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Abstract

We study the initial-boundary value problem for the general 3-D
Euler equations with data which are incompatible in the classical sense,
but are ”shock-compatible”. We show that such data are also shock-
compatible of infinite order and the initial-boundary value problem has
a piece-wise smooth solution containing a shock.

1 Introduction

Initial-boundary value problem is one of the most important problems, both
in theoretical research and in application, in the study of hyperbolic sys-
tems, in particular, Euler system of gas-dynamics. It is well known that the
smoothness of both the initial and boundary data does not guarantee the
existence of a classical solution. A necessary condition to the existence of
a smooth solution is the compatibility of such data. In order the solution
has higher differentiability, the higher order compatibility of the data is re-
quired, see, e.g., [3, 8, 13, 15]. Similarly, for certain free boundary value
problems involving shock wave, rarefaction wave or contact discontinuity of
Euler equations, the data are also required to be compatible, often of very
high order, [1, 2, 4, 5, 9, 11, 12].

The compatibility is a set of conditions on the initial and boundary data
at the points of intersection of the boundary with the initial manifold. They
consist of the algebraic restrictions at the intersection on the values of data,
together with their normal derivatives of high order (depending upon the
order of compatibility). Usually, such conditions are complicated and very
tedious to verify.
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In this paper, we study the initial-boundary value problem for the general
3-D Euler equation with data which are incompatible in the classical sense.
The data may contain a jump discontinuity at the intersection of the initial
and boundary manifolds. For such data, there exists no classical solution.
Instead, we are looking for a piece-wise smooth solution containing a shock
front under a simple general assumption on the data, see condition (A) in
Theorem 1.1. We will call such data (satisfying (A)) as ”shock-compatible”.
Similar to the situation for free boundary value problems studied in [4, 10],
for such data, even though incompatible in the classical sense, permitting
shock waves makes the compatibility issue much simpler. It turns out that
the 0-order shock-compatible data (A) are automatically shock compatible
of infinite order if both the initial and boundary data are smooth. Taking
advantage of such fact, we are able to show the existence of the piece-wise
smooth shock wave solution with the condition (A) only, without requiring
any high-order compatibility as in [1, 2, 4, 5, 9, 11, 12].

As the most important example of quasi-linear hyperbolic system, the
Euler equations for compressible non-viscous flow in 3-D space can be writ-
ten as follows:

(0ip + 02 (pu) + 0y (pv) + D2 (pw) = 0,
A (pu) + 0z(p + pu?) + 0y (pwv) + 0. (puw) =0,
O(pv) + Ox(puv) + 0y (p + pv?) + 85 (pvw) = 0, (1.1)

(
Or(pw) + Oz (puw) + Oy (pvw) + 9, (p + pw?) =0,
Oi(pE) + 0z (pEu + pu) + 0y(pEv + pv) + 0. (pEw + pw) = 0,

\

where (p, p, e) are the density, pressure, and the internal energy of the fluid,
(u,v,w) is the velocity in the (z,y, z) direction, and the total energy E =
e+ % (u?+v24w?). For convenience, we will consider the gas to be polytropic,
with p = A(S)p” with v > 1.

One of the simplest and natural initial-boundary value problems for the
Euler system (1.1) describes the gas flow bounded by a solid wall z = 0 with
given initial status (p,u,v,w,e):

{ (pa u,v,w, e)(()? LY, z) = (pOa Ug, Yo, wo, eo)(l‘, Y, Z) in x>0, (1 2)

u(t,0,y,2) =0, on t>0.

In order to have a smooth solution for the problem (1.1)(1.2), it is neces-
sary to require the initial data (po, uo, vo, wo, eg) to be compatible, see e.g.,



[13]. The continuity of the solution requires the zero-order compatibility
UO(Ovyaz) =0. (13)

If one wants the solution belonging to C*, the higher order compatible con-
ditions are required, which consist of algebraic relations imposed upon g
and its derivatives dug(j < k) at = = 0.

If (1.3) is not satisfied, i.e., if the data is not compatible in the classical
sense, then one cannot expect to have a continuous solution. However, there
could be other solutions which are only piece-wise smooth. In this paper,
we will study the initial-boundary value problem for (1.1) with data which
is not compatible in the classical sense, but admits a piece-wise solution
containing a shock wave.

In this paper, we will study a more general initial-boundary value prob-
lem, for which (1.2) is a special case. Denote

p pu pu pw
pU p+ pu2 puUv puw
Ho=|pv |, HH = puv ,Hy=| p+p? |, Hs= pow
pw puw pow p+ pw2
pE (PE +p)u (PE + p)v (PE +p)w

Then system (1.1) can be written briefly as
OyHy + 0. Hy + 8yH2 + 0,Hs = 0.

