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Abstract This paper is concerned with the design and analysis of a random walk algorithm
for the 2CNF implication problem (2CNFI). In 2CNFI, we are given two 2CNF formulas φ1

and φ2 and the goal is to determine whether every assignment that satisfies φ1, also satisfies
φ2. The implication problem is clearly coNP-complete for instances of kCNF, k ≥ 3;
however, it can be solved in polynomial time, when k ≤ 2. The goal of this paper is to pro-
vide a Monte Carlo algorithm for 2CNFI with a bounded probability of error. The technique
developed for 2CNFI is then extended to derive a randomized, polynomial time algorithm for
the problem of checking whether a given 2CNF formula Nae-implies another 2CNF formula.

1 Introduction

This paper is concerned with the design and analysis of a randomized algorithm for the 2CNF
implication problem (2CNFI) and its variants under a non-standard model of computation.

The kCNF Implication problem is defined by two kCNF formulas φ1 and φ2 and the goal
is to check whether every assignment that satisfies φ1 also satisfies φ2. It is not hard to see that
the kCNF implication problem is coNP-complete for k ≥ 3, since kCNF satisfiability
can be inverse reduced to it. However, for k ≤ 2, the problem can be solved in polynomial
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time, since in this case, the implication problem can be reduced to the satisfiability problem,
which is polynomial time solvable [4].

A problem that is closely related to the CNF satisfiability problem is the CNF Nae-satis-
fiability problem. In this problem, we are given a kCNF formula and the goal is to find an
assignment that satisfies all the clauses, while simultaneously falsifying at least one literal in
each clause. It is well-known that the Nae-satisfiability is NP-complete for k ≥ 3, from
which it follows that the Nae-implication problem is coNP-complete for k ≥ 3. As with
2CNF satisfiability, the Nae-satisfiability and Nae-implication problems are polynomial time
solvable for k ≤ 2.

We present algorithms for the 2CNF Implication and Nae-implication problems in a non-
standard model of computation, in which only restricted forms of queries are permitted. We
show that our algorithms solve the implication problems with an error probability of at most
3/4 and the equivalence problems with an error probability of at most 3/4.

The principal contributions of this paper are as follows:

(i) A bounded-error randomized algorithm for the 2CNF implication problem,
(ii) A bounded-error randomized algorithm for the 2CNF Nae-implication problem,

(iii) A bounded-error randomized algorithm for the 2CNF equivalence problem, and
(iv) A bounded-error randomized algorithm for the 2CNF Nae-equivalence problem.

The rest of this paper is organized as follows: Sect. 2 provides a formal description of the
problem under consideration along with notations and preliminaries that will be in vogue for
the rest of the paper. The motivation for our work is detailed in Sect. 3. In Sect. 4, we discuss
related work in the literature. We propose a randomized algorithm for 2CNFI in Sect. 5; this
section also includes analyses of the expected convergence time and the error probability
from the perspective of a new computational model. The techniques developed in Sect. 5
are extended in Sect. 6 to solve the Nae-implication problem in 2CNF formulas. Finally,
we conclude in Sect. 7, by summarizing our contributions and outlining problems for future
research.

2 Preliminaries and statement of problems

Let X = {x1, x2, . . . , xn} denote a set of n Boolean variables. An assignment to these vari-
ables is any mapping F : X → {true, false}. A disjunction of these variables or their
negations defines a clause; a conjunction of clauses defines a boolean formula in CNF. A
formula is said to be in kCNF, if every clause has exactly k literals. A clause is said to be
satisfied by an assignment F , if at least one of its literals is true under that assignment; a
kCNF formula is said to be satisfied by an assignment, if every clause that constitutes that
formula is satisfied by that assignment. We use F |� φ to denote the fact that assignment F
satisfies formula φ.

Definition 2.1 A formula φ1 is said to be Nae-satisfied by an assignment F (denoted by
F |�n φ), if F satisfies φ1, while simultaneously setting at least one literal in each clause of
φ1 to false.

We make the following observations:

(i) If F |�n φ1, then F |� φ1, but the converse is not necessarily true.
(ii) If F |�n φ1, then F |�n φ1, where F is the assignment in which every variable that is

set to true in F is set to false and vice versa. F is called the conjugate of F .
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Let φ1 and φ2 denote two Boolean formulas in kCNF over the n Boolean variables
{x1, x2, . . . , xn}, with φ1 being represented by m clauses and φ2 being represented by m′
clauses.

Definition 2.2 We say that φ1 implies φ2, written φ1 → φ2, if every assignment that satisfies
φ1 also satisfies φ2.

