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ABSTRACT

Let G be a Z:edge-connected simple graph with order n. We show
that if V(G| = 17, then sither G has a nowhere-zero 4-flow, or G is
contraciible 1o the Petersen graph. We also show that for n large, if

n-— 17

1+
) )

£ = (

then seither G has a nonwhere-zero 4-flow, or G can be contracted to
the Petersen graph. @ 1986 John Wiley & Sons, Inc.

1. INTRODUCTION

Graphs in this article are finite and loopless. Multipie edges are allowed. For
undefined terms, see [1]. Let G be a graph. Then x'{(G) denotes the edge-
connectivity of G. Let X C E(G) be an edge subset. The contraction G/X
is the graph obtained from G by identifying the {wo ends of each edge in X
and by deleting the resulting loops. If a connected subgraph H is contracted
to a vertex vy in G/H, then H is called the contraction preimage of vp,
and when H is nontrivial (e, E(H) # &), vy is called a nomrivial vertex
in the contraction.

The set of all odd degree vertices of G is denoted by O{G). A connected
graph G is eulerian if O(G} = J, and G is superenlerian if G has a spanning
eulerian subgraph.

Let & = 3 be an integer. A nowhere-zero k-flow of & is an assign-
ment of edge directions and integer weights in the range of {—k +
Loo,=1L 1,k — 1} to the edges of G such that al each vertex of G,
the amount of flow in is the same as the amount of flow out. Fellowing
[8], we denote the set of graphs that admit a nowhere-zero k-flow by Fy.
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Tutte [8] has conjectured that if a 2-edge-connected graph does not have a
subgraph contractible to the Petersén graph, then G is in Fy.

What is the maximum size a graph without nowhere-zero-4-flows may
nave? It has been noted that supereulerian graphs are all in Fy [5}. Proving
a conjecture of Cai [2], Catlin and Chen showed the following:

Theorem 1.1 (Catlin and Chen [7]). Let G bé a 3-edge-connected simple
graph with » vertices. If

wwﬂa<”;9}+m, (i)

then {7 is supereulerian.

(Zomiiéry 1.2, Let G be a 2-edge-connected simple graph with » vertices.
If (1) holds, then G € Fy.

The extremal graphs G used to show the sharpness of both Theorem 1.1
. and Corollary 1.2 are graphs with a complete subgraph H = K,..q, such that
G/H is the Petersen graph. We note that the Petersen graph and the two
Blanuda snarks (see the survey of Watking and Wilson {9 for snarks) are the
three sz‘fﬁaﬂest 2-edge-connected graphs not in F,, where the Petersen graph
has 10 vertices and each of the Blanufa snarks has 18 vertices. Motivated
by these, we in this article prove the following main result whose proof is
in the last section of this paper.

Theorem 1.3. Let G be a 2-edge-connected simple graph with n = 19
vertices. If

\E(G)] = (" ; }“7) + 34, (2)

then either G € F4 or (7 can be contracted to. the Petersen” graph.

The bound in (2) is asymptotically best possible, in the following sense.
Let B denote a Blanu8a snark of order 18. Let B(n) denote the graph obtained
from B by replacing exactly one vertex of B by a X,,45. Note that (see [9)
B is neither in I, nor contractible to the Petersen graph, and so Bin) is
neither in Fy (by Corollary 2.2 in Section 2} nor contractible to the Petersen
graph. We also note that

(“ ”) + 34
Tix 2 -
im

s E(B)]
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Following Catlin [6], & graph G is collapsible if for every even subset
R C V'(G’} there is a sparining connected subgraph Hp of & such that
O(Hp) == R. Note that ¥, is collapsible, and that c&ﬂapmhic graphs are
all supereulerian. (See Catlin’s survey [31). In [6] it is shown that every
graph G has a upique collection of maximal collapsible subgraphs H,,.. .  H,
{say). The reduction of G is obtained by contracting afl nontrivial collapsible
subgraphs of G. We call-a graph reduced if it is the reduction of some graph.

