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Abstract: The vertex-arboricity a(G) of a graph G is the minimum number of subsets
into which the set of vertices of G can be partitioned so that each subset induces a forest. It
is well known that a(G) ≤ 3 for any planar graph G, and that a(G) ≤ 2 for any planar graph
G of diameter at most 2. The conjecture that every planar graph G without 3-cycles has a
vertex partition (V1, V2) such that V1 is an independent set and V2 induces a forest was given in
[European J. Combin., 2008, 29(4): 1064-1075]. In this paper, we prove that a 2-edge-connected
cubic graph which satisfies some condition has this partition. As a corollary, we get the result
that every up-embeddable 2-edge-connected cubic graph G (G �= K4) has a vertex partition
(V1, V2) such that V1 is an independent set and V2 induces a forest.
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0 Introduction

Graphs considered in this paper are undirected, finite and without loops. The vertex-

arboricity a(G) (linear vertex-arboricity la(G), respectively) of a graph G is the minimum number

of subsets into which V (G) can be partitioned so that each subset induces a forest (a linear forest,

respectively).

Chartrand, Kronk and Wall[6] first introduced the vertex-arboricity of a graph. They proved

that the vertex-arboricity of planar graphs is at most 3. Then the first two authors[5] character-

ized a planar graph of the vertex-arboricity 3. Yang and Yuan[14] showed that a(G) ≤ 2 for any

planar graphs G of diameter 2. It is proved in [11] that every planar graph G without triangles

at distance less than 2 satisfies a(G) ≤ 2, and that every 2-degenerate graph G has a vertex

partition (V1, V2) such that V1 is an independent set and V2 induces a forest. Catlin et al.[3]

proved that if a connected graph G is neither a cycle nor a clique, then there is a coloring of

V (G) with at most ��(G)
2 � colors, such that each color class induces a forest and one of those

induced forests is a maximum induced forest in G. Borodin et al.[2] defined a similar concept for

the point arboricity of a graph G. For more results about the vertex-arboricity a(G) of a graph

G, the reader is referred to [1, 4, 7, 9, 12–13].
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The edge-connectivity κ(G) of a graph G is the minimum number of edges whose removal

from G results in a disconnected graph or trivial graph. A graph G is n-edge-connected (n ≥ 1),

if κ(G) ≥ n. For an integer k > 0, a graph G is called k-regular, if the degree of every vertex is

k. A 3-regular graph is also called a cubic graph.

Let S be an orientable surface and G be a connected graph. A graphG is said to be embedded

in a surface S if it is drawn on S so that edges intersect only at their common end vertices and

each component, called a face, of S \G is homeomorphic to an open disk.

The maximal genus, γM (G), of a graph G is the maximum genus among the genera of all

surfaces S in which G can be embedded. A graph G is called up-embeddable if the maximum

genus of G is equal to �β(G)
2 �, where β(G) = |E| − |V |+ 1 is the Beta number of G.

Let H be a cubic graph, e1, e2 ∈ E(H) (e1 and e2 may be the same edge). A new vertex is

inserted at each of e1 and e2, denoted by w1 and w2 respectively. Then two new vertices u and

v are added. The graph N = N(u, v)(H) obtained from H by adding edges w1u,w2v and two

double edges joining u and v is called an N-extension of H (see Fig. 1).

H G = N(u, v)(H)

w1

u

v

w2
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e2

w1 w2
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e1 = e2, G = N(u, v)(H)

Figure 1 N-extension of the graph H

Let H be a cubic graph, e1, e2, e3 ∈ E(H) (some of e1, e2 and e3 may be identical). A new

vertex is inserted at each of e1, e2 and e3, denoted by w1, w2 and w3 respectively, then a new

vertex u is added. The graph G = M(u)(H) obtained from H by adding edges w1u,w2u and

w3u is called an M-extension of H (see Fig. 2).

H G = M(u)(H)
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e1
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Figure 2 M -extension of the graph H

Let θi, i = 1, 2, 3 and a dumbbell graph be connected graphs depicted respectively in Fig.

3. A 2-edge-connected cubic graph G is called a double dumbbell graph if G contains two vertex

disjoint induced subgraphs G[w1, w2, w3, w4] and G[v1, v2, v3, v4] such that each of them is a

dumbbell graph.

For example, Peterson graph is obtained from θ1 by two M -extensions. The detail is shown

in Fig. 4.

In [11], the following conjecture was given.
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Conjecture Every planar graph G without 3-cycles has a vertex partition (V1, V2) such

that V1 is an independent set and V2 induces a forest.