By convention, if φ1 is unsatisfiable, then φ1 → φ2 for all φ2. Likewise, if φ2 is unsatis-
fiable, then φ1 �→ φ2, for any satisfiable φ1.

Definition 2.3 We say that φ1 Nae-implies φ2, written as φ1 →n φ2, if every assignment
that Nae-satisfies φ1 also Nae-satisfies φ2.

By convention, if φ1 is Nae-unsatisfiable, then φ1 →n φ2 for all φ2. Likewise, if φ2 is
Nae-unsatisfiable, then φ1 �→n φ2, for any Nae-satisfiable φ1.

It is important to note that for a given pair of formulas φ1 and φ2, we can have φ1 →n φ2

but φ1 �→ φ2. For instance, let φ1 = (x1, x2) and let φ2 = (x̄1, x̄2). It is clear that φ1 �→ φ2,
since the assignment (x1 = true, x2 = true) satisfies φ1 but falsifies φ2. On the other hand,
every assignment which Nae-satisfies φ1 also Nae-satisfies φ2 and vice versa.

However, the converse is not possible, i.e., if φ1 implies φ2, then it must Nae-imply φ2 as
well.

Theorem 2.1 (φ1 → φ2) → (φ1 →n φ2)

Proof Let φ1 → φ2 and assume that φ1 �→n φ2. Then there exists an assignment F , such
that F |�n φ1, but F �|�n φ2.

However, F |� φ1 (since Nae-satisfaction implies satisfaction) and hence F |� φ2. Inas-
much as F |� φ2, but does not Nae-satisfy it, there is at least one clause (say C) in φ2 in
which all the literals are set to true under F .

Let F denote the conjugate of F . Since F |�n φ1, it follows that F |�n φ1 and hence
F |� φ1. By the hypothesis, F |� φ2.

However, all the literals in C must be set to false under F and hence F �|� φ2.
The above contradiction resulted out of the assumption that F �|�n φ2; the theorem

follows. ��

Definition 2.4 An algorithm A, for a decision problem D, is said to be a Monte Carlo algo-
rithm with negative-sided error (MNE) if,

(i) For all “yes”-instances of D, the probability that A errs is 0, and,
(ii) For all “no”-instances of D, the probability that A errs is at most a fixed constant.

Assume that an MNE A is provided with an input instance, say x . If x is a “yes”-
instance, then as per Definition 2.4, Pr(A accepts x) = 1. Likewise, if x is a “no”-instance,
Pr(A accepts x) ≤ c, where c is some fixed constant, 0 ≤ c < 1. It follows that when A
rejects x , we can conclude that x is a “no”-instance with probability 1. However, if A accepts
x , it is possible that x is a “no”-instance and A has erred, with the probability of A making
an error, being at most c.

The algorithms discussed in Sects. 5 and 6 for the implication and equivalence problems
are Monte Carlo algorithms with negative-sided error. In contrast, the random walk algorithm
discussed in [3] for 2CNF satisfiability, is a Monte Carlo algorithm with positive-sided error.
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2.1 Model of computation

Unlike the traditional RAM model of computation, in which the control unit has access to the
formulas in toto, we consider a query-based form of access for the control unit. The control
unit is permitted to query two independent oracles O1 and O2, with respect to a current
assignment F . Oracle O1 informs the control unit whether F satisfies φ1 and if not returns a
clause which is not satisfied by F . Likewise, oracle O2 informs the control unit whether F
falsifies φ2 and if not returns some clause of φ2. We also assume that the storage available to
the control unit is limited, i.e., O(1) units. Thus the control unit cannot build φ1 or φ2 using
a collection of satisfiability queries.

When the control unit presents O1 with an assignment that does not satisfy φ1, O1 returns
a falsified clause uniformly at random from the set of falsified clauses. Likewise, when O2

is presented with an assignment that satisfies φ2, it (O2) returns a clause from φ2 that is
chosen uniformly at random. The asymmetry between the values returned by the two oracles
results because our search focusses on an assignment that simultaneously satisfies φ1 and
falsifies φ2.

2.2 Assignment verification

Let 	x denote a particular assignment to X ; verifying that 	x |� φ1 is clearly a linear time
operation.

Let φ1 denote a satisfiable 2CNF formula. Let 	r denote a partial assignment in which
precisely two variables (say x1 and x2) are set to false. We can check whether 	r can be
completed to a satisfying, total assignment (denoted by 	r |�(x1=false,x2=false) φ1) as follows:

(i) Each clause containing x̄1 or x̄2 is trivially satisfied.
(ii) If a clause contains both x1 and x2, then 	r cannot be completed into a total, satisfying

assignment.
(iii) A clause containing either x1 or x2 becomes a unit clause, which forces the remaining

literal to true.

