Reprinted from JOURNAL OF NUMBER THEORY Vol. 8, No. 3, August 1976 -
All Rights Reserved by Academic Press, New York and London Printed in Belgium

Two Problems in Metric Diophantine Approximation, I
PauL A. CATLIN*

Department of Mathematics, Ohio State Unive_fsity, Columbus, Ohio 43210
Communicated by W. Schmidt
Received April 10, 1971; revised January 10, 1972

There is no known necessary and sufficient condition on a sequence {on} Of
nonnegative real numbers such that for almost all x (in the sense of Lebesgue
measure) there are infinitely many fractions p/q satisfying | x — plg | < %dlq.
Nor is any condition known when p/q is required to be reduced. We shall
consider the relation of these problems to each other, and we shall discuss con-
jectured answers for these questions.

In this paper we shall consider the problem of finding a necessary and
sufficient condition on a sequence {a,} so that for almost all x the relation

|x —plg| < clq (1)

holds for infinitely many pairs of integers p and ¢. By “almost all x™ we
mean “all x not in a set having Lebesgue measure zero.” A characteristic
of this type of problem is that (1) is satisfied for infinitely many p and ¢
either for almost all x or for almost no x. A related problem also con-
sidered is the case where ged(p, g) = 1 in (1). We shall study the relation
between the problems of approximation by fractions and approximation
by reduced fractions. '

Duffin and Schaeffer [2] have proved the following theorem.

DUFFIN-SCHAEFFER THEOREM. Let {a,} be a sequence of nonnegative
numbers such that there is a constant ¢ > 0 with

Z‘Vaic/:(i)/i > Z o
=1 i=1
(where & is Euler’s function) for arbitrarily many n. Then for almost all x or

* The author was at Carnegie-Mellon University at the time that this research was
done (January — June, 1970). ‘
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for almost no x; respectively, there exist arbitrarily many relatively prime p
and q such that (1) holds, according as ¥;., o; diverges or’ converges,
respectively.

Related to this theorem is the following conjecture of Duffin and
Schaeffer. :

CONJECTURE 1. The divergence of Y a,p(n)/n is the ne'cessary and
sufficient condition that for almost all x relation (1) holds for infinitely many
relatively prime p and q.

We shall drop the requirement that p and g be relatively prime, and we
shall give an analogous conjecture, which we shall prove to be equivalent
to Conjecture 1. : v

Finally, we shall give an example of a sequence {«,} which has the
properties that (1) holds infinitely often for almost all x, but if (p, g) =1
is also required, then (1) holds infinitely many times for almost no x.

Cassels [1] has investigated the problem without the restriction that p
and g be relatively prime. Erdés [3] has recently proved a special case of
Conjecture 1:

ERDOS’ THEOREM. If a, = 0 or €/n for all n and for some € > 0, then
Conjecture 1 holds. ’

Gallagher [4] has considered the more general problem of simultaneous
approximation of a vector x = (x; ,..., X,) in. R”, where each component
x; appears in an inequality analogous to (1). For the case r > 2, he has
shown that the divergence of 3" ;" is the desired criterion for simultaneous
approximability. ,

Several authors have attempted to determine the number of solutions
of (1) with g < h, for almost all x, or have studied the analogous problem
in simultaneous approximation. For work on this and references to
related results, see [4].

Let &,> denote the intersection of the interval (0, 1) with the union of
open intervals of width 2a,/n, each centered at the points m/n, m = 0,
1,..., n. For convenience, we require that 0 < «, < 1/2. The measure of
&, denoted | £,~ |, is 2«, . Note that x € &,* if and only if x satisfies
relation (1). :

Let B,.() (denoted B,) be the sequence defined by

Bn(o‘) = maX(an ’ 0‘2n/2a 0‘3n/35"")' ’ . (2)
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We can augment terms of {«,} using (2) to get a sequence {B,} for which
the set of x satisfying

|x —plg| <B.lq (3

for infinitely many pairs of integers p and ¢ has the same measure as the
set of x for which (1) holds for infinitely many p and g. The following
theorem describes this. '

Tueorem 1. Let {o,} be a given sequence and let {B.} be a sequence
defined by (2). Then for any x the following are equivalent.

(i) There are infinitely many integers p and q such that (1) holds.

(i) There are infinitely many integers p and q such that (3) holds.
If x is irrational (as almost all x are), the following is equivalent to (i) and
(ii). '
(i) There are infinitely many integers p and q with (p, q) =1 such
that (3) holds. :

Proof. First we show that (2) implies that for any Q

U "’@qﬂ = U gaa- 4)

>0 >0

For any g there is some i such that B, =, ay/i. Therefore, since any interval
of &, has width B,/ and since any interval of &2 has width o,,/qi and the
same center as an interval of &2, we have &2 C &3 for some i. Thus, the
left side of (4) is contained in the right side. Since B, = o, by (2), we have
&2 C &F, and the right side must be contained in the left side of (4),
establishing equality. )

Obviously, (i) implies (ii). Conversely, suppose that for some given x
there are only finitely many p and g such that (1) holds. Hence there is
some Q such that (1) is not satisfied for that x by any g > 0O, whence
x ¢ Upso €% Thus, x ¢ Uzo €° by (4), and (3) is satisfied for only
finitely many gq. Hence, (i) and (ii) are equivalent.