Theorem 2.1 (Cadin [4]). Let H be a subgraph of G, If H is collapsible
or it H is & 4-cycle, then ‘

G EF, e G/HEF, 3)

Cﬂmﬂary 2:2. Let G' be the reduction of G. Then G' & F, if and only
if &« F4

'ﬁheemm 2.3 {Catlin [6]). LetGbea 2-edge-connected nontrivial reduced
graph. Then G is simple and

E(G)] = 2lVIG)] — 4. 4

Let v EE V(G)} denote a vertex of degree 4 = 4 in G. Let N{p} =
{v,...,vq} denote the set of vertices adjacent to v in G. For fixed 7, j
with 1 =i < j = 4, let Gy; depote the graph G — {ww;, vv;} + vivy, and
let e;; = vyv; denote the new edge in G;.

Proposition 2.4. If for some i,, Gy € Fy, then G € Fy.

i’ragmsmmi 2.5, If G has a vertex u of degree 2 in G and if u is incident
with an edﬁe ¢ in G, then

Gllel € Fy e G & Fy.
Proposition 2.6, Let G be a 2-edge-connected graph and let X C E(G)
be an edge cut of G such that G — X has two components H, and H,. If
Xl =3 anci if both G/E(H,) and G/E(H,) are in Fy, then G € Fu.

Propositions 2.4, 2.5, and 2.6 are well-known results and so their proofs
are omitted.

3. GRAPHS OF SMALL ORDERS

?fﬂ@@ﬂti(é)ﬁ 3.1 is a well-known result for cubic graphs, which can be found
in the survey paper [9].
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For a fixed vertex v € V(G) with N(v) = {v,va, ..., vy} and with
d = 4, tecall that Gy = G — {vv,vv;} + ey where ¢ = vw;, and
where 1 =i, = d.

Claim 4 For any 1 =i < j=d, Gy is contractible to the Petersen
graph.

By Claim 2, x/(G;) = 2 and so by (6), either G;; € Fy, or Gy is
contractible to the Petersen graph. Smce Gy € Fy unplies that G € Fy
by Proposition 2.4, the conclusion of Claim 4 must held.

Let Gy = Gy By Claim 4, G; must be contractible to a graph G| that
is isomoiphic to the Petersen graph. Label V(GY) with iy, us,..., fio as
in Figure 1, and let U; (3 = = 10} derote the subgraph of Gy whose
contrattion image is w;. Note that '

v and ey do not belong to the same U, for some 1. {7

For otherwise the Petersen graph Gj is a contraction of G, contrary to the
assumption that GG is a counterexample. Hence we may assume that Uy
contains v, and so eithet ey, & E(G{), of ey € E{U), for some i > 1.

Claim 5. Let W C V{G) be a subset. If for some Gy, W C V(G and
{;; does not have nonperipheral edge cuts of size 3 separating vertices in W,
and if more than one vertex in W are contracted into a vertex w {say) in G/,
the Petersen contraction of Gy, then all vertices in W must be contracted
to this same vertex w in G,

Infact, if vertices in W are contracted to distinet vertices in G 1o then ginece
Gy, is cubic, the 3 edges incident with w in G;; would be a nonperipheral
edge cut of Gy;, contrary to the assumption that no such cuts exist. This
proves Claim 5.

Case f ey & E(Gi)

FIGURE 1. The labeled Pstersen graph.
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By Claim 2, forall 7, 2 = i = 10), [V(U)l = 1 and so
1y 18 4 vertex of G 2 = = 10} (83

Also by Claim 2, ey is not incident with wy in &, for otherwise we
may assume that ep = Wy 0 Gy with v, € V({Uy) and vy = m and
¢ {uyus, wyig, vy would form a nonperipheral edge cut of size 5 3 of G,
contrary to Claim 2. Thus either exactly one end of ey is adjacent (o uy, of
both ends of ¢;2 are not adjacent to uy.

