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Abstract: Let G be a graph. For each vertex v 2V (G), Nv denotes the
subgraph induces by the vertices adjacent to v inG. The graphG is locally k -
edge-connected if for each vertex v 2V (G), Nv is k-edge-connected. In this
paper we study the existence of nowhere-zero 3-flows in locally k-edge-
connected graphs. In particular, we show that every 2-edge-connected,
locally 3-edge-connected graph admits a nowhere-zero 3-flow. This result is
best possible in the sense that there exists an infinite family of 2-edge-
connected, locally 2-edge-connected graphs each of which does not have a
3-NZF. � 2003 Wiley Periodicals, Inc. J Graph Theory 42: 211–219, 2003
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1. INTRODUCTION

Graphs in this note are finite and may have loops and multiple edges. Undefined

terms and notation may be found in [1]. A connected graph is nontrivial if it has

at least 2 vertices.
——————————————————
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Let D ¼ DðGÞ be an orientation of an undirected graph G. If an edge e 2 EðGÞ
is directed from a vertex u to a vertex v, then let tailðeÞ ¼ u and headðeÞ ¼ v. For

a vertex v 2 VðGÞ, let

E�
DðvÞ ¼ fe 2 EðDÞ : v ¼ tailðeÞg; and Eþ

DðvÞ ¼ fe 2 EðDÞ : v ¼ headðeÞg:

The subscript D may be omitted when DðGÞ is understood from the context.

Let EGðvÞ denote the subset of edges incident with v in G.

Let A denote an (additive) Abelian group with identity 0, and let FðG;AÞ
denote the set of all functions from EðGÞ to A. Given a function f 2 FðG;AÞ,
let @f : VðGÞ 7!A be given by

@f ðvÞ ¼
X

e2DþðvÞ
f ðeÞ �

X
e2D�ðvÞ

f ðeÞ;

where ‘‘
P

’’ refers to the addition in A. Unless otherwise stated, we shall

adopt the following convention: if X � EðGÞ and if f : X 7!A is a function, then

we regard f as a function f : EðGÞ 7!A such that f ðeÞ ¼ 0 for all e 2 EðGÞ � X.

We also use notation ðD; f Þ for a function f 2 FðG;AÞ to emphasize the

orientation D.

Let Z denote the set of integers. For an integer k � 2, a nowhere-zero k-flow

(abbreviated as a k-NZF) of G is an orientation D of G together with a map

f 2 FðG;ZÞ such that for each e 2 EðGÞ, 0 < j f ðeÞj < k, and for each vertex

v 2 VðGÞ, @f ðvÞ ¼ 0. As noted in [3], the existence of a nowhere-zero k-flow of a

graph G is independent of the choice of the orientation D.

Tutte has several well known conjectures on the existence of k-NZFs ([3]).

Tutte’s 3-flow conjecture. Every 4-edge-connected graph admits a 3-NZF.

Tutte’s 4-flow conjecture. Every 2-edge-connected graph either admits a 4-

NZF, or has a subgraph contractible to the Petersen graph.

Tutte’s 5-flow conjecture. Every 2-edge-connected graph admits a 5-NZF.

Jeager [4] showed that every 2-edge-connected graph has an 8-NZF, and

Seymour [8] improved Jaeger’s result by showing that every 2-edge-connected

graph has a 6-NZF.

Let G be a graph. For each vertex v 2 VðGÞ, NG;v denotes the subgraph

induced by the vertices adjacent to v in G. When no confusion arises, we

use Nv to denote NG;v. The graph G is locally k-edge-connected if for each

vertex v 2 VðGÞ, Nv is k-edge-connected. Note that K1, the edgeless graph with

just one vertex, is locally k-edge-connected for any integer k � 1. Note that

any connected, locally connected graph G with jVðGÞj �3 must be 2-edge-

connected.

It has been observed (Corollary 2.1 below) that every locally connected graph

has a k-NZF, for any k � 4. In this paper, we shall prove the following:
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Theorem 1.1. Every 2-edge-connected, locally 3-edge-connected graph has a

3-NZF.

In the last section, we construct an infinite family of graphs that are 2-edge-

connected and locally 2-edge-connected, but no graph in this family has a 3-NZF.

Thus, the locally 3-edge-connected condition in Theorem 1.1 may not be relaxed.

