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Abstract
We study the global smooth solution for coupled Kuramoto-Sivanshinsky-
KdV system in two-dimensional space. The model is proposed to
describe the surface waves on multi-layered liquid films. The global
solution is obtained for general initial data, using an a priori esti-
mate for the nonlinear system, and the smoothness of such solution is
established in ¢ > 0.

1 Introduction

In the study of surface waves on multi-layered liquid films, the following
coupled Kuramoto-Sivashinsky-Korteweg-de Vries equations are introduced,
see [9] and also [6] for the 2-dimensional version:

{ Up + Uy + AUy = —QUzy — ’yA2u + €10y, (1 1)

vy + aqv, = D'Av + eu,.
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Here, A = 0,, + 0, as usual. The coefficients v, ', a, ay, €1, €2 in (1.1) are all
positive constants.

The mixed Kuramoto-Sivashinsky -Korteweg-de Vries (KS-KdV) equa-
tion finds various applications in plasma physics, hydrodynamics and other
fields, see [1, 3, 4]. The system (1.1) is a mixed KS-KdV equation, linearly
coupled with an additional linear dissipative equation for an extra real wave
field v(z,y,1t).

The one-dimensional version of (1.1) was proposed in [9] based on the
KS-Kdv equation for a real wave field u(z,t), which is linearly coupled to an
additional linear dissipative equation for an extra real wave field v(x,t). The
two-dimensional version is proposed in [6] in the study of cylindrical solitary
pulses. One immediately notices that the two space variables (x,y) in (1.1)
are not symmetric. This is because of the underlying non-symmetric physics,
see [6].

The previous research by [3, 4, 5, 6, 9] on system (1.1) mainly studied
the stability of harmonic wave mode, for example, the stability of steady-
state soliton solutions is analyzed by perturbation theory and wave mode in
[6]. In [2], the linear stability is analyzed in the context of energy estimate
and local solution is established for Cauchy problem to (1.1). So far, no
global existence of solution for such system is given. On the other hand,
the existence of global solution for mixed system usually require a stronger
dissipative term, or require the initial data to be sufficiently small [10].

In this paper, we take advantage of the special form of the nonlinear term
to derive the global estimate for a weak solution in 7n-weighted norms (see
Theorem 3.1) and obtain smooth global solutions without the usual smallness
constraints on the initial data (see Theorem 4.3) . This method can also be
used to establish the global existence of a class of more general systems.

Specifically, we study in this paper the global (in time) solution of (1.1)
with the initial condition

U({L‘,y, 0) = Uo(l‘,y), U(ZL’,y,O) = Uo(CL’,y). (12>

First, introduce some notations. Let (-,-) denote the L? inner product in
R* and H*(R?) be the usual Sobolev space defined by the norm

£ = [ 317 pPdsdy
1<k

with HO(R?) = L2(R?) and || f|| = | fllo and H*(R?) = () H*(R?).

k>0



Let I1% be the Banach space for (u,v): (u,v) € I1% if
u e C([0,T], H*(R?)) N L*([0, T], H**(R?))

0,77,
v e C(lo, ) 1+ (7)) 0 120, 7], (), )
Also, define Pr be the Banach space for (u,v):
u € C(0.T) HO(R2) 0 L2(0.T), H*(R2)) »
v € C([0,T], H'(R*)) 0 L*([0, T], H' (R?)). '

The corresponding norm will be denoted as
T

(w07 = OiggT(HU(t)llg +llv(®)]) +/ (lu(s)Il + llv(s)lD)ds

0

The main result of this paper is the following theorem.

Theorem 1.1 Consider the initial value problem (1.1) and (1.2).

o If intitial data (ug,vo) € H*"?(R?) x H*(R?) (k =0,1,2,...), then
the initial value problem (1.1)(1.2) has a unique global solution (u,v) €
I1%. for all T > 0.

e For any k, in particular for & = 0, the solution (u,v) is C* in t > 0.