The above algorithm can be repeated till a contradiction is obtained in the form of setting
a variable to both true and false or there is a subset φ′

1 of φ1 with no variables assigned.
Inasmuch as φ1 is satisfiable, so is φ′

1 and hence we can conclude that 	r can be completed into
a satisfying total assignment. It is important to note that unit resolution in a 2CNF formula is
a linear-time operation and hence the process of verifying whether a partial assignment can
be completed into a satisfying total assignment takes linear time.

3 Motivation

There are three principal motivating factors for our work, viz.,

(i) Search through verification—In [1], a randomized algorithm was presented for the
problem of computing the Minimum Spanning Tree (MST) of an undirected, weighted
graph; this algorithm runs in linear time in the expected case and makes only verifi-
cation calls, as opposed to the Kruskal approach of dynamically testing whether an
edge creates cycles. In a similar way, we use only verification calls to compute an
assignment that proves that one formula does not imply the other.

(ii) Learning with zero knowledge—In a seminal paper, Valiant [10] discusses the learna-
bility of kCNF formulas in the Probably Approximate Correct (PAC) model. Within
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that model, the oracle provides both positive and negative examples and the goal is to
capture the concept approximately with high probability. In their paper, the concept
is a kCNF formula; in this paper, the concept is 2CNF implication and the goal is to
learn an assignment that disproves the implication with bounded error, using negative
examples only. It must be noted that we do not learn the actual implication, only the
assignment of interest; accordingly, our protocol needs O(1) space.

(iii) Extending the limits of the random walk approach—The literature includes a number
of papers that use random walk algorithms to solve constraint satisfaction problems.
To the best of our knowledge, this paper represents the first work of its kind to explicitly
consider implication through the framework of random walks.

4 Related work

The random walk approach for 2CNF satisfiability was first proposed by Papadimitriou [3].
In its essence, the technique consists of the following protocol:

Function Satisfiability- testing(φ)
1: Start with an arbitrary assignment 	x to the variables.
2: if (	x |� φ) then
3: return(“φ is satisfiable”).
4: end if
5: count = 0.
6: while (the current assignment is not satisfying) and (count ≤ 2 · n2) do
7: Pick an unsatisfied clause.
8: Uniformly at random flip the value assigned to one of its two literals (variables).
9: count = count + 1.
10: if (	x |� φ) then
11: return(“φ is satisfiable”).
12: end if
13: end while
14: return(“φ is probably unsatisfiable”).

Algorithm 1: Papadimitrious’s randomized algorithm for 2CNF Satisfiability

Inasmuch as with probability at least one-half, the protocol chooses the “correct” literal to
flip, it can be easily modeled as a one dimensional random walk with one absorbing barrier
and one reflecting barrier. As per the theory of random walks, on a satisfiable 2CNF instance,
the protocol finds a satisfying assignment in n2 iterations (expected), where n is the number
of variables in the 2CNF formula. Applying Markov’s inequality [2], we can conclude that
the probability of not finding a satisfiable assignment in 2 · n2 iterations is less than one-half.

Note that Algorithm 1 is a Monte Carlo algorithm with positive-sided error in that when it
says φ is satisfiable, there is no error. However, if it states that φ is unsatisfiable, it is possible
that φ is satisfiable and Algorithm 1 has erred, with the probability of error being at most
one-half.

A variant of Algorithm 1 can actually be used to solve the implication problem, if φ1 is
in CNF and φ2 is in DNF. Consider the protocol represented by Algorithm 2.

Theorem 4.1 Assume that φ1 �→ φ2. The probability that Algorithm 2 does not discover an
assignment falsifying the implication is less than one-half.
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Function Cnf- Dnf- Implication- testing(φ1, φ2)
1: {We reiterate that φ1 is 2CNF and φ2 is 2DNF.}
2: Start with an arbitrary assignment to the variables, say 	x.
3: {We focus on an assignment that satisfies φ1 and falsifies φ2. Note that if φ1 �→ φ2, then such an

assignment must exist.}
4: if ((	x |� φ1) and (	x �|� φ2)) then
5: return(φ1 �→ φ2)
6: end if
7: count = 0.
8: while ((	x �|� φ1) or (	x |� φ2)) and (count ≤ 2 · n2) do
9: if ( 	x �|� φ1) then
10: Pick an unsatisfied clause in φ1.
11: Uniformly at random flip the value assigned to one of its two literals (variables).
12: count = count + 1.
13: else
14: if ( 	x |� φ2) then
15: Pick any satisfied conjunct in φ2.
16: Uniformly at random flip the value assigned to one of its two literals (variables).
17: count = count + 1.
18: else
19: return(“φ1 �→ φ2.“”)
20: end if
21: end if
22: if ((	x |� φ1) and (	x �|� φ2)) then
23: return(“φ1 �→ φ2.”)
24: end if
25: end while
26: return(“φ1 probably implies φ2.”)