A stronger version of Theorem 1.1 will be proved in the last section. In the next

section, we display and develop some tools needed for the proof of the main

result.

2. GROUP CONNECTIVITY OF A GRAPH

Throughout this section, A denotes an Abelian group with jAj � 3 and G denotes

an undirected graph. The propositions and lemmas developed in this section will

be needed in the proofs in Section 3.

For a subset X � EðGÞ, the contraction G=X is the graph obtained from G by

identifying the two ends of each edge in X and then deleting the resulting loops.

Note that even when G is simple, G=X may have multiple edges. For con-

venience, we write G=e for G=feg, where e 2 EðGÞ. If H is a subgraph of G, then

G=H denotes G=EðHÞ.
Fix an orientation D of G. Let A be a nontrivial Abelian group with identity

0, and let A� denote the set of nonzero elements in A. Recall FðG;AÞ ¼
ff : EðGÞ 7!Ag and define F�ðG;AÞ ¼ ff : EðGÞ 7!A�g.

Let ZðG;AÞ denote the collection of all functions b : VðGÞ 7!A satisfyingP
v2VðGÞ bðvÞ ¼ 0. For a given b 2 ZðG;AÞ, a function f 2 F�ðG;AÞ is an ðA; bÞ-

NZF if @f ¼ b. A graph G is A-connected if G has an orientation D such that

for every function b 2 ZðG;AÞ, there is an (A; bÞ-NZF f 2 F�ðG;AÞ. For an

Abelian group A, let hAi denote the family of graphs that are A-connected. As

noted in [5], G 2 hAi is independent of the orientation D of G. An A-nowhere-

zero-flow (abbreviated as an A-NZF) in G is a function f 2 F�ðG;AÞ such that

@f ¼ 0. (See Jaeger’s survey [3] for more literature on nowhere-zero-flow

problems).

Theorem 2.1 (Tutte [12]). Let A be an Abelian group with jAj ¼ k. Then a graph

G has an A-NZF, if and only if, G has a k-NZF.

Following Jaeger [3], for an integer k � 2, Fk denotes the collection of all

graphs admitting a k-NZF. Let Zk denote the cyclic group of order k. It follows

by Theorem 2.1 that hZki � Fk.

The concept of A-connectivity was introduced by Jaeger et al in [5], where A-

NZF’s were successfully generalized to A-connectivities. A concept similar to the

group connectivity was independently introduced in [6], with a different moti-

vation from [5]. Proposition 2.1 below summarizes some former observations on

group connectivities. The proofs for parts (i)–(iv) of Proposition 2.1 are in [7],

while Parts (v) and (vi) are in [5].
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Proposition 2.1. Let H be a subgraph of G. Then each of the following holds.

(i) If H 2 hAi and if e 2 EðHÞ, then H=e 2 hAi.
(ii) If H 2 hAi, then G=H 2 hAi , G 2 hAi.

(iii) If H 2 hZki, then G=H 2 Fk , G 2 Fk.

(iv) The wheel W4 with 5 vertices is in hAi, for each Abelian group A with

jAj � 3.

(v) Let Cn denote the cycle of length n (also called an n-cycle), where n � 2,

and let A be an Abelian group. Then, Cn 2 hAi if and only if jAj � nþ 1.

(vi) If G 2 hAi, then G is connected.

Lemma 2.1. Let T be a connected spanning subgraph of G. If for each edge

e 2 EðTÞ, G has a subgraph He 2 hAi with e 2 EðHeÞ, then G 2 hAi.

Proof. We argue by induction on jVðGÞj. Lemma 2.1 holds if jVðGÞj ¼ 1.

Assume that jVðGÞj > 1 and pick an edge e0 2 EðTÞ. Then, G has a subgraph

H0 2 hAi such that e0 2 EðH0Þ. Let G0 ¼ G=H0 and let T 0 ¼ T=ðEðH0Þ \ EðTÞÞ.
Since T is a connected spanning subgraph of G, T 0 is a connected spanning

subgraph of G0. For each e 2 EðT 0Þ, e 2 EðTÞ, and so by assumption, G has a

subgraph He 2 hAi with e 2 EðHeÞ. By Proposition 2.1(i), H0
e ¼ He=ðEðHeÞ \

EðH0ÞÞ 2 hAi and e 2 H0
e. Therefore, by induction G0 2 hAi. Then, by Proposition

2.1(ii), and by the assumption that H0 2 hAi, G 2 hAi. &

Note that in a locally connected graph, every edge lies in a 3-cycle. An

immediate consequence of Proposition 2.1 and Lemma 2.1 is the following.