The paper is arranged as follows. In section 2, we derive the energy
estimate for linearized system and establish the local existence of solution
for (1.1)(1.2). In section 3, we establish an a priori n-weighted estimate for
(1.1) and (1.2). Section 4, we prove the global existence of a weak solution.
In section 5, we show the global smooth solution with improved initial date.
Section 6 shows that the weak solution is indeed C'*° in t > 0.

2 A Priori Linear Estimate and Local Existence

For the problem (1.1)(1.2), we will derive the a priori estimate for linearized
problem and then establish the local (in time) existence of the solution.
Consider the following linearized problem for (1.1)(1.2):

U + Wy + AUy = —QUyy — YA?u + €0, + f,
vy + arv, = T'Av + eu, + g, (2.1)
u(z,y,0) =uo(x,y), v(z,y,0)=vo(x,y).

We have the following:



Theorem 2.1 Let £ > 0 be an integer, and assume
o uy € H*2(R?), vo(x,y) € H* 1 (R?);
o [ €L*([0,T], H*(R?)), g € L*([0,T], H*(R?));
o w e C([0,T], H*(R?) N L2([0, T], H*"2(R?)).

Then problem (2.1) admits a unique solution (u,v) in the space IT% satisfying
the energy estimate

SuPogth(”U(t)HiJrz + ||U(t)”z+1)
+ [ ()2 + [o(s)]17,5)ds (2.2)
< CillluollZ o + lwoll2 o + f3 (LFZ + lg(s)]12)ds).

Here C is a constant depending on 7. It depends on w only in its larger
norm in the spaces C([0,T], H*(R?)) and L?([0,T], H*%(R?)).

Proof: To establish estimate (2.2), we need only to consider smooth func-
tions (u,v).

For k = 0, we take L*(R?) inner product of the equations in (2.1) with
(u,v) and integrate by parts in (z,y)-direction. A straightforward computa-
tion yields

2 2 2 2
O (lu()* + @) + l[u@®Il5 + l[o@)I7 vie 0.7 (23)
< Ol + [l@I2 + L O + lgON1),

Applying Gronwall inequality to (2.3), we obtain further

supocr<r ([u() |2 + [o®)|12) + [ ([u(s)[3 + [[o(s)]2)ds
< C(Jluoll® + llwoll? + f, (IF(s)II> + lg(s)]2)ds),

where C' always denotes a constant depending only on 7" and coefficients of
(2.1).

Then we take L?( R?) inner product of the equations in (2.1) with (A%u, Av),
and integrate by parts in (x,y)-direction. Similarly as above and also taking
into account the estimates (2.3) and (2.4), we obtain

Or([luIF + [Aul* + [[oN1F) + @l + [lv@)13
< C(lu@l3 + o @IF + 1O + Ng®12),

4
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Vte[0,T] (2.5)



T
supo<p<r ([[u(®)[3 + lw@OIT) + fy (luls)lF + [lv(s)l13)ds
T
< C(Jluoll3 + llvollf + fy (LF I+ llg(s)[I*)ds)-
(2.6) is the k = 0 case for (2.2). For the case k > 0, the estimate (2.2)
can be obtained by applying ng to (2.1) and then apply the result for £ =0
to the expanded system.

The existence of the solution can be obtained by continuation argument.
Consider a family (0 < A < 1) of problems:

(2.6)

Uy + N [wuy + Aty + Qg + YA%U — 610,] + (1 — M) A% = f,
v + Aajv, — TAv — equ,] — (1 — M) Av = g, (2.7)
U(Q?, Y, 0) = uO(xay)a v(:v,y, O) = Uo(fl%y)-

Problem (2.1) is the case A = 1 in (2.7), while the case A = 0 in (2.7) is the
well-known parabolic problem. It remains to show that the set % C [0, 1]
of all A for which (2.7) has solution is both open and closed. This can be
achieved by the fact that the solution of (2.7) satisfies (2.2) uniformly for
0< A< 1.

e % is closed in [0, 1].

