 The size range of bi-k-maximal bipartite graphs
	3.1 Structural properties of graphs in mathcalB(k)
	3.2 Structural properties of graphs in mathcalE(k)
	3.3 Justification of Theorem 1.2

	Acknowledgements
	References