Introducing the unknown vector of functions U = (p,u,v,w,S), it is
well-known (see e.g., [6, 14]) that for smooth solutions, the system (1.1) is
equivalent to the following system

g]t)+(u,v,w)-Vp+chV-(u,v,w) =0,

ou op

pa—l-p(u,v,w)-Vu—i-%—O,

p% + p(u,v,w) - Vo + g]; =0, (1.4)
ow Op

pa+p(u,v,w)‘Vw+£ =0,

oS

E—i—(u,v,w)'VS— ,

with ¢? = p/(p, ) > 0.



System (1.4) can be further written into the following symmetric form

LU = AgdU + A1 (U)3,U + Ay(U)9,U + As(U)0.U =0,  (1.5)

where
2= 0000 & 1.0 0 0
0 p 0 0O 1 pu 0O 0 O
Ag = 0 0 p O0O0]|, Ai= 0 0 pu O O],
0 00 p O 0 0 0 pu O
0 00 01 0 0 0 0 wu
p”? 0 1 0 0 p“’? 0O 0 1 0
0 pv 0 0 O 0O pw 0 0 O
Ay=1 1 0 pv O Of, A3=| 0 0 pw 0 O
0 0 0 pv O 1 0O 0 pw O
0 0 0 0 w 0 0 0 0 w

The matrix Ay'[A1(U) + Aa(U)¢ + A3(U)n] has two simple eigenvalues
A+ and one triple eigenvalue Ag:

A =u—vE—wn—cy/1+E2+n2,

Ao = u — v€ —wn, (1.6)

A =u—vE—wn+cy/1+ &2+ 72,

with A_ < Ao < Aj.
Let x = b(t,y, z) be a smooth surface in (¢, x,y, z) space with b(0,0,0) =
b,(0,0,0) = b.(0,0,0) = 0. Denote by(y,z) = b(0,y,2). For the Euler
system (1.1), consider the initial-boundary value problem in the domain
bounded by the moving solid boundary x = b(y, z,t) and the initial plane
t=0:
0yHo(U) + 0, H1(U) + 0yH2(U) 4+ 0.H3(U) =0,
U(0,2,y,2) = Up(z,y,2) in = >0, (1.7)
uw—0b —byv—b,w=0, on x=>b(t,y,z), t>0.

Obviously, (1.1)(1.2) is the special case of (1.7) with b = 0.
The main result of this paper is the following

Theorem 1.1 For the initial-boundary value problem (1.7), assuming the
following condition (A) is the satisfied:



(A) 16:(0,0,0)| < co, with ¢ = pp |y(0,0,0):
u0(0,0,0) < b(0,0,0).

Then the problem (1.7) admits a piece-wise smooth solution near the origin

in the domain x > b(t,y, z), t > 0, containing one shock front x = ¢(t,y, z)

emanating from the initial curve x = by(y, 2).

Remark 1.1 1. The assumption |b:(0,0,0)| < ¢ in Theorem 1.1 is a
necessary condition. Otherwise, the problem (1.7) is not well-posed.
In particular, for the fixed boundary x = 0 in (1.2), the condition is
trivially satisfied.

2. The assumption up(0,0,0) < b,(0,0,0) in Theorem 1.1 ensures the
existence of a shock wave. For the special case of fired boundary x =0
in (1.4), the condition becomes simply ug < 0.

3. It is worth mentioning here that if up(0,0,0) > b.(0,0,0), there would
be a solution containing a rarefaction wave. Such case will be studied
later in another paper. The degenerate case of uy(0,0,0) = b:(0,0,0)
would imply either a smooth solution or a solution with weak discon-
tinuity such as sound wave.

In the following, Section 2 will be devoted to the set-up of the problem
and the construction of an approximate solution of infinite order. The prob-
lem will be reformulated in Section 3 by introducing new coordinates in (1.7)
to flatten the boundary = = b(¢,y, z) as well as the shock front z = ¢(t,y, 2).
The linear stability of the transformed equivalent problem will be derived
in Section 4 by combining the results from [3, 7, 12, 13]. Then the existence
of a piece-wise smooth solution containing a shock front will be established
in Section 5 by iteration.

2  Shock wave solution and its approximation

From the solid wall condition u — b; — byv — b,w = 0 on the moving bound-
ary z = b(t,y,z) in (1.7) and the condition u((0,0,0) < b:(0,0,0) in the
assumption (A) of Theorem 1.1, it is obvious that the data for the initial-
boundary value problem (1.7) is not compatible in the classical sense and
hence (1.7) admits no classical smooth solution. Therefore we will look for
a piece-wise smooth solution which contains, in the specific case of (A), a
right propagating shock wave.