Let \; € # and \; — Ag. Let (u;,v;) be the solution of the following
initial value problem

ujy + AL (ug,v5) + (1= A) A%y = f,
v, + AiLa(uy, v5) — (1= Aj)Av; = g, (2.8)
uj($7y7 0) = uO(xay)a ’Uj(l’, Y, 0) = Uo(l',y).
By (2.2), (uj,v;) is uniformly bounded in I1%. Let (a;,9;) = (u; —
uj—1,v; —vj_1) (j =2,3,---). Apply (2.2) to (u;,v;), we have
supg<y<r (185 (1) 742 + 105 (0) 1E41)
T, - _
+ Jo (7(s)lisa + 105(5) 7 42)dls

< Crl(Aj = Ajo)? foT(HUj—l(S)H%H + lvj—1(s) |7 12)ds
< Crl(Aj = A1) PK.

(2.9)

Since \; — Ao, it follows that (u;, v;) is a Cauchy sequence in II% and
its limit (u, v) is the solution of (3.3) for Ag. Hence £ is closed in [0,1].

5



e % is open in [0, 1].
Let A\p € &, and X € [0,1] with |A — )| <e.
Let (u1,v;1) be the solution of the following problem:
uie + AL (ur, v1) + (1= Xo)A%uy = f,
V1 + AoLa(ur,v1) — (1 = Ao)Avy = g, (2.10)
ur(z,9,0) = uo(z,y), vi(e,y,0) = vo(,y).

Let (uj,v;) (j =2,3,---) be the solution of the following problem

( th + )\oafl(uj, Uj) + (1 — )\0)A2Uj
= f+ (Ao = N(Zi(uj-1,vj-1) — A1),
th + Afg(uj, Uj) (1 — )\0)A’U] (211)
=g+ (Ao — N (L(uj1,vj1) — Avj_y),
)

A)
\ Uj(.l’,y70) ZUO('T7:U ) ’U](LU Y, )_UO(J:?y)'

It is easy to show that for e <« 1, (u;,v;) is a Cauchy sequence with
limit (u,v) being the solution of (2.7) for A\. Hence % is open.

For the local solution of the nonlinear system (1.1)(1.2), we have the
following

Theorem 2.2 V integer k > 0 and (ug, vo) € H*"2(R?) x H**1(R?): there is
aT > 0such that (1.1)(1.2) has a unique solution (u,v) € C([0,T]; H*"2(R?)
H*1(R?)) satisfying

S (@l so + lo@)lz)

+ [ ()12 + [o(3)]|210)ds (2.12)
< Ci(l[uollfso + llvolls1)-

X

In addition, the existence time span [0, 7] depends upon (ug,vy) only in its
norm (||uol[72 + [voll741)-

Proof: The theorem is proved by linear iteration. First we construct an
approximate solution (u,,v,) by solving

u + Aty + Qg + YA — v, = 0,
vy + a1v, — DAv — equy, = 0, (2.13)

UJ(CU?y?O) = Uo(l‘,y), U(Iaya 0) = Uﬁ(xvy)‘

6



We look for the solution of (1.1)(1.2) in the form of (u,v) = (ug + @, v, + 0).
The solution (1, ) is obtained by the following linear iteration (j = 1,2,...):
?ljt + (ua + uj_l)ﬂjx + ’Lbax?lj + Aun + Oé?ljm; + ’}/A2?.Lj — 61’(‘}jx = —UgUqyz,
Vi + @10 — TAD; — eyityy = 0,
u(z,y,0) =0, vj(x,y,0)=0.
(2.14)
By Theorem 2.1, the approximate solution (ug,v,) € II% and satisfies
(2.2) with (f, g) = 0. Since (uq, v4) is thus fixed, and uu,, € L*([0,T], H*(R?)),
it follows from (2.2) that the (u;,v;) is uniformly bounded in the space IT%.
(dj,v;) is a Cauchy sequence from the choice of sufficiently small Tj. Such
choice of Ty depends only upon the IT% norms of (u4,v,) which in turn de-
pends only on the corresponding norm of (ug, vp). This concludes the proof
of Theorem 2.2.
To prepare for the study of global weak solution in Pr (see (1.4)), we
need to study the linear problem under a weaker assumption on the term f.
Consider the following linear initial value problem:
up + Auy + Qg + yA%u — v, = fi,
vy + a1, — DAv — equ, = 0, (2.15)
U(ZL‘, Y, O) = UO(xv y)? U(Qf, Y 0) - ’Ug(ﬁ, y)
Theorem 2.3 If (ug,v9) € L*(R?*) x L*(R?) and f; € L'([0,T]; L*(R?)),
then (2.15) has a unique solution (u,v) € Pr.
Proof: Taking L?(R?) inner product of the two equations in (2.15) with
(u,v), we have