Corollary 2.1. Let A be an Abelian group with jAj � 4. Every 2-edge-

connected, locally connected graph G is in hAi.
Let G be a graph and let H1 and H2 be two subgraphs of G. Then, H1 [ H2

denotes the subgraph of G whose vertex set is VðH1Þ [ VðH2Þ, and whose edge

set is EðH1Þ [ EðH2Þ.

Lemma 2.2. Let A be an Abelian group with jAj � 3 and let H1;H2 be sub-

graphs of G such that H1;H2 2 hAi. If VðH1Þ \ VðH2Þ 6¼ ;, then H1 [ H2 2 hAi.
Proof. By Proposition 2.1(vi), both H2 are connected. As VðH1Þ \ VðH2Þ 6¼

;, G is connected and so G has a spanning tree T . Each edge e 2 EðTÞ is either in

EðH1Þ or in EðH2Þ, and so by Lemma 2.1, G 2 hAi. &

Lemma 2.3. Let G be a graph. For every vertex v 2 VðGÞ, there is a unique

maximal subgraph Hv of G that is A-connected and contains v.

Proof. Since K1 2 hAi, every vertex v 2 VðGÞ is in a maximal subgraph

HðvÞ 2 hAi. Let H denote the union of these subgraphs fHðvÞ : v 2 VðGÞg. We

need to show that H is unique. Suppose H0 is another subgraph of G such that each

component of H0 is a maximal subgraph of G in hAi. For each vertex v 2 VðGÞ,
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let H0ðvÞ denote the component of H0 that contains v. If H 6¼ H0, then there must

be a vertex v 2 VðGÞ, such that HðvÞ 6¼ H0ðvÞ. Since both HðvÞ;H0ðvÞ 2 hAi and

since v 2 VðHðvÞÞ \ VðH0ðvÞÞ 6¼ ;, by Lemma 2.2, HðvÞ [ H0ðvÞ 2 hAi. As

both HðvÞ and H0ðvÞ are maximal subgraphs in hAi, it must be HðvÞ ¼ HðvÞ [
H0ðvÞ ¼ H0ðvÞ, contrary to the assumption that HðvÞ 6¼ H0ðvÞ. &

Corollary 2.2. Let H be a subgraph of G such that H 2 hAi, and let vH denote

the vertex in G=H into which H is contracted. If L0 2 hAi is a subgraph of G=H
such that vH 2 VðL0Þ, then L ¼ G½EðL0Þ [ EðHÞ�, an edge induced subgraph, is

also in hAi.
Proof. Note that H is a subgraph of L and L=H ¼ L0. Thus, Corollary 2.2

follows from Proposition 2.1(ii). &

Therefore, for each graph G and for a fixed abelian group A, G has a unique

subgraph MAðGÞ such that each component of MAðGÞ is a maximal subgraph of

G that is in hAi. Call the contraction RAðGÞ ¼ G=MAðGÞ the A-reduction of G.

If G ¼ RAðGÞ, then G is A-reduced.

Corollary 2.3. Let G be a graph. Each of the following holds.

(i) RAðRAðGÞÞ ¼ RAðGÞ.
(ii) G 2 hAi if and only if RAðGÞ ffi K1.

Proof. The proof for part(ii) is trivial and so we only prove part(i). Note that

the vertices of RAðGÞ are in 1–1 correspondence with the components of MAðGÞ.
If RAðGÞ is not reduced, then there is a nontrivial component C of MAðRAðGÞÞ. Ex-

panding C back to G, we get a union U of at least two components of MAðGÞ that

contract to the vertices of C. The subgraph of G induced by the vertices of U is

connected and is in hAi by Corollary 2.2, contrary to the fact that each component

of MAðGÞ is a maximal subgraph that is in hAi. Thus, MAðGÞ has no nontrivial

subgraphs that are in hAi, and so MAðRAðGÞÞ is an edgeless spanning subgraph of

RAðGÞ. It follows that RAðRAðGÞÞ ¼ RAðGÞ=MAðRAðGÞÞ ¼ RAðGÞ. &

Let v 2 VðGÞ be a vertex. Partition the edges of G incident with v into two

nonempty sets E0 and E00. Split v into two vertices v0 and v00, each incident with

edges in E0 and E00, respectively. This yields the graph Gv , which is an elemen-

tary detachment of G. A detachment of G is a graph � obtained from G by a finite

number of elementary detachments.