θ1 θ2

θ3

w1 w2 w3 w4

dumbbell graph
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Figure 3 θi, i = 1, 2, 3 and dumbbell graph
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Figure 4 M -extensions to Peterson graph

Although there are some results on a(G) for planar graphs, few characterizations of the

vertex arboricity are known for non-planar graphs. In this paper, we investigate arboricity for a

class of 2-edge-connected cubic, not necessarily planar graphs. The following results are obtained.

Theorem 0.1 Every 2-edge-connected cubic graph G (G 
= K4) which is not obtained

from any double dumbbell graph by a series of M -extensions or N -extensions has a vertex

partition (V1, V2) such that V1 is an independent set and V2 induces a forest.

The following corollaries follow from Theorem 0.1.

Corollary 0.1 If G is a 2-edge-connected cubic graph which is not obtained from any

double dumbbell graph by a series of M -extensions or N -extensions, then a(G) = 2.

Corollary 0.2 Every 2-edge-connected cubic up-embeddable graph G (G 
= K4) has a

vertex partition (V1, V2) such that V1 is an independent set and V2 induces a forest.

Corollary 0.3 If G is a 2-edge-connected cubic up-embeddable graph, then a(G) = 2.

1 Proofs of Main Results

For a graph G, if V (G) can be partitioned into an ordered pair (V1, V2) such that V1 is an

independent set and G[V2] is acyclic (i.e., V2 induces a forest), then the partition pair (V1, V2)

is called a good pair of G, where G[V2] is an induced subgraph of G by V2. Note that while K4

does not have a good pair, we do have a(K4) = 2.

Lemma 1.1 Let G′ be a cubic graph that has a good pair (V ′
1 , V

′
2), and let G be a cubic

graph obtained from G′ by an M -extension or by an N -extension. Then G also has a good pair.

Proof First, suppose that G = M(u)(G′) is a cubic graph obtained from G′ by an M -

extension (see Fig. 2). Let V1 = V ′
1 ∪{u} and V2 = V (G)\V1 = V ′

2 ∪{w1, w2, w3}. Since (V ′
1 , V

′
2)

is a good pair of G′, by the definition of M -extensions, (V1, V2) is a good pair of G.
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Second, suppose that G = N(u, v)(G′) is obtained from G′ by an N -extension (see Fig. 1).

Let V1 = V ′
1 ∪ {u} and V2 = V (G) \ V1 = V ′

2 ∪ {w1, w2, v}. Since (V ′
1 , V

′
2) is a good pair of G′,

by the definition of N -extensions, (V1, V2) is a good pair of G. Thus this lemma is proved.

Lemma 1.2 Let G be a 2-edge-connected graph. If G is obtained from θi (i = 1, 2, 3) by

a series of M -extensions or N -extensions, then G has a good pair.

Proof By Lemma 1.1, it suffices to verify that each of the θi’s has a good pair.

Let V11 = {u}, V12 = {v}, V21 = {v1, v4}, V22 = {v2, v3}, V31 = {u1, u3, u5} and V32 =

{u2, u4, u6}. It is easy to see that Vi1 is an independent set and Vi2 induces a forest, thus

(Vi1, Vi2) is a good pair of θi for each i ∈ {1, 2, 3}.
Lemma 1.3 Let G (G 
= K4) be a 2-edge-connected graph. If G is obtained from K4 by

a series of M -extensions or N -extensions, then G has a good pair.

Proof Since G 
= K4, there exists a sequence of cubic graphs G0, G1, · · · , Gk, such that

G0 = K4 and Gk = G, and such that for i = 0, 1, · · · , k − 1, Gi+1 is obtained from Gi by an

M -extension or an N -extension.

By Lemma 1.1 and the assumption that G 
= K4, it suffices to verify that G1 has a good

pair. We shall consider the following two cases.

Case I G1 = M(u)(K4) is a graph obtained from K4 by an M -extension (see Fig. 2). Let

the vertex set of K4 be {v1, v2, v3, v4} as depicted in Fig. 5. By the definition of an M -extension,

three edges e1, e2, e3 must be chosen from E(K4) to perform the M -extension. By symmetry,

G1 has the following three possibilities.
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Figure 5 One M -extension of K4

Case IA Suppose that e1 = e2 = e3 in thisM -extension ofK4. Without loss of generality,

we assume that e1 = e2 = e3 = v1v2, and the resulting graph G1 after the M -extension is shown

in Fig. 5 IA.