Specifically, a shock wave solution for (1.7) is a set of smooth functions
(U, ¢, U*) near the origin (0,0, 0,0) such that

e The shock front S : x = ¢(t,y, z) divides the domain = > b(t,y, z),t >
0 into two parts:

Q={(t,z,y,2) : b(t,y,z) <x < P(t,y,z),t > 0}
QO ={(t,x,y,2) : ¢(t,y,2) < z,t >0}

with
d)(()? Y, Z) = b(Ov Y, Z)a and co < ¢t(0> 07 0)7 (21)
C:z=0bty,z2)
QO S:x=¢(ty,2)
0O*
> L
0

Figure 2.1: Shock wave solution for (1.7)

o U (or U*) is defined and smooth in § (or *), and satisfies the equa-
tions

0Hy(U) + 0,H1(U) + 0,H2(U) + 0.H3(U) =0 (2.2)
in  (or Q%);
o (U,¢,U) satisfies the Rankine-Hugoniot condition on = = ¢(t,y, 2):
Si[Ho] ™ — [H1]T + ¢y [Ho] " + = [Hs] " =0 (2:3)

Here in (2.3), [f]T denotes the jump of the value of f across the shock
front.

The Lax’s shock condition [14] implies that the shock front x = ¢(t,y, z)
is space-like in front of the shock front, thus the condition in (2.1). So the
flow status U* is uniquely determined in Q* by the initial data Uy(z,y, z). In
order to find the solution, one needs only to determine the functions (U, ¢).



The set of functions (f] , &, U*) is called an approximate solution of order
k for (1.7) and (2.3), if the following is satisfied near ¢t = 0
( 0 Ho(U) + 0, Hy(U) + 8,Ho(U) + 8, H3(U) = O(t¥), in Q
O Ho(U*) + 0, Hy (U*) + 9, Ho(U*) + 0, H3(U*) = O(t*), in QF
Gi[Hol™ — [H\]T + ¢, [Ho] T + ¢.[Hs]* = O(t"), on = ¢; (2.4)
U*(0,z,y,z) = Up(z,y,z) in x>0,
@ — by — by — by = O(tF), on x =b(t,y,z), t > 0.

_ Since U can be uniquely determined by Uo(z,y, 2z), one can simply take
U* = U*, the conditions in (2.4) for U* can be dropped. (2.4) can be
simplified into the following conditions containing only (U, ¢):

Oy Ho(U) + 0, H1(U) + 0,Ho(U) + 9, H3(U) = O(t*), in Q
G [Holt — [H1)T + ¢y [Ha]t + 6.[H3]T = O(tF), on z = ¢; (2.5)
i — by — by — by = O(tF), on x =b(t,y,z), t > 0.

Obviously, the existence of the k-th order approximate solution is equiv-
alent to the fact that all the derivatives at ¢ = 0 up to the order of k for
(U, ¢) can be uniquely determined by the equations in (2.5) along the initial
sub-surface x = b(0,y, z). For the existence of an infinite order approximate
solution, we have the following theorem

Theorem 2.1 Under the condition (A) in Theorem 1.1, and also assuming
that b(t,y, z) € C*°, Up(x,y, z) € C* in the initial-boundary value problem
(1.7) and (2.3), then all the derivatives of (U, ¢) at t = 0 can be uniquely
determined by the equations in (2.5) at the intersection x = b(0,y, z), and
consequently, there exists an infinite order approximate solution (U , qg)

To prove Theorem 2.1, we need to show that Vk > 0, all the derivatives
up to the order k of (U, ) can be uniquely determined at x = b(0,y, z).
First we prove the case k = 0.

The 0-order compatibility does not include any derivatives of U, and
we have 6 variables

U(0, ¢0(y, 2),y,2), 0:p(0,y, 2).

to satisfy 6 equations in the boundary conditions of (2.5).



Due to the continuity in the variables y and z and by the implicit func-
tion theorem, we need only to show that at the origin (0,0,0,0), the system
consisting of six boundary conditions in (2.5) has one solution

U(Ov Oa 07 0)’ at¢(07 07 0)

and the corresponding Jacobian matrix is non-degenerate.
At (0,0,0,0) the six boundary equations in (2.5) become

P = po pu — poug
pu — poug p+ pu® — po — pou
¢:(0) | pv—povo | = pUV — Polinuo ; (2.6)
pW — PoWo pUW — PoUoWo
pE — poEo (pE + p)u — (poEo + po)uo

The variable u is obviously uniquely determined by (2.7). The two vari-
ables (v, w), each appears only in one equation of (2.6), and they all have
non-zero coefficient p(¢; — u) because ¢; > by = u.