Algorithm 2: Random walk for 2CNF-2DNF implication

Proof In proof, we mimic the argument used in [4]. Assume that φ1 �→ φ2 and focus on
the unique assignment T̂ that simultaneously satisfies φ1 and falsifies φ2. Let T denote the
current assignment; assume that this assignment differs from T̂ on i variables.

Assume that T falsifies φ1. In this case, Steps (10)–(12) of Algorithm 2 are executed and
in Step (10) an unsatisfied clause, say C , is picked. Observe that T has set at least one of
the two literals in C incorrectly with respect to T̂ . Hence choosing one of them uniformly at
random and flipping the same, moves T closer to T̂ by one variable, with probability at least
one-half. Likewise, it could also move T away from T̂ by one variable, with probability at
most one-half.

Assume that T satisfies both φ1 and φ2. In this case, Steps (15)–(17) of Algorithm 2 are
executed. Note that under T̂ , every conjunct is false. Thus, at least one of the two literals in
each satisfied conjunct has been incorrectly set under T . Consequently, choosing one of the
two literals associated with a satisfied conjunct, uniformly at random, and flipping it, permits
T to move closer to T̂ by one variable, with probability at least one-half. Likewise, T moves
away from T̂ by one variable, with probability at most one-half.

It is now straightforward to see that Algorithm 2 can be modeled as a one-dimensional
random walk with a reflecting barrier (T differs from T̂ on all n variables) and an absorbing
barrier (T and T̂ coincide). The theorem follows [5]. ��

Corollary 4.1 Algorithm 2 is a Monte Carlo algorithm with negative-sided error for the
2CNF-2DNF implication problem. If the antecedent implies the consequent, there is no
error. In the event that the antecedent does not imply the consequent, the probability that an
error is made is at most one-half. Alternatively, if Algorithm 2 states that the antecedent does
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not imply the consequent, there is no error. However, if Algorithm 2 states that the antecedent
implies the consequent, the probability of error is at most one-half.

Proof Follows from the arguments above. ��

The arguments used in the discussions above should also make it clear why the random
walk approach cannot be directly used for 2CNF implication, when φ2 is in CNF form. In this
case, when φ2 is satisfied, we cannot simply pick a satisfied clause and flip its literals. Recall
that a 2CNF formula can be falsified with a single unsatisfied clause and hence picking any
satisfied clause from the set of all satisfied clauses may not be helpful, since both the literals
corresponding to the picked clause may have been correctly set under T̂ .

Applications of the random walk strategy to harder versions of satisfiability with detailed
implementation profiles are described in [11]. In particular, they consider the efficacy of
biasing the process of selecting the clause which is satisfied in the next round. [8] extended
the ideas presented by Papadimitriou [3] to derive a randomized algorithm for the Q2SAT
problem. Local search through random walks has also been studied for harder Satisfiability
problems [6].

5 Randomized implication algorithms

Algorithm 3 is a randomized implication algorithm for testing whether φ1 implies φ2, where
both φ1 and φ2 are 2CNF formulas on the same n variables. We assume that φ1 has m clauses
and φ2 has m′ clauses.

Function Cnf- Cnf- Implication- testing(φ1, φ2)
1: {We reiterate that both φ1 and φ2 are 2CNF formulas.}
2: Verify the satisfiability of φ1 using the random walk technique described in Algorithm 1.
3: if (φ1 is unsatisfiable) then
4: return (φ1 → φ2).
5: end if
6: count = 0.
7: Let 	xcount denote an arbitrary assignment that satisfies φ1.
8: if (	xcount �|� φ2) then
9: return(“φ1 �→ φ2”)
10: end if
11: while (count ≤ m′) do
12: count = count + 1.
13: Uniformly at random pick a clause C from φ2.
14: Let xr and xs denote the two literals in C .
15: Without loss of generality, assume that xr = true and xs = false.
16: Construct the partial assignment 	xcount in which xr = false and xs = false. {This ensures that

	xcount �|�(xr =false,xs=false) C and hence 	xcount �|�(xr =false,xs=false) φ2.}
17: if (	xcount |�(xr =false,xs=false) φ1) then
18: return(“φ1 �→ φ2.”)
19: else
20: 	xcount = 	xcount−1.
21: Note that 	xcount is now a total assignment that satisfies φ2.
22: end if
23: end while
24: return(“φ1 probably implies φ2.”)