Case IB Suppose that e1 = e2 and e3 
= e1 in this M -extension of K4. Without loss of

generality, we assume that e1 = e2 = v1v2. Depending on whether e3 is adjacent to e1 or not,

we may further assume that e3 = v1v3 (if e1 and e3 are adjacent) or e3 = v3v4 (if e1 and e3 are

not adjacent). The resulting graphs G1 after the M -extension are shown in Fig. 5 IB1 and IB2.

Case IC Suppose that e1, e2, e3 in this M -extension are all distinct edges of K4. Thus H ,

the subgraph of K4 induced by {e1, e2, e3}, must be either a 3-cycle, or a K1,3, or a path of 3

edges. Without loss of generality, we assume that e1 = v3v1, e2 = v1v2 and e3 = v2v3 (if H is
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a 3-cycle); or e1 = v1v3, e2 = v1v2 and e3 = v1v4 (if H is a K1,3); or e1 = v1v2, e2 = v2v4 and

e3 = v4v3 (if H is a path of 3 edges). The resulting graphs G1 after the M -extension are shown

in Fig. 5 IC1, IC2 and IC3.

In any of Cases IA, IB1 and IC1, let V1 = {v4, w1, w3} and V2 = V (G1)−V1; in any of Cases

IB2 and IC2, let V1 = {v2, w1, w3} and V2 = V (G1)− V1; in Case IC3, let V1 = {w1, w2, w3} and

V2 = V (G1)−V1. By inspection, in any of these cases, the ordered pair (V1, V2) is always a good

pair of G1.

Case II G1 = N(u, v)(K4) is a graph obtained from K4 by one N -extension (see Fig.

1) and let the vertex set of K4 be {v1, v2, v3, v4} as depicted in Fig. 6. By the definition of

an N -extension, two edges e1, e2 must be chosen from E(K4) to perform the N -extension. By

symmetry, G1 has the following two possibilities (see Fig. 6).
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Figure 6 One N-extension of K4

Case IIA Suppose that e1 = e2 in this N -extension of K4. Without loss of generality, we

assume that e1 = e2 = v1v2. The resulting graph G1 after the N -extension is shown in Fig. 6

IIA.

Case IIB Suppose that e1 
= e2 in this N -extension of K4. Depending on whether e1 and

e2 are adjacent or not adjacent, we may further assume that e1 = v1v2 and e2 = v1v3 (if e1 and

e2 are adjacent) or e1 = v1v2 and e2 = v3v4 (if e1 and e2 are not adjacent). The resulting graphs

G1 after the N -extension are shown in Fig. 6 IIB1 and IIB2.

In any of these cases, let V1 = {v, v4, w1} and V2 = V (G1)− V1. By inspection, the ordered

pair (V1, V2) is always a good pair of G1.

As in any case, a graph G1 obtained from K4 by an M -extension or an N -extension always

has a good pair. It follows by Lemma 1.1 that G has a good pair. The lemma is proved.

The following characterizations for up-embeddable 2-edge-connected cubic graphs were given

in [8] and [10] respectively.

Lemma 1.4[8] Let G be a 2-edge-connected cubic graph, G is up-embeddable if and only

if G satisfies the following conditions:

(i) G is obtained from θ1 by a series of M -extensions or N -extensions, if β(G) is odd.

(ii) G is obtained from θ2 or K4 by a series of M -extensions or N -extensions, if β(G) is

even.

Lemma 1.5[10] Let G be a 2-edge-connected cubic graph. If G is not up-embeddable, then

G is obtained from θ3 or a double dumbbell graph by a series of M -extensions or N -extensions.

Proof of Theorem 0.1 Let G (G 
= K4) be a 2-edge-connected cubic graph. If G is

up-embeddable, by Lemma 1.4, G is obtained from θ1 or θ2 or K4 by a series of M -extensions or

N -extensions. By Lemmas 1.2 and 1.3, G has a good pair (V1, V2), i.e., G has a vertex partition

(V1, V2) such that V1 is an independent set and V2 induces a forest. If G is not up-embeddable, by
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Lemma 1.5 and the assumption of Theorem 0.1, G is obtained from θ3 by a series ofM -extensions

or N -extensions, by Lemma 1.2, G has a good pair (V1, V2), i.e., G has a vertex partition (V1, V2)

such that V1 is an independent set and V2 induces a forest. Theorem 0.1 is proved.

Corollary 0.1 is obtained from Theorem 0.1 and a(K4) = 2.

Corollary 0.2 is obtained from Lemmas 1.2–1.4.

Corollary 0.3 is a direc corollary of Corollary 0.2 and a(K4) = 2.
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