Eliminating these three variables from (2.6) and (2.7) and replacing the
energy conservation by the equivalent thermodynamic Hugoniot relation [6],
we obtain a 3 x 3 system for (¢, p, p):

p— po pu — pouo
0 — = 0;
#(0) (pu - POU0> (p —po + pu® — poU%) (2.8)
(po — 1?p)p — (p — 12 po)po = 0;

Here 7 = 1/p as usual and p? = (y —1)/(y + 1).

Because u = by > ug in (2.8), there exists a unique solution (p, p, ¢;), by
the shock curve [14] with p > pg, p > pp and ¢; — up supersonic and ¢; — u
subsonic.

Denote by F' the left hand sides of the boundary conditions in (2.5), and
J the coefficient matrix of their linearization. We need to show

oF

det J =det — #0, at (0,0,0,0). 2.9

Similar as in (2.6) and (2.7), the last row of J contains only variable u,
and the variables (v, w) appear only in the third and the fourth rows and

with non-zero coefficients (= po(¢+(0) — up)). We need to consider only the
first two rows and the fifth row for the variables (p,p, ¢¢). Also, we may



replace the energy conservation by the equivalent thermodynamic Hugoniot
relation as in (2.8). The corresponding coefficient matrix is

¢:(0) —u 0 P = po
(¢:(0) — u)u -1 pU — Pl (2.10)
—1p=po  po—1Pp 0

Using the relation ¢(p — po) = pu — poug to simplify the last column, the
determinant of (2.10) is equal to

et (GO0 LT ) (2.11)

wp+po prp—po

Obviously, (2.11) is non-zero if u%p — pp < 0, which follows readily from the
restrictions on the compression ratio (see [6], p. 148)

p2 < plpo < p .

The first order compatibility consists of eleven linear equations for
the eleven variables

Ut(07 ¢0(y7 Z)a Y, Z), Un(oa ¢0(ya Z)a Y, Z)7 ¢tt(0a Y, Z)‘

Here U,, denotes the normal derivative to the shock front = = ¢(t, vy, 2).
Again by the continuity in (y,z) and because the equations for these
variables are linear, we need only to show the Jacobian of these 11 equations
is non-degenerate at (0,0,0,0). In particular at the origin, U, = Uy, ¢y =
Ol = Ory = Oz =0, =0, =0and 0; = v, = up = u.
Let (Dg, D,,) be the tangential vectors at the origin in the directions of
the curves z = ¢(t,0,0) and = = b(¢,0,0) (noticing by = u at the origin):

D¢ =0t + @0y, Dy = O + u0s.

As usual, we will replace the energy conservation by the thermody-
namic Hugoniot relation. Denote by (Hos, Hi4) the first four components
of (Ho, H1) and then take tangential derivatives Dy along x = ¢ of thus
modified boundary equations in (2.5) in the t-x plane. Evaluating them at
(0,0,0,0), we obtain (here and in the following in this paper, * stands for
terms already determined by lower order compatibility):

{ bu[Hoa) T + (1 Hpy — H1g) DyU = %, (2.12)

(po + 1*p)Dgp + (1*p — po)Dgp = .

9



where the 4 x 5 matrix (¢.H{, — Hy,) is

Ot —u —p 0 0 0

/ r_ | ulge —u) p(er — 2u) 0 0 1
¢tHyy — Hyy = 0 0 o(r — ) 0 0
0 0 0 p(oe—u) 0

At the origin (0,0,0,0), the interior equations in (2.5) becomes

Dup + paxu = *,

Dyu+ %Gzp = x,

Dyv = *, in Q (2.13)
Dyw = %,

Dup + pc?0,u = *.

Obviously, from the last boundary condition in (2.5) on x = b we have
Dyu = *, (2.14)

The linear system (2.12)-(2.14) consists of eleven equations for the eleven
variables (¢, Ug, Uy ), where U = (p,u,v,w,p). They can be simplified as
follows.

Because Dy, D, are not parallel, (v, v,) are uniquely determined by
(Dyv, Dgv, ). Since the derivatives of v appears only in one equation in
(2.13) in the form D,v, and also appears only in one equation in (2.12)
in the form Dyv, both with non-zero coefficients, hence (Dyv, Dyvy can be
uniquely determined. Therefore (v, v;) can be eliminated.