Algorithm 3: Randomized algorithm for checking whether φ1 → φ2
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5.1 Analysis

Let V (m, n) denote the time required by oracle O1 to verify that a given assignment 	x |� φ1.
Likewise, V (m′, n) denotes the time required by oracle O2 to verify that a given assignment
	x |� φ2. From the discussion in Sect. 2.2, V (m, n) = O(m +n) and V (m′, n) = O(m′ +n).

As per the discussion above, Steps (1) through (4) can be accomplished in 2 ·n2 · V (m, n)

time. Step (8) takes V (m′, n) time. Finally, observe that the while loop takes m′ · V (m, n)

time, since constructing the total assignment from a partial assignment (Step (17)) is equiv-
alent to assignment verification, as per Sect. 2.2. Thus, the total time taken by Algorithm 3
is O(n2 · V (m, n) + V (m′, n) + m′ · V (m, n)).

5.2 Correctness

We need the following technical lemma before analyzing the correctness of Algorithm 3.

Lemma 5.1 Given two CNF formulas φ1 and φ2, φ1 → φ2 if and only if φ1 → Ci , for every
clause Ci in φ2.

Proof If φ1 → φ2, then clearly φ1 → Ci , for each clause Ci in φ2.
To see the converse, we use the tautology that [(P → A)∧(P → B)] → (P → (A∧ B))

and conclude that if φ1 → Ci , for each clause Ci in φ2, then φ1 → φ2. ��
Observe that Algorithm 3 is a Monte Carlo algorithm with negative-sided error. If φ1 does

imply φ2, there is no error since there is no assignment that simultaneously satisfies φ1 and
falsifies φ2. On the other hand, if φ1 does not imply φ2, it is possible that Algorithm 3 makes
an error. Alternatively, when Algorithm 3 states that φ1 �→ φ2, the probability of error is 0.
However, if it states that φ1 → φ2, it could be the case that φ1 �→ φ2 and Algorithm 3 has
erred. We now proceed to bound the probability that Algorithm 3 has erred.

Assume that φ1 �→ φ2.
There are two ways in which Algorithm 3 can state that φ1 → φ2:

(i) Algorithm 3 declares that φ1 is unsatisfiable. We denote this event by A; note that
Pr(A) < 1

2 .
(ii) Algorithm 3 declares that φ1 is satisfiable, but does not find the witness assignment that

simultaneously satisfies φ1 and falsifies φ2. Since φ1 �→ φ2, as per Lemma 5.1, there
must be a clause C in φ2 such that φ1 �→ C . We denote by B, the event that Algorithm 3
could not find the clause C such that φ1 �→ C . The probability that this clause is not
picked in the while loop is at most (1 − 1

m′ )m′ ≤ e−1 < 1
2 , i.e., Pr(B) < 1

2 .

Observe that the failure of Algorithm 3 can be characterized by the event A ∪ (Ac ∩ B),
where Ac denotes the complement of the event A.

Now,

Pr(A ∪ (Ac ∩ B)) = Pr(A) + Pr(Ac ∩ B), mutual exclusivity

= Pr(A) + Pr(Ac) · Pr(B), since B and A are independent

= Pr(A) + (1 − Pr(A)) · Pr(B)

≤ 3

4

Thus, we have established that the probability that Algorithm 3 errs is at most 3/4.
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Corollary 5.1 Algorithm 3 is a Monte Carlo algorithm for the 2CNF implication problem
with negative-sided error; the probability that it errs on an input instance is at most 3/4.

Proof Follows from the discussion above. ��
5.3 Extension to 2CNF equivalence

We now consider the equivalence problem: Does φ1 ↔ φ2?
We know that (φ1 ↔ φ2) ↔ [(φ1 → φ2) ∧ (φ2 → φ1)].
Consider the protocol represented by Algorithm 4.