Lemma 2.4. Let Gv be an elementary detachment of G and let b 2 ZðG;AÞ.
Define b0 : VðGvÞ 7!A by

b0ðzÞ ¼
bðvÞ if z ¼ v0

0 if z ¼ v00

bðzÞ otherwise:

8<
: ð1Þ
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If Gv has an ðA; b0Þ-NZF, then G has an ðA; bÞ-NZF.

Proof. Note that b0 2 ZðGv;AÞ. By assumption, there is an ðA; b0Þ-NZF

f 2 F�ðGv;AÞ such that @f ¼ b0. However, as EðGvÞ ¼ EðGÞ, f 2 F�ðG;AÞ also.

By the definition of b0, we also have @f ¼ b, and so f is an ðA; bÞ-NZF, as desired.

&

By Lemma 2.4. and by induction, it is easy to see that if a detachment of G

is in hAi, then G 2 hAi. Lemma 2.4 also has the following corollary.

Corollary 2.4. Let G be a graph, and v 2 VðGÞ be a vertex of degree at least

4 in G. Let e1; e2 be two edges in G incident with v. Let Gv be the graph obtained

from G by splitting v into v0 and v00 such that v00 is incident with e1 and e2, while v0

is incident with all the other edges formerly incident with v in G. If Gv=e1 2 hAi,
then G 2 hAi.

Proof. We use the same notations in Lemma 2.4. It suffices to show that for

each b 2 ZðG;AÞ, G has an ðA; bÞ-NZF.

Fix a function b 2 ZðG;AÞ. Define b0 as in (1), and let b00 be the restriction of b0

in VðGvÞ � fv00g. Since b0ðv00Þ ¼ 0, b00 2 ZðGv=e1;AÞ. By assumption, Gv=e1 has

an ðA; b00Þ-NZF f 00. Define f : EðGÞ 7!A by

f ðeÞ ¼ f 00ðeÞ if e 6¼ e1

f 00ðe2Þ if e ¼ e1:

�

As b0ðv00Þ ¼ 0 and f 00 2 F�ðGv=e1;AÞ, it is easy to check that @f ¼ b0 and

f 2 F�ðGv;AÞ. By Lemma 2.4, G has an ðA; bÞ-NZF. &

3. GROUP CONNECTIVITY OF LOCALLY CONNECTED GRAPHS

The main purpose of this section is to prove a stronger version of Theorem 1.1,

stated as Theorem 3.1 below.

Theorem 3.1. Let A be an Abelian group with jAj � 3. Then, every 2-edge-

connected, locally 3-edge-connected graph is in hAi.
We start with some lemmas. A �-graph Lðv;wÞ consists of three ðv;wÞ-paths

P1, P2, and P3 such that VðPiÞ \ VðPjÞ ¼ fv;wg, whenever i 6¼ j, where v;w are

two distinct vertices of the graph. Lemma 3.1 follows from Menger’s Theorem

immediately.

Lemma 3.1. If H is a nontrivial 3-edge-connected graph, then H contains a

�-graph.

Lemma 3.2. Let H be a graph with a distinguished vertex u such that u is

adjacent to every vertex in VðH � uÞ in H. If H � u is a �-graph Lðv;wÞ, then
H 2 hAi.
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Proof. Since H � u ¼ Lðv;wÞ is a �-graph, we assume that H � u consists of

three internally disjoint paths P1 ¼ x1x2 � � � xl, P2 ¼ y1y2 � � � ym, and P3 ¼ z1z2 � � �
zn, where x1 ¼ y1 ¼ z1 ¼ v and xl ¼ ym ¼ zn ¼ w, and where l � m � n.