Subcase 1A. Suppose that one end of ey, is adjacent to u;. Without loss
of gehera}ily, we may assume that u, = v, and uy = vy. Now consider
Go = (Ggs (Figure 2). By Claim 4, G; must be contractible to a Petersen
graph,_ which we denote Ga. By (8), i, ..., uyo are vertices in Ga. If there
is a nonperipheral edge cut X of size 3 in G separating the vertices in
{1, ..., uiph, then either X consists of wpug, vyv, and a cut edge in U
separating the ends of wyug, wyus from that of vy in Uy, or X consists of
Ysis, Wats, and a cut edge in U separating the one end of wyus in Uy from
the ends in IV, of other edges in G — E(Uy). It follows that & would have
a nonperipheral edge cut of size 3 in either case, contrary to Claim 2. Thus
there is no nonperipheral edge cut-of size 3 in G that separates {ug, . . . , iy}
Tt follows that if more than one verfeX in {us,..., up} are contracted into
a single vertex in Ga, then by Claim 3, all vertices in {uy,..., u30} must be
contracted into the same vertex. Since [V{(G)} = 17, the preimage of any
vertex in a Petersen graph contraction of G must have at most 8 vertices.
‘Therefore G cannot have a vertex whose contraction preimage contains all
vertices in {#s, ... iz}, and 6 wa, ..., Ko are vertices of (‘§ It follows that
in Ggg the only nontrivial vertex must be adjacent to us, dg, w2, and ua, and
8O {}’2 gannot be the Petersen graph, contrary to Claim 4.

%ubca@a 1B. Suppose that both ends of e;, are not adjacent to #y in G1.
Without loss of generality, we may assume that uz = vy, g = v, Again we
é;enof,e Gg == (o3 (Figure 3) and G5 the Petersen contraction of Gy, We first

FIGURE 2. The graph (; in Subcase TA.
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Uy == g

FIGURE 3. The graph G, in Subcase 1B,

note that 1 rse nonperipheral edge cut of size 3 in G can separate the vertices
in {ug, tty, g, U, Wigr. We dazm that g, ..., 1y are all vertices in G3.

Suppose, to the contrary, that at ieast two vertices of u(,,.‘..m are
contained in the: preimage W (say) of a pontrivial vertex w in G5, Then
by Claim 3, all us,.. um are contained in W. If uy, iz, iy, w5 are all in thig
sanie prezmag@ ther G;;_ does not have enough vertices to make a Petersen
gra‘gh since {V{G)] = 17. Hence we may assume that uy or us is a vertex
of 5. Since W contains ug, ..., 4, the édges usig or ueuyo would be in
eyele of length at most 3 in Ga, contrary to the assumption that 5 is the
Petersen graph. This contradiction establishes the claim and SO Ugs - o5 H10
are all vertices in Gh. -

I s anﬁi us are not vertices of Gy, then they are contained in the preimage
of some vertex of (4. Since ug, to, iy are vertices of G5, G4 must have 3
4.~«¢y<:16 using edges igug, uoltyy, Uypite, and Usly,; contrary to the &ssump{ion
that G4 is the Petersen graph. Thus wy and us must be vertices in G
Similarly, w; and uy must be in V{Gz) also. However, since uzuy & E{Go),
the: distance from w3 to uy in G is at least 3, and so G4 cannot be the
Petarsen graph as the diameter of the Petersen graph i 2, a contradiction.

Case 2. epn & E(G)).

Thus. there is an ¢ {2 = { = 10), such that eyp € E(U;). By (7) and by
the. fact that the diameter of the Petersen graph is 2, either #; is distance 1
from uy; or u; is distance 2 from i.

Subcase 2A.  Suppose first that u; is of distance 1 from 1. Without Joss
of generality, we may assume that u; = wp. By Claim 2, forall i 3= i =
10), IVULY = 1, and s0 us, ..., iy are vertices in G. Thus vy, vy © VIIT5)
and v, .., Vg & V(U;) U“{M__s, uﬁ}. Let Gy == Gy {Fzg&% 4} Note that
any nonperipheral edge cut of size 3 in G; separating the veitices in
s, ta, ..., U ot is also an edge cut of G. Thus by Claim 2, no such edge
cut exists, By Claim 3, either the vertices ux,. ..., g are all contained in the
preimage of just one vertex in Gi, or these vertices are all vertices in Gi.
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FIGURE 4. The graph G, in Subcase 2A.

If the former holds, then G4 has a vertex whose preimage contains at least
& vertices and so by [V{G)Y| = 17, all other vertices of G5 must be trivial.
1t follows that esy © F{GS), and so we are back t6 Case 1.