(u,ur) = 30 (|u®)l}), (v,ve) = 30 ([0 (B)I[);
(u,yA%u) = y||Aullg; (v, —TAv) = ~[|Vvl[3;
(u, Aty + ) < |y [|ullz < 6l[ull3 + Cslull3;
(u, e105) < O[T + Col|ull3:

(v, arvg) < Ovlff + Cs|lvl[3;

(v, eauz) < [Jollg + Cllull}.

Noticing [[ullz ~ [[ullo + |Aullo, [lv[ly ~ [[v]lo + [[Vollo, and [ul[§ < df[ull3 +
Cs||u||3, we obtain by taking ¢ < 1,

Oc([luI5 + o @N1E) + [lull3 + vl

(2.16)
< C([u®E + @5 + [1fellollw(®) o)

7



As in Gronwall’s inequality, multiply (2.16) by e~*:
e (lu)IIg + lv@1D] + e (lull3 + lvll}) < Ce (I fillollu®)lo) ,

Integrating the above in t yields
(N + oI + fy (lul3 + [[v]1?) ds
< C (Jluolld + ol + J 1flollus)lods )
Since || f1(t)|lo is only in L'(0,T), we have
Jo Ifllollu(s)llods < (supo<azt lu(s)ll0) Jo I fillods

(2.17)

2 t 2
<6 (swPpeact () ll0)* + Cs (Jy 1 flods)
for 0 < 1, we obtain from (2.17)

I, )1 < o, (Jlwoll + ool + (I fillods)?) . (2.18)

(2.18) is the a priori estimate for solution (u,v) of (2.15). The constant Cf,
in (2.18) depends on Tp, but is uniform for all 7" < Tj.

The existence of the solutions can be obtained from Theorem 2.1 and
(2.18) as follows. First construct a sequence of (ugx,vor) € HF2(R?) x
HM(R?) and f1;, € L*([0,T], H*(R?)) such that (ug,vox) — (ug,vo) in
HM2(R))x H*Y(R?) and fi, — f1in L*([0, T); L*(R?)). With data (uog, vox)
and fi,, (2.15) has a unique solution (uy,vy) € II% by Theorem 2.1. (2.18)
implies that (ug,vy) is a Cauchy sequence in 114, and its limit (u,v) is the
required solution. This finishes the proof of Theorem 2.3.

3 Solution in Pr

First we derive a global estimate for the solutions of (1.1)(1.2) in an -
weighted norm which plays a crucial role in the proof of the global solution.

Theorem 3.1 There is an 79 > 0 such that for any 7" > 0, the solution
(u,v) € CY([0,T], S(R?)) of (1.1)(1.2) satisfies the estimate

sup (||le ™ u(t)||2 + |le”v(t)||?)
0<t<T .
+ Jo (le7™u(s)|13 + [le"™v(s)||7)ds (3.1)

< Cy([luoll§ + llvoll3),

8



Vn > 1. the constant C), in (3.1) depends only on 7y and is independent of
T.