Same argument also applies to (wy, w,). Thus, we can eliminate the four
variables (v¢, vy, wy, w,) from (2.12)-(2.14) and obtain seven equations for
the remaining seven variables

(Dtts Pty Py Uty Uss Pty Par)-
Eliminating ¢y from (2.12) yields

A2 _ P
(w=00)™ 2p(u=e1) L ply ]~ (2.15)
Po + p°p 0 wp—po »
Eliminating Dyp from (2.15) yields
(ml,mg)D¢[ Z ] = x (2.16)

10



with
my = (po + p?p) — (1°p — po) (u — ¢)* > 0. '

Dropping the two equations containing D,v and D,w in (2.13), the
remaining last two equations contain no term of D, p:

Dyu+10,p = x,
pOuP (2.18)
Dyp + pc?0,u = *.
Or equivalently
u u
D] ] vesar| b ] = (2.19)
p p
with the operator & defined as (see also [10])
_ |0 (o)™t ] _ o1
&= [Cp b= (2.20)
Since Dy = Dy, + (¢ — u)0,, we have by (2.19)
{D¢[“]:(1—55)Du[“]+*, (2.21)
p p
where
g=2 — Y~ 0, with 8] <1 (2.22)
by the Lax’ shock inequality.
Replacing (Dyu, Dyp) in (2.16) by (2.21), we obtain:
[ m1—mofcp —m1B(cp) "t +mg | Dy [ z ] = . (2.23)

By (2.17) and (2.22), we have
my —mapfep <0, —mifB(cp)™t +my > 0.

Since Dyu is already uniquely determined by (2.14), D,p is also uniquely
determined. Consequently (uy,p;) are uniquely determined by (2.19). Also,
(Dgp, Dyp) are uniquely determined by (2.12) and (2.13). This finishes the
proof of the 1st order compatibility.

For the k-th order compatibility, apply D(’; to the modified boundary
conditions (2.5) and evaluate them at the origin (0,0,0,0). Also apply D!

11



to the interior equations and evaluate them at (0,0,0,0). Similar to the first
order compatibility, the nine variables (ng, Dgflaxv, Dgw,Dgflaxw) can
be determined independently and thus be eliminated.

For the remaining seven variables

e, DEp, DE=10,p, DEu, DE=10,u, DEp, DE~10,p,

we have seven equations:

[P]+ak+1¢+[ bt —u —p 0 1 pk Z e
pu| "t u(de —u) plde—2u) —1 |79 » Co(224)
(po + 12p) Dfp + (1 p — po) Dlp = *.
DFp+ pDE10,u = *,
Diu+ Dy 0up = ¥, (2.25)
DFp+ pc?DE10,u = .
DFy = «. (2.26)

As usual, eliminating 9¥*¢ and D*p from (2.24) and (2.25), we obtain
k u
(m1,m2)Dg o | = (2.27)

Furthermore, we can use (2.25) to replace (Dq’zu,Dgp) with (DFu, DFp) by
applying the following lemma, see [4, 10]

Lemma 2.1 (Df;u,Df;p) in (2.25) can be expressed by (DFu, DFp) as

Dk [ Z } = (o — BE)DE { Z ] = ¥, (2.28)

where 0 < |B] < a < 1, and § is a positive constant which may depend on
k and the explicit form of which is of no consequence in our discussion.

We omit the proof here.
Applying the lemma, we can rewrite (2.27) as follows

(m1,ma)d(ay, — BE)DE [ . ] =, (2.29)

or
[miay — maB(cp)|Dbu+ [~miBlep) ! + maag] Dip =+ (2:30)

12



From (2.17) and (2.22), we have
miag —mafB(cp) <0, —m1,6’(cp)*1 + maay, > 0.

Combining (2.26) and (2.30), (DEu, D¥p) are uniquely determined. Then
(DF=10,u, DE=19,p) can also be determined by (2.25), as well as D¥p. D

and consequently D¥~19,p can be determined from (2.24). An induction on
the index j would give all k-th order derivatives for Dﬁfj &% 0, Dﬁfj 8§u, DZ’f*j 8;{]9
(j = 2,---,k). This finishes the proof of k-th order compatibility. Since k

is arbitrary, this implies infinite order compatibility.

Once all the derivatives of (U, ¢) can be uniquely determined at t =
0,z = 0, we can construct explicitly an infinite order approximate solution
by the usual Borel technique, see [4]. In particular, for the case considered
in this paper, we also have the following

Remark 2.1 The infinite order approximate solution in Lemma 2.1 can be
constructed such that the condition on the boundary x = b(t,y, z) in (1.7)
and (2.5) be satisfied accurately, i.e.,

@ —by— by —b,w=0, on x=>b(t,y,z), t>0. (2.31)

Indeed, given the approximate solution U, one can construct U by solving
a linear boundary value problem for the linearized equation of (1.7) at the
approximate solution U with the linear boundary condition

U —by — byt — b0 = —[t — by — by0 — byw], on z=>b(t,y,z), t>0.