Clearly, (iii) implies (ii). Suppose (ii) is true. Then there is an infinite set
of fractions p/q such that (3) holds. Since Bi/k < B¢, an inequality

| o« — kplkq | < Brdlkq

with (p, g¢) = 1 implies that

| —plq| =| o —kplkq| < Bil4q.
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On the other hand, for any irrational x and a given reduced fraction rlq,
there are only finitely many k such that

| x —kplkq | < Bulkq, (5)

since the left side of (5) is a positive constant and the right side tends to
zero as k increases. Hence, there are infinitely many reduced fractions
satisfying (3), and the proof is complete. -

Next we consider the following conjecture.

CONJECTURE 2. The divergence of

«©

2. (max (/i) (n)/n

n=2
is a necessary and sufficient condition that for almost all x there are infinitely
many p and q such that (1) holds.

THEOREM 2. Divergence of the infinite sums in Conjectures 1 and 2 is a
necessary condition that the conclusions hold. '

Proof. That the divergence of ¥ a,d(n)/n is a necessary condition in
Conjecture 1 is proved in [2, p. 251]. For Conjecture 2, let {B.} be defined
by (2), and suppose that 3" B,é(n)/n converges. Hence, for almost no X are
there infinitely many relatively prime p and g such that (3) holds, by the
first Statement of this proof. Thus, by the equivalence of conditions (1) and
(iif) of Theorem 1, it follows that for almost all x there are only finitely
many p and ¢, not necessarily relatively prime, such that (1) holds.

THEOREM 3. Conjectures 1 and 2 are equivalent.

Proof. Because we have Theorem 2, it is only necessary to show that
the sufficiency conditions are equivalent.

Suppose that Conjecture 1 is true and suppose > B.d(n)/n diverges.
Then for almost all x, there are infinitely many p and g satisfying (3).
Because of this and Theorem 2, Conjecture 1 implies Conjecture 2.

Suppose that Conjecture 1 is false; then because of Theorem 2, we have
a sequence {«,} such that 3" «,$(n)/n diverges and such that for almost all
x there are only finitely many relatively prime p and g such that (1) holds.
We can assume that .

o = max (/i) = B, S ®

for all g, for if this were false, then we could increase terms for which

e
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®g < MaX;en (g:ifi), and by Theorem 1, we would not alter the desired
properties of {a,}. For almost all x there are only finitely many solutions
of (3) with coprime p and ¢. Hence, by Theorem 1, there are only finitely
many solutions of (1). Thus, if Conjecture 1 is false, then so is Conjecture 2,
and the theorem follows. '

We now construct an example of a sequence for which (1) is satisfied
for almost all x infinitely often, but for almost no x by infinitely many
coprime p and g. Let all terms of {«,} have the value zero, except for those
with the following subscripts #:

n=2,3"5"T,11-13 17 *** * Prpoes, PsPos1 *** Pt sorr

where the ith value of n in this list has just enough prime factors so that
$(n)/n < 2—%, and the prime factors in the list run successively through all
primes. Let all terms of {«,} with these subscripts have the value 1/10. This
construction is possible, since

$mjn =110 — 1/py),

and []_, (1 — 1/p,) diverges. Using this sequence {«,}, let {8,} be defined

by (2).
Note that by (2) a particular positive term a,, of {«,} causes 8; to be
positive for all divisors d of m. Indeed, for any d there is some m such that

Ba = an(dim), d | m.

Since 1 is the only common divisor of the subscripts of any two positive
terms of {«,,}, we require d > 1 in what follows. Using the identity

S #dim = om = Dim _
‘ d>w1‘ :

we get

S Bl = ot 3 3 an(dim) $(D)d

m=2 dim
a>1

= o2+ 3 alm — D

m=2

> /2 = .

Redefine &,* so that the intervals centered at 0 and 1 are disrégarded.
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‘The sets &,* (i;vhich equal g, E;% where the union is over the divisors
d of n, where d > 1, and where E,* is defined as &, was, with the restric-
tion that (m, n) = 1) have little overlap with each other, as we shall
show. Suppose I’ is an interval of &,* and I” an interval of &,* such that
I', I" have nonempty intersection but distinct centers. Then, if i/m is the
center of 1’ and j/n is the center of 1", we have

0 <lifm —jjn| < om/m + an/n
or .

0<l|in —jm| < nayp + ma, .
Without loss of generality, we may assume that

UM < tyfn,
whence,
0<l|in—jm| <2ma,.

The number of solutions (i, /) of this inequality can be shown to be boﬁnded
by 4ma,, , by [2, Lemma I]. Hence, the overlap of «, and «,, is bounded by
(4ma,) (o, /m), so that we have

| 8,060 | < 8otnotm. ’ (7)

Now, the proof of the Duffin-Schaeffer theorem can be easily modified
to show that almost all x are approximable infinitely often by (1). Specifi-
cally, using (7) in place of [2, Lemma II], we obtain in place of [2, Eq. (10)]
the equation )

m R m ) 2 . ,
8123 1651-4( a) (10)

r=n v="n

Also, the equation
YIEA =23 o — D

can be used instead of using the analogous relation on ¥ | E| and the
second part of [2, Eq. (13)]. _

However, almost no x is approximable infinitely many times by reduced
fractions satisfying (1), since

Y ayd(n)/n < (1/10) Y 27 < oo.
This completes our example.

o
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