Proof: Let (u,0) = (e "u, e ™v), then (1, 0) satisfies the following

Uy + M Ully + Al + Nl = —Qllgy — VAU + €,7,,
Uy + a10; + n0 = DAD + €31y, (3.2)
ﬁ,(l',y, 0) = Uo([li,y), 6(3:7'3/’ O) - Uo(ﬂf, y)

Take inner product of the two equations in (3.2) with (@,v). Since the only
nonlinear term

(™, @) = 0, (3.3)

and we have on the left-hand-side of the estimate the terms n||a|* + n||?||%,

hence we can estimate all the remaining terms as in the case of linear problem
by choosing 1y > 1.

Remark 3.1 For functions (u,v) € Pr, since the dual of wu, with u is
well-defined, we conclude that the estimate (3.1) is also valid for solution
(u,v) € Pr.

The following theorem establishes the uniqueness of solution (u,v) € Pr
for (1.1)(1.2).

Theorem 3.2 The solution (u,v) € Pr of (1.1)(1.2) is unique.
Proof: Let (uy,v;1) and (ug,v2) be two solutions in Pr for (1.1)(1.2). Since
Ul — UgUoy = Utz U + Ugly, (3.4)

hence (4, 0) = (u; — ug, v — vy) satisfies the following linear problem

O + a10; = DAD + €9y, (3.5)

Uy + Uiz T+ UsTly + Ay = — gy — YA + €10,
u(x,y,0) =0, 0(x,y,0) = 0.
(R

Because H?(R?) is a Banach algebra,
(w10tt, ) < Jusa|[[@*[lo < Cllua [l1[1alls. (3.6)
Also by Sobolev imbedding theorem, we have

(uztiy, @) < sup usl|allf < Clluzllzllally < ellall; + Cle)lllls. (3.7)
T,y



Since wuq,us are fixed functions in Pr, we can choose ¢ < 1 such that the
solution for linear problem (3.5) satisfies the estimate (2.10) in Theorem 2.3.
Since f; = 0 and (u(0),0(0)) = 0, we have (@,0) = 0. This concludes the
proof of Theorem 3.2.

The following local existence theorem is similar to Theorem 2.2, except
that the regularity condition on the initial data (ug,vg) is weaker and the
solution (u,v) is also weaker in regularity.

Theorem 3.3 Let (ug,v9) € L*(R?) x L*(R?). Then there is a Ty > 0 such
that (1.1)(1.2) has a unique solution (u,v) € Py, satisfying

OiltlgT(IIU(t)llﬁ + [l (®)]15) +/0 (lu(s)II2 + o(s)l7)ds

< Or([fuoll§ + [voll)-

(3.8)
In particular, the existence time span [0,7,] depends upon (ug,vg) only in
its norm ([|uo /|3 + [[vol[3)-

Proof: As in the proof of Theorem 2.2, we first construct an approxi-
mate solution (u,,v,) by solving (2.5). And (ug,v,) satisfies the estimate

(lua ()15 + lva(®)115) +/0 (lua($)II5 + llva(s)[17)ds

Ssu
Ogth (3.9)
< Cr(lluoll? + l[woll2).
In particular, we notice that u,u,, € L'((0,T); L*(R?)) with
T T
/ ltattaslods < / lua(s)12ds < Cr(llwol? + lwol2?.  (3.10)
0 0

We again look for the solution of (1.1)(1.2) in the form of (u,v) = (u,v).
Obviously, (u,v) is a solution of (1.1)(1.2) if and only if (u, + @, v, + 0)
satisfies

U+ (Ug + ©0)TUp + Ugztl + Aty + Qlgy + VAU — €10, = —UgUag,
@t + 61,1’[);E —T'Av — 62211, = O, (311)
u(a:,y,O) =0, D(x,y,O) =0,

10



The solution (u,v) of (3.11) is obtained by the linear iteration (j = 1,2,...):