Then (U + U, ¢) will be the desired approximate solution.

3 Transformation and Reformulation

To prove the existence of the piece-wise smooth shock wave solution in
Theorem 1.1, we first perform a singular transformation to reformulate the
problem. The purpose of the transformation is to fix the shock front and
straighten the solid boundary = = b(t, y, 2), see also [1, 2, 4, 9].
Let
t=t, v=¢(t,2,9,2), y=9, z =2 (3.1)

where

13



With the transformation (3.1), the domain € in the (¢, ,y,2) coordinates
becomes a rectanglar region 2 in the (£, Z,7, 2) coordinates:

Q={2z72:0<i<1,t>0, (7,2 € R*}.

The system (1.5) of interior differential equations in the new coordinates
(t,Z,7,2) becomes

Ag(U)O:U 4 Ay (U)0zU + Ag(U)05U + +A3(U)9:U =0 (3.2)

with

1
0z&

Because 0;¢ = O(t), the system (3.2) is singular at ¢ = 0 with order O(f).

To formally remove this singularity, let (see also [2, 4])

Ay(U) (A1(U) = Ap(U)&; — A2(U)&5 — As(U)&z).

t=r7, with 9;=¢"70;. (3.3)
The transform (3.3) changes the domain  into w:
w={(1,%,9,2):0<z <1, 7> —00, (§,2) € R*}.
In the coordinates (7,7, 7, Z), the system (3.2) becomes
LU, ) = 0,U + A(U)03U + " Ap(U)93U + €™ A5(U)0:U =0 (3.4)

with

z e’

Al(U):g

In addition, we also notice that under the coordinates transform (3.3),
the #"-weighted integration in the domain €2 becomes the hyperbolic (n+1)-
weighted integration in w:

(A1(U) — e77& Ao(U) — §5A2(U)) — §:A3(0)). (3.5)

/~f"\U(f,i:,gj,é)\Qdfdidgjdi—/e(”+1)T\U(j)(T,§:,gj,é)\Qdeitdgjdé.
Q

w

Denote the boundary operators on & = 0,1 in the coordinates (7, Z, 7, Z)
as follows:

e Onz=0:
93(0)(U) =e by —u+ vby + wbs;

14



e Onz=1:

BV (U, ¢) = 8,¢[Ho| — e [H1] + " 030 Ha] + " :¢[H3).

To simplify the notation, we will drop the ~ in the coordinates (7, Z, g, Z)
in the following, and replace 7 by t. In summary, the proof of Theorem
1.1 is reduced to finding the unknown functions (U, ¢) near t = —oo in the
domain w = {(¢t,z,y,2) : 0 <z < 1, t > —o0}, satisfying:

e Interior equations:

ZU,¢)=0 in w; (3.6)
e Boundary conditions:
#BOU)=0 onz=0, (3.7)
BVU,$)=0 onz=1; (3.8)
e “Initial” condition:
(U—-U,p—¢) =0(") at t =—cc. (3.9)

Remark 3.1 Through these transformations, the fixed boundary function
b(t,y, z) is incorporated into the coefficients of the operators £ and BO)
in the form of Vb, i.e., containing the derivatives of order one, the same
order as for the variable ¢. This fact will not be used in this paper, but will
be useful in future studies.

By the coordinates transformations introduced above, the original initial-
boundary value problem (1.7) with solution containing a shock front is now
transformed into an equivalent problem (3.6)-(3.9). Therefore, in order to
prove Theorem 1.1, we need only to prove the following

Theorem 3.1 There exists a C*° solution (U, ) to the boundary value
problem (3.6)-(3.9).

Theorem 3.1 will be proved by linear iteration of (3.6)-(3.9) near the
approximate solution (U, ¢).
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4 Linearization and energy estimate

_ First of all, we rewrite the problem (3.6)-(3.9). Let (V,¢) = (U — U,¢—
9)-

By the Taylor formula with Cauchy integral remainder, we have
1
f@>=f@@+{/'fu0+mx_x@me<$_x@.
0

Therefore, the operators .Z (U, ¢) and B (U, ¢) in (3.6) and (3.8) can be
written as
LU, ) = (U@+wawi
AU, ¢) = BV U, 9) +BOV,9)(V, 9).

Then the problem (3.6)-(3.9) can be rewritten for (V1) as follows
LV, p)(V,¢) = f=-2(U,9), 0 <z <1,
BUV BV =

DV, ) (V,0) =g=-8V(U,¢), =1,
(V, ) = O(e™) at t = —oo0.