Function Equivalence- testing(φ1, φ2)
1: if (Cnf- Cnf- Implication- Testing(φ1, φ2)) then
2: {If Algorithm 3 states that φ1 → φ2}
3: if (Cnf- Cnf- Implication- Testing(φ2, φ1)) then
4: {If Algorithm 3 states that φ2 → φ1}
5: return(“φ1 is probably equivalent to φ2”).
6: else
7: return(“φ1 �↔ φ2”).
8: end if
9: else
10: return(“φ1 �↔ φ2”).
11: end if

Algorithm 4: A Monte Carlo algorithm for 2CNF equivalence

Algorithm 4 first queries Algorithm 3 as to whether φ1 → φ2. If the answer is negative,
it states that φ1 �↔ φ2. If the answer is affirmative, it queries Algorithm 3 as to whether
φ2 → φ1. If the answer is affirmative, it states that φ1 ↔ φ2; otherwise, it states that
φ1 �↔ φ2. It is to be noted that the queries are independent.

If φ1 ↔ φ2, there is no error since there is no assignment that simultaneously satisfies φ1

and falsifies φ2 or simultaneously satisfies φ2 and falsifies φ1. On the other hand, if φ1 �↔ φ2,
Algorithm 4 will err, if Algorithm 3 states that φ1 → φ2 and φ2 → φ1. We now proceed to
bound the probability that Algorithm 4 has erred.

Assume that φ1 �↔ φ2 and consider the following three mutually exclusive cases:

(i) φ1 �→ φ2 and φ2 �→ φ1. In this case, the probability that Algorithm 3 states that
φ1 → φ2 and φ2 → φ1 is at most 3

4 · 3
4 = 9

16 . It follows that the probability that
Algorithm 4 has erred is at most 9

16 .
(ii) φ1 �→ φ2 and φ2 → φ1. Observe that in this case, the probability that Algorithm 4

errs is precisely the probability that Algorithm 3 errs on the query φ1 → φ2, which as
discussed before is at most 3

4 .
(iii) φ1 → φ2 and φ2 �→ φ1. Arguing in identical fashion as Case (ii), we conclude that the

probability that Algorithm 4 errs is at most 3
4 .

Hence, regardless of the input, if φ1 �↔ φ2, the probability that Algorithm 4 errs is at
most 3/4.

Corollary 5.2 Algorithm 4 is a Monte Carlo algorithm for the 2CNF equivalence problem
with negative-sided error; the probability that it errs on an input instance is at most 3/4.

Proof Follows from the discussion above. ��
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6 Nae-implication and Nae-equivalence

In [9], we showed that random walks can be used to determine the Nae-satisfiability of a
2CNF formula; the algorithm itself is not too different from the algorithm in [3]. However,
we were able to exploit the presence of conjugate pairs of Nae-satisfying assignments for a
Nae-satisfiable formula to derive sharper convergence bounds. The bounds used in this paper
can be found in [7], which is a recent revision of [9].

6.1 Assignment Nae-verification

Let 	x denote a particular assignment to X ; verifying that 	x |�n φ1 is a clearly a linear time
operation.

Let φ1 denote a satisfiable 2CNF formula; let 	r denote a partial assignment in which pre-
cisely two variables (say x1 and x2) are set to false. We can check whether 	r can be completed
to a Nae-satisfying, total assignment (denoted by 	r |�n(x1=false,x2=false) φ1) as follows:

(i) If a clause contains both x1 and x2, then 	r cannot be completed into a total, Nae-satis-
fying assignment.

(ii) If a clause contains both x̄1 and x̄2, then 	r cannot be completed into a total, Nae-satis-
fying assignment.

(iii) If a clause contains both x1 and x̄2, or, both x̄1 and x2, then the clause is Nae-satisfied.
(iv) A clause containing either x1 or x2 becomes a unit clause, which forces the remaining

literal to true.
(v) A clause containing either x̄1 or x̄2 becomes a unit clause, which forces the remaining

literal to false.

The above algorithm can be repeated till a contradiction is obtained in the form of setting
a variable to both true and false or there is a subset φ′

1 of φ1 with no variables assigned.
Inasmuch as φ1 is Nae-satisfiable, so is φ′

1 and hence we can conclude that 	r can be completed
into a Nae-satisfying total assignment. It is important to note that the above procedure can
be implemented in linear time, i.e., the process of verifying whether a partial assignment can
be completed into a Nae-satisfying total assignment takes linear time.

Similarly, we can check whether 	r |�n(x1=true,x2=true) φ1 in linear time.

6.2 Analysis

Let V (m, n) denote the time required by oracle O1 to verify that a given assignment 	x |�n φ1.
Likewise, V (m′, n) denotes the time required by oracle O2 to verify that a given assignment
	x |�n φ2. From the discussion in Sect. 6.1, V (m, n) = O(m +n) and V (m′, n) = O(m′+n).