By Proposition 2.1(v), we may assume that l > 1. Let e1 ¼ vu, e2 ¼ vx2 ¼
x1x2, Hv be the graph obtained from H by splitting v into v0 and v00 such that v00 is

incident with e1 and e2, while v0 is incident with all the other edges formerly

incident with v in H. Let L ¼ Hv=e1, and we can view VðLÞ as VðHÞ [ fv0g�
fvg. Since u is adjacent to every vertex in H � u, L has a 2-cycle C1 ¼ fe2; ux2g.

Note that L=C1 has a 2-cycle C2 ¼ fx2x3; ux3g. By Proposition 2.1, and by the

fact that u is adjacent to every vertex in VðP1Þ, we can repeat this process

to conclude that L½VðP1 � vÞ [ fug� 2 hAi. Now, we consider L=L½VðP1 � vÞ [
fug�, which has two 2-cycles fuym�1; ym�1ymg and fuzn�1; zn�1zng. Contract-

ing these 2-cycles, and repeatedly contracting the 2-cycles arised from con-

traction, it follows that the resulting graph after all the 2-cycles have been

repeatedly contracted is a K1. By Proposition 2.1, L 2 hAi. By Corollary 2.4,

H 2 hAi. &

Lemma 3.3. Let H be a graph with a distinguished vertex u such that u is

adjacent to every vertex in VðH � uÞ. If H � u is connected and contains a

nontrivial subgraph L 2 hAi, then H 2 hAi.
Proof. Let L1 be the subgraph of H that induced by the edges in L and the

edges in H with one end as u and the other end in VðLÞ. Since every edge in L1=L
is in a 2-cycle, by Proposition 2.1(ii) and (vi), L1 2 hAi. Now consider H=L1.

Since every vertex in H � u is adjacent to u and u 2 VðL1Þ, H=L1 must have

a 2-cycle. Since H � u is connected, by repeatedly contracting the 2-cycles

arised from contractions, we can see that the resulting graph must be a K1. By

Proposition 2.1(ii) and (v) again, H 2 hAi. &

Proof of Theorem 3.1. Since G is connected, G has a spanning tree T . For

each edge e ¼ uv 2 EðTÞ, by assumption, Nu is 3-edge-connected. Since G is

2-edge-connected, Nu is nontrivial. Therefore by Lemma 3.1, Nu has a �-subgraph.

Let He ¼ G½VðNuÞ [ fug� be the subgraph of G induced by VðNuÞ [ fug. By

Lemma 3.2 and since He � u ¼ Nu has a �-subgraph, He contains a nontrivial

subgraph in hAi. Therefore by Lemma 3.3, He 2 hAi. It follows that each edge

e 2 EðTÞ is in a subgraph He 2 hAi, and so by Lemma 2.1, G 2 hAi. &

This result is best possible in the sense that there exists an infinite family

of 2-edge-connected, locally 2-edge-connected graphs none of which is in hZ3i.
We construct such an example below.

Let K4 be a given complete graph on 4 vertices fu; v; x; yg with a distinguished

edge a ¼ xy, and let L be a graph disjoint from this K4 with jEðLÞj � 2 and with a

distinguished edge a0 ¼ x0y0. Define a new graph L� K4 to be the graph obtain-

ed from the disjoint union of L� a0 and K4 by identifying x0 and x to form a

new vertex, also called x, and by identifying y0 and y to form a new vertex, also
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called y. Note that the edge a ¼ xy is now an edge of L� K4 and that L ¼
L� K4 � fu; vg.

Lemma 3.4 Let L be a connected graph with at least two edges. Each of the

following holds.

(i) (Lemma 4.6 of [7]) L� K4 has a 3-NZF, if and only if, L has a 3-NZF.

(ii) If L is 2-edge-connected, locally 2-edge-connected, then so is L� K4.

Proof. Part (ii) follows from the fact that if two edge-disjoint graphs are

k-edge-connected and if they share a common vertex, then their union is also

k-edge-connected. &

To obtain an infinite family of 2-edge-connected, locally 2-edge-connected

graphs that are not in hZ3i, one can start with any graph L that does not admit a

3-NZF (for example, take L ffi K4), and construct bigger and bigger graphs by

utilizing Lemma 3.4. Note that if a graph G does not have a 3-NZF, then G cannot

be in hZ3i. Note also that in such a construction, if one starts with a K4, then the

resulting graphs would be 3-edge-connected.
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