(4.1)

Here in (4.1), the boundary condition on z = 0 remains unchanged since
B is linear and U satisfies (0 (U) = 0 accurately.
Consider the following linearization of (4.1):

L(V,)(V.¥) =f, 0<z <1,
BOV =0, z =0,

(1)(V/¢)(V7¢) =g, =1,
(V,w) =0(em) at t = —

(4.2)

For fixed (V, ), (4.2) is a initial-boundary value problem for (V,4)) in the
domain w. The linear stability of the linearized shock front problem (4.2)
is discussed as follows, by combining the known results for solid boundary
and for shock front.

For Euler system of gas-dynamics, the linearized solid boundary problem
and the linearized shock wave front problem, both have already been well-
studied see, e.g., [12, 13]. Near the solid boundary = = 0 and the shock front
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boundary z = 1, one can obtain the energy estimates and the existence of
solutions.

Let w” = w{t;t < T} and k = (ko, k1, ko, k3) be the multiple index
with [k| = ko + k1 + k2 + k3. For any non-negative integer s, let H (w?) be
the n-weighted Sobolev space with the norm

Ulyr > [ 10kDbO0R00 (U wyzt) Pisdat, (43

0<|k|+2m<s

where 7 is a fixed sufficiently large constant, D, = xd, is an operator tan-
gential to the boundary x = 0. The space H;;(wT) is the usual n-weighted
Sobolev space H® away from the boundary x = 0. At x = 0, the regularity
in the a-derivatives is reduced, see [1, 7].

The boundary spaces H;;(F]T) can be similarly defined with

IT ={a;x =} [t < T}, (G =0,1).

As with the standard Sobolev space, there are also similar embedding
and trace results for the space H (wT), see also [1].

It is well known from [1, 13] that near the boundary = = 0, the solution
V of (4.2) satisfies the energy estimate

. Cy
MooV g ry < 2 gy (4.4)

where () is a smooth function with pg(x) = 1 near x = 0 and @o(xz) =0
near r = 1.

Near the boundary = 1, the solution (V, ) of (4.2) satisfies the energy
estimate [12]

MV ory + 1V By + 1900
2 2 (4.5)
< G (S By, + Ml )

where ¢;(x) is a smooth function with ¢1(x) = 0 near x = 0 and p;(x) =1
near x = 1.

Using the usual localization technique, we can combine the two energy
estimates in (4.4) and (4.5) to obtain an energy estimate for the solution
(V, 1) of (4.2) throughout the domain w™:

NVIIZ wry + IV sor) T H@DHHsH

L2 2
<c, <77HfH con + 1o )

7)
(4.6)

17



With the energy estimate (4.6), we can use the standard dual argument
to establish the existence of the solution (V1)) of (4.2) with specified regu-
larity.

In summary, we obtained the following

Lemma 4.1 For s > 5, there exists a constant § > 0 such that
V(V,¥) € Hi(w") x H5(I') and

MVl Zzgry + 1V s ory + 190501y <6,

the linear problem (4.2), for every (f,g) € Hﬁ(wT) X H;j(I‘r{), there exists a
unique solution (V,1)) € Hpy (wT) x H;;(FlT), satisfying the energy estimate
(4.6).

In addition, the constant Cs in (4.6) depends only upon ¢ and is inde-
pendent of specific (V).

5 Linear iteration and existence of solution

We are now ready to use linear iteration to establish the existence of
solution for the problem (4.1). In particular, one notices that in the energy
estimate (4.6), the order of regularity is the same for (V1)) and for (f,g).
So the standard iteration can be used instead of the more sophisticated
Nash-Moser iteration.

Let (Vp, ¢0) = (0,0) and (V,,,¢p,) (n = 1,2,---) be the solution of the
following linear boundary value problem

L(Vn—17¢n—1)(Vn,¢n) = f, 0<x< 1,
BOV, =0, =0, (5.1)

B(l)(Vn—1’¢n—1)(Vn,¢n) =g, v=1.

Here, we drop the initial condition in (5.1) because it is automatically sat-
isfied for solutions (V. ¢n) € Hi(w") x Hi(T'T).
From Lemma 4.1, we have the following

Lemma 5.1 Vs > 5, assume that

Vatllzzgry + Vol ory + 1nlen ) <6, (5-2)
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there exists a unique solution (V;,,4y,) of (5.1), satisfying

MVl iy + 1Vl oy + I550l 2

1 2 2
< G (H gy + 9By ) -

Here, the constant Cs depends upon s and ¢, but independent of the (Vj,—1,¢,—1).
Now we need only to show that the sequence (V},,1,,) is well-defined for
some fixed T and it is also convergent in an appropriate norm.