As per the discussion in [7], Steps (1) through (4) can be accomplished in 5
4 ·n2 · V (m, n)

time. Step (7) takes V (m′, n) time. Finally, observe that the while loop takes 2 · m′ · V (m, n)

time, since constructing the total assignment from a partial assignment (Steps (15) and (19))
is equivalent to assignment Nae-verification, as per Sect. 6.1. Thus, the total time taken by
Algorithm 5 is O(n2 · V (m, n) + V (m′, n) + m′ · V (m, n)).

6.3 Correctness

As was the case with Algorithm 3, we need the following technical lemma before analyzing
the correctness of Algorithm 5.
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Function Nae- implication testing(φ1, φ2)
1: Verify the Nae-satisfiability of φ1 using the algorithm in [7].
2: if (φ1 is Nae-unsatisfiable) then
3: return (φ1 →n φ2).
4: end if
5: count = 0.
6: Let 	xcount denote an arbitrary assignment, that Nae-satisfies φ1.
7: if (	xcount �|�n φ2) then
8: return(“φ1 �→n φ2”)
9: end if
10: while (count ≤ m′) do
11: Uniformly at random pick a clause C from φ2.
12: count = count + 1.
13: Let xr and xs denote the two literals in C .
14: Without loss of generality, assume that xr = true and xs = false.
15: Construct the partial assignment 	xcount in which xr = false and xs = false. {This ensures that

	xcount �|�n(xr =false,xs=false) C and hence 	xcount �|�n(xr =false,xs=false) φ2.}
16: if (	xcount |�n(xr =false,xs=false) φ1) then
17: return(“φ1 �→n φ2.”)
18: else
19: Construct the partial assignment 	xcount in which xr = true and xs = true. {This ensures that

	xcount �|�n(xr =true,xs=true) C and hence 	xcount �|�n(xr =true,xs=true) φ2.}
20: if (	xcount |�n(xr =true,xs=true) φ1) then
21: return(“φ1 �→n φ2.”)
22: else
23: 	xcount = 	xcount−1.
24: Note that 	xcount is now a total assignment that Nae-satisfies φ2.
25: end if
26: end if
27: end while
28: return(“φ1 probably Nae-implies φ2.”)

Algorithm 5: Randomized algorithm for checking whether φ1 →n φ2

Lemma 6.1 Given two CNF formulas φ1 and φ2, φ1 →n φ2 if and only if φ1 →n Ci , for
every clause Ci in φ2.

Proof If φ1 →n φ2, then clearly φ1 →n Ci for each clause Ci in φ2.
To see the converse, we use the tautology that [(P →n A) ∧ (P →n B)] → (P →n

(A ∧ B)) and conclude that if φ1 →n Ci , for each clause Ci in φ2, then φ1 →n φ2. ��
Observe that Algorithm 5 is a Monte Carlo algorithm with negative-sided error. If φ1 does

Nae-imply φ2, there is no error since there is no assignment that simultaneously Nae-satisfies
φ1 and Nae-falsifies φ2. On the other hand, if φ1 does not Nae-imply φ2, it is possible that
Algorithm 5 makes an error. Alternatively, when Algorithm 5 states that φ1 �→n φ2, the prob-
ability of error is 0. However, if it states that φ1 →n φ2, it could be the case that φ1 �→n φ2

and Algorithm 5 has erred. We now proceed to bound the probability that Algorithm 5 has
erred.

Assume that φ1 �→n φ2.
There are two ways in which Algorithm 5 can state that φ1 →n φ2:

(i) Algorithm 5 declares that φ1 is Nae-unsatisfiable. We denote this event by A; note that
Pr(A) < 1

24 (see [7]).
(ii) Algorithm 5 declares that φ1 is Nae-satisfiable, but does not find the witness assign-

ment that simultaneously Nae-satisfies φ1 and Nae-falsifies φ2. Since φ1 �→n φ2, as per
Lemma 6.1, there must be a clause C in φ2 such that φ1 �→n C . We denote by B, the
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event that Algorithm 5 could not find the clause C such that φ1 �→n C . The probability
that this clause is not picked in the while loop is at most (1 − 1

m′ )m′ ≤ e−1 < 1
2 , i.e.,

Pr(B) < 1
2 .

Observe that the failure of Algorithm 5 can be characterized by the event A ∪ (Ac ∩ B),
where Ac denotes the complement of the event A.

