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1. INTRODUCTION AND NOTATIONS

s note, we shall give a criterion to determine whether a given prime p divides
he second-order recurrence

An+2 - PAn+1 - QAn ’

-ary initial values A, and A, and we shall give several applications.
rticular case of (1) is the recurrence

Upg =PU L, -QU, TUy=0, U =1.

snote by A the discriminant P? - 4Q of the recurrence. The general term Un
be denoted by

@" - ™) /@ - b) ,

integer k(m) such that m - divides Un if and only if k(m)ln. p will denote a
ividing Q. In this paper, we shall be working in the field of integers modulo p.

2. THE CRITERION FOR DIVISIBILITY

3, be the quotient U4 /Un (mod p): i.e., the solution X of

XUn = Un+1 (mod p) .
unless p divides Un, in which case the value of Rn will be denoted by <, (All
uch have a zero divisor will be denoted «,) If Rn exists and is nonzero, then
- ' _ -1 )
N Rn+l = Un+2 /Un+1 = P - QRn (mod p) ;
175
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if pIRn then Rn+l = «; if Rn = «© then pIUn, S0 Rn+l = P (mod p).

Theorem 1. (Rn) is a first-order recurrence mod p and is periodic with primitive
period k(p).

Proof. We have already shown that (Rn) is a first-order recurrence (3). That it has
primitive period k(p) follows from the definition of k and the fact that Rn = 0 if and only
if plUn 410

The following theorem gives a criterion for determining whether p is a divisor of
terms of (An). It is known that if a number m divides some term An of (1), then m di-

vides A for any integer t for which the subscript is nonnegative, and only those

n-+tk(m)
terms.
Theorem 2. (Divisibility criterion). p is a divisor of Atk(p)-n (for any t for which

the subscript is nonnegative) if and only if
A1 /AO = Rn (mod p) .

Proof. By Eg. (8) of [6].

n —
QAn = Unnfkp) - YnPker
where m +n = k(p). Thus, pIAm if and only if
A i) T Ba
and it is known that
Ak(p)+1 /Ak(p) = Ay /Ao .

Furthermore, p Am if and only if p‘Atk(p)—n’ and the theorem follows.

3. APPLICATIONS OF THE CRITERION

It is well known that k(p) lp - (A/p). A proof is given in [4] for the Fibonacci series,
and it may be easily generalized to the recurrence (2). For most recurrences, there are
many primes p such that k(p) = p - (A/p). In the first two theorems in this section, we
consider such primes.

The following result was proved in [1] and [2] for the Fibonacci series.

Theorem 3. If

k(p) = p+1

then p divides some terms of (An) regardless of the initial values A, and A;, and

conversely.
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>roof. It follows from Theorem 1 that if
k(p) =p+1,

r any residue class ¢ there isan n such that ¢ = R, (mod p). Therefore, there
¢ such that

Ay /Ag = Rn (mod p) ,
first part follows by the criterion of Theorem 2. If k(p) is less than p + 1 then not

esidue class is included in (Rn), and the converse follows.

heorem 4. p is a divisor of terms of (An) for any initial values A, and A;, ex-

when A, /Ay = a or b, ifandonlyif k{p) = p - 1.
roof. Since’ '
kp) =p-1,
@a/p) =1,

id b are in the field of integers modulo p and p*A . By definition,

(an+1 _ n+1

R = by /@M - b .

n

a (or b) (mod p) then it follows that a = b, whence plA, giving a contradiction.
{n # a or b. By Theorem 2 and the fact that Rn = A; /A, for some n when

k(p) = p -1
Ay /Ay £ a or b (mod p),
1at p divides terms of (An). If k(p) is less than p -1, then not every residue

1 be included in (Rn), whence the converse follows.

eorem 5. If
Ay /Ay =

i
®

or b (mod p)

livides no term of (An).
of, If

A1 /Ao aor b

(A/p) = 1
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Rn = a (or b) (mod p)

then

(an-l_1 - bn-l-l)/(an -bY) = a (or b)

so that a = b and p|A , giving a contradiction. Thus, Rn £a (or b) = A; /A;, and so
p,{’An for any n, by Theorem 2.

4. CONCLUDING REMARKS

Hall [3] has given a different criterion for whether a prime p divides some terms of
(1). Bloom [2] has studied the related question of which composite numbers (as well as which
primes) are divisors of recurrences of the form (1) with P =1, Q = -1.

Ward [5] has pointed out that the question of whether or not there are infinitely many
primes for which k(p) = p+1 or p-1 is a generalization of Artin's conjecture that an
integer not -1 or a square is a primitive root of infinitely many primes. For recurrences

in which A is a square and a or b is 1, the question is equivalent to Artin's conjecture.
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