(5.3)

Lemma 5.2 37 with —7 > 1 such that for all n = 0,1,2,---, we have
an”?{f](wT) + HVnH?{;(rlT) + Hwanq;H(wT) < 5: (5-4)

Proof: By (4.1), f = —2(U,¢) and g = —BV(U, $). Because (U, p) is
an approximate solution of infinite order in Theorem 2.1, this implies that
for any fixed s,

. 2 2 =
Jim (I!f!\Hg<wT> + ||9||H5(F1T)> =0.

Choose —T > 1 such that

1
2 2
(17 gy + Nolgep) < & (5.5)

Combining (5.5) and (5.3) in Lemma 5.1 yields that (5.4) is satisfied for
n, hence the sequence (V,,, ) is well-defined for such 7.

Lemma 5.3 The sequence (Vi) is convergent in the space H, (wTh) x

HE(I'T) to the solution (V1)) of (4.1).

Proof: From Lemma 5.2, it is already known that the sequence (V,,, )
is uniformly bounded in the space H,‘;(wT) X Hf,(FlT) By Banach-Saks
Theorem, we need only to show that (V},,1,) is convergent in the space
Hp(w™) x HY(IT).
Let o
(Vmwn) = (Vn-i-l - Vmwn-i-l - wn)ﬂ n=012---.
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Then (Vn, wn) satisfies

L(Vi, ¥) (Vis )

= [L(anlywnfl) - L(Vna %)](Vn, Q;Z)n)a 0<z< 17
BOV, =0, z=0, (5.6)
B (Vaythn) (Via, ¥n)

= [E(l)(Vn—lawn—l)_ﬁ(l)(Vn7¢n)](vna ¢n)a r=1.

Applying the estimate (4.6) in Lemma 4.1 with s = 0 to the problem
(5.6), we have

7112 7112 o112
77||VnHH7(7)(wT) + ”V”HH,(;(FIT) + H’QZ)TLHH%(WT)

S (5.7)
< CUN Va1, o )IG (Vs o) 13-

Here,
W(Vas )2 = IVall3gg oy + 1Vl ey + el ory:

For sufficiently small 8, (5.7) implies that the sequence (Vj,,,) is con-
tracting and hence the sequence (V,,,,) converges in Hg(wT) X Hg(f‘{)
This concludes the proof of the existence of solution.

References

[1] S. Alinhac, Ezxistence d’ondes de rarefaction pour des systémes quasi-
linéaires hyperboliques multidimensionnels, Comm. P.D.E.,14(1989),173-
230.

[2] A. T. Bui and D. Li, The double shock front solutions for hyperbolic
conservation laws in multi-dimensional space, Trans. Amer. Math. Soc.
316(1989), 233-250.

[3] S. X. Chen, Initial boundary value problems for quasilinear symmetric
hyperbolic systems with characteristic boundary, Front. Math. China,
2(2007), 87-102.

[4] S. X. Chen and D. Li, Cauchy problem with general discontinuous initial
data along a smooth curve for 2-D FEuler system, J. D. E. 257(2015),
1939-1988.

20



[5] J-F.Coulombel and P.Secchi, Nonlinear compressible vortex sheets in two
space dimensions, Ann. Sci. Ec. Norm. Super.,41(2008),85-139.

[6] R. Courant and K. O. Friedrichs, Supersonic Flow and Shock Waves,
Springer-Verlag, New York, 1949.

[7] K. O. Friedrichs, Symmetric positive linear differential equations. Comm.
Pure Appl. Math. 11(1958), 333-418.

[8] M. Ikawa, Mized problem for a hyperbolic system of the first order, Publ.
Res. Inst. Math. Sci. Kyoto Univ. 7 (1971/72), 427-454.

[9] D. Li, Rarefaction and shock waves for multi-dimensional hyperbolic con-
servation laws, Comm. in PDEs,16(1991),425-450.

[10] D. Li, Compatibility of jump Cauchy data for non-isentropic Euler equa-
tions. J. Math. Anal. Appl. 425 (2015), no. 1, 565587. MR3299680

[11] T. T. Li and W. C. Yu, Boundary value problem for quasi-linear hyper-
bolic systems. Duke Univ. Math., Ser.5 (1985).

[12] A. Majda The stability of multi-dimensional shock front, The exis-
tence of multi-dimensional shock front, Memoirs Amer. Math. Soc.,
275,281(1983).

[13] J. Rauch and F. Massey, Differentiability of solutions to hyperbolic
initial-boundary value problems, Trans. Amer. Math. Soc. 189(1974),
303-318.

[14] J. Smoller, Shock waves and reaction-diffusion equations, Springer-
Verlag, 1983.

[15] D. S. Tartakoff, Regularity of solutions to boundary value problems for
first order systems, Indiana Univ. Math. J. 21(1972), 1113-1129.

21