Now,

Pr(A ∪ (Ac ∩ B)) = Pr(A) + Pr(Ac ∩ B), mutual exclusivity

= Pr(A) + Pr(Ac) · Pr(B), since B and A are independent

= Pr(A) + (1 − Pr(A)) · Pr(B)

≤ 1

24
+ 23

24
· 1

2

= 25

48

Thus, we have established that the probability that Algorithm 5 errs is at most 25/48.

Corollary 6.1 Algorithm 5 is a Monte Carlo algorithm for the 2CNF Nae-implication prob-
lem with negative-sided error; the probability that it errs on an input instance is at most
25/48.

Proof Follows from the discussion above. ��
6.4 Extension to Nae-equivalence

Now we consider the Nae-equivalence problem: Does φ1 ↔n φ2?
We know that (φ1 ↔n φ2) ↔ [(φ1 →n φ2) ∧ (φ2 →n φ1)].
Consider the protocol represented by Algorithm 6.

Function Nae- Equivalence- testing(φ1, φ2)
1: if (Cnf- Cnf- Nae- Implication- Testing(φ1, φ2)) then
2: {If Algorithm 5 states that φ1 →n φ2}
3: if (Cnf- Cnf- Nae- Implication- Testing(φ2, φ1)) then
4: {If Algorithm 5 states that φ2 →n φ1}
5: return(“φ1 is probably Nae-equivalent to φ2”).
6: else
7: return(“φ1 �↔n φ2”).
8: end if
9: else
10: return(“φ1 �↔n φ2”).
11: end if

Algorithm 6: Randomized algorithm for 2CNF Nae-Equivalence

Algorithm 6 first queries Algorithm 5 as to whether φ1 →n φ2. If the answer is negative,
it states that φ1 �↔n φ2. If the answer is affirmative, it queries Algorithm 5 as to whether
φ2 →n φ1. If the answer is affirmative, it states that φ1 ↔n φ2; otherwise, it states that
φ1 �↔n φ2. It is to be noted that the queries are independent.

If φ1 ↔n φ2, there is no error since there is no assignment that simultaneously Nae-
satisfies φ1 and Nae-falsifies φ2 or simultaneously Nae-satisfies φ2 and Nae-falsifies φ1. On

123



Random walks for selected boolean implication and equivalence problems 167

the other hand, when φ1 �↔n φ2, Algorithm 6 will err, if Algorithm 5 states that φ1 →n φ2

and φ2 →n φ1. We now proceed to bound the probability that Algorithm 6 has erred.
Assume that φ1 �↔n φ2 and consider the following three mutually exclusive cases:

(i) φ1 �→n φ2 and φ2 �→n φ1. In this case, the probability that Algorithm 5 states that
φ1 →n φ2 and φ2 →n φ1 is at most (25/48)(25/48) = (625/2304). It follows that
the probability that Algorithm 6 has erred is at most 625/2304.

(ii) φ1 �→n φ2 and φ2 →n φ1. Observe that in this case, the probability that Algorithm 6
errs is precisely the probability that Algorithm 5 errs on the query φ1 →n φ2, which
as discussed before is at most 25/48.

(iii) φ1 →n φ2 and φ2 �→n φ1. Arguing in identical fashion as Case (ii), we conclude that
the probability that Algorithm 6 errs is at most 25/48.

Hence, regardless of the input, if φ1 �↔n φ2, the probability that Algorithm 6 errs is at
most 25/48.

Corollary 6.2 Algorithm 6 is a Monte Carlo algorithm for the 2CNF Nae-equivalence prob-
lem with negative-sided error; the probability that it errs on an input instance is at most
25/48.

Proof Follows from the discussion above. ��

7 Conclusion

In this paper, we designed and analyzed a random walk algorithm for the 2CNF implication
and Nae-implication problems. The existence of randomized algorithms for these problems
is not surprising, since both these problems are known to be in P. However, our analysis
was conducted in a non-standard model of computation, which finds applications in learning
theory. It is important to reiterate the fact that our algorithms are zero-knowledge, in that no
attempt is made to construct the clausal formulas.

The following open questions have arisen as a consequence of our research in this paper:

(i) Can we reduce the number of random bits in our protocols? Both theoreticians and
practitioners of randomized algorithms are aware of the difficulties associated with
obtaining a source of unbiased random bits. Our protocols require �(n2) random bits;
it would be interesting to see if the required number of random bits can be reduced to
O(n · log n) with a bounded loss of accuracy?

(ii) How do our algorithms perform on practical instances? An empirical study of our
algorithms would be very instructive from the practical perspective. To wit, random
walks and their variants have been used to solve hard instance of the CNF satisfiability
problem with reasonable success [11].
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