Hence we assume the latter that all the vertices us, uy, . . . , g are in V{GA).
Since G4 is the Petersen graph, either U has an edge ¢’ so that uyus, uyte,
and ¢ will form an edge cut of size 3 in Gy, or U, hag an edge 7 5o
that ustto, #2335, and ¢ will form an edge cut in G,. In the foriner, ¢’ and
Uiy, s i 15 a peripheral edge cut of G, and in the latter, " and uus. 4l
is a peripheral edge cut of G. Therefore, Claim 2 is violated in either case,
and seo a contradiction is obtained.

Subcase 2B.  Suppose that the distance between w; and u, is 2. Without
loss of generality, we may assume that u; = u; (Figure 5). Arguing as in
Subcase 1B, we again have ug,... g & VIGD. If w & VIGL) (e, u
is confained in a nontrivial preifnage of some vertex in (%), then since
wa, w7 & V{GE), the commeon neighbor of ue and uy in G4 must be a vertex
wa € V{U3). Since ws would be a vertex of degree 3 in G5, Gy, must have an
edge ez that separates ws from V{(Us} — {ws} in U, Similarly, the common
neighbor of us and ug in Gy must be a vertex wy € V{I;), and &, must
bave an ey that separates w, from V(U — {w,} in U/;. Tt follows then
that ey, e; and ugus would form a nonperipheral edge cut in G, contrary to

FIGURE b. The graph G, in Subcase 2B.
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Claim 2. Hence we may assume that wp, & V(G}). In this case, we again
dencte the cornmen neighbor of u¢ and uy in Gy by wj and that of us and
g by wy. Since wy € V(GY), it is inevitable that uaw,, wowy € FE(GL), and
so G cannot be the Petersen graph, as there is a vertex v in G, that joins
V{U;)y and V{U;), a contradiction.

These | contradictions arising in different cases establish the propo-
sition. B

4. PROOF OF THEOREM 1.3
We start with a lemma, which is motivated by Theorem 1 of [7].

Lemma 4i Let G be a 2-edge-connected simple graph of order n and let
p = 2 be an integer: If

B—p+1

" ) +2p — 2, )]

EG) = (

then the ?r‘eti-uctz_(m of & has at most p — 1 vertices.

Proof. Let G’ denote the reduction of & and let V(G =
{vy,v95...,v5. By contradiction, we assume ¢ = p and the choice
of G maximizes [E{(G)]. For each 1 = i = ¢, let H; denote the preimage of
v in G. Since |E{G)| 1s maximized, all the H,’s are complete subgraphs,
Thus

EG)| = Z(W(fm ) with SIVEN =n.  (10)
i=} il

By the maximality of |E{(G)| and by (10), at mostone H; (1 =i = ¢)isa
nontrivial subgraph of G (since the maximum of [E(G)} in (10) is obtained
when all but one {V{H,)| = 1), and this H; is a complete subgraph of order
n — ¢ + 1. Therefore

H—c+1

£ = EE) + 15 = (7

) + [E(GT)]. (1)

Since G is 2-edge-connected; and since ¢ = p = 2, G' is nontrivial, and
so by Theorem 2.3,

: [E(G)] = 2¢ ~ 4. (12)
Combine:(9), (11), and (12) 1o get

fn—p+1 —c+ 1\ _
(”’ § )%Z_pWZﬁ(ﬁ g i}e»zcwca, (13)
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Simplify (13) to get
nlc — p)=fle ~ pilc+p +3) -4

Thus we must have ¢ > p, and so

. ' 4
<o+ p 3o
¢ P

By n > e, we get

4
n=p o+ 3o . (14)
c— p

Thus %y (14) and since 4/(c — p) > 0, we have n < p + 2. if n =
7+ 1, then n = ¢ and by (14}, we have n =< p — 1 < 5, a contradiction.
Ifn=p+ 2thenc —p =2andsoby (I4),wegetp +2=n=p +
3 - 25“—~“ p + 1, a contradiction. The proof of Lemma 4.1 is completed. §

Proof of Theorem 1.3. By Lemma 4.1 with p = 18, we conclude that
G/, the reduction of G, has order at most 17. By Proposition 3.2, either G/
is in Fj, whence by Coroilary 2.2, G is in Fy, or G is contractible to the
Petersen ﬁrmph whence G is contractible to the Petersen graph. Therefore
’I’hearem 1.3 must hold. §
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