’lljt + (ua + Ujfl)ujx + Uaz’dj -+ Auﬂ + Oé’llj;mg + ’7A27:Lj — 611')]'36

= —UgUqz,
'l}jt -+ alz}jx — FAUJ — EQ’lex = O, (312>
aj(:[;7y>0) = 07 'i}j(ajvy?O) = 07
We are going to show that
1. For any k > 0, we can choose Ty < 1 such that for all j:
(i, 05)l7, < &. (3.13)
2. There is a T < T} such that for all 7 > 1:
.. ... )
3> Vi = 5 =1, Uj—1) |||y - .
Gz, o)y < Sl (-1, 25—l (3.14)

Obviously, (3.13) and (3.14) implies the existence of a local solution (u,v) €
Pr,, as claimed in Theorem 3.3.

e Prove (3.13):

Assume |||(%j—1,7;-1)||[r < & and consider the energy estimate for
(4, 7;). We have

(attja ) < |l llollvall2llilla < Cslli ()5 + 6l 15;
(tatty, i5) < litsllollvall2llilla < Cslli ()5 + 6l 15; (3.15)

(j 1750, 15) < |5l llitj—1 |2l |l < Cslli; (#)|I§ + 0l]2; 5.

In particular, the constant Cy in (3.15) depends only on x and ||| (g, va)||| 7,

and is independent of specific u;_;.

Choosing 6 in (3.14) sufficiently small, we can obtain energy estimate
for (u;,v;) similar to (2.10):

L2 T 2
s, )13 < Cor (Jy Tutatiaallods ) (3.16)

11



Since the constant Cp in (3.16) is uniform for T < 1, we can choose

Ty < 1 so that
2

To
Cr (/ HuauaxHods) < K. (3.17)
0

Here, Ty depends only upon L'(0,T) norm of ||u,ta|lo which in turn
depends on ||ug||o+ ||vollo by (3.10). This concludes the proof of (3.13).

e Prove (3.14)
For T}, chosen above and VI' < T, let (@;,7;) = (@ — @j_1,0; — 0j_1).
Then from (3.12), (@;, 0;) satisfies

&jt -+ A&]x + aﬂjm + ’yAQ&j — El’ﬁjx
FUUjg + Uggly = Uj_2U(j—1)p — Uj—1Ujz,

ﬁjt + alﬁjm - FA@] - Egﬂjr = O, (318>
w;(z,y,0) =0, 7;(x,y,0)=0.
Because
Uj—2U(j—1)z — Uj1Ujz = —Uj1Ujz — UGj—1)aUj—1,
similar to (3.15), we have
(Uj 10, 45) < |13
(3.19)
(U(j-1)attj—1, ) < K(l[a-1 1§ + [|@;113)-
Then as in (3.16), we obtain
- N2 T -~ T . . 2
NG < Cr (I Voo + 5 No-utlods)

T~ T\~
< Cr (i Jy Nisli3ds + r Ji s s )
Notice C7p is uniform for 7' < Tp, we can choose Ty < 1 (by (3.13))

so that k < 1 such that Crx < %. For such chosen T7, (3.14) follows
readily from (3.20).

This concludes the proof of Theorem 3.3.

12



Theorem 3.4 [Global existence of Pr solution] Let (ug,vo) € L*(R?) x
L*(R?). Then VT > 0, (1.1)(1.2) has a unique solution (u,v) € Pr satisfying

Oi?fT(”“(t)”g +lv(®)I6) +/O (lu(s)Il3 + [lv(s)[17)ds

< Cr([[uoll§ + llvoll3)-

(3.21)

Proof: Let A be the subset of all T' > 0 such that in [0,7] (1.1)(1.2) has a
unique solution in P,. Theorem 3.3 guarantees that A # (). Since VT € A,
(w(T),v(T)) € L*(R?), Theorem 3.3 also implies that the set A must be
open. Let {T}} be a monotone increasing sequence in A such that T}, — 7.
By Theorem 3.1, (u(T%),v(T})) € L*(R?), then there must be a solution in
[0, T 4 €] by Theorem 3.3. Hence A must be open. Consequently A = [0, c0)
and this concludes the proof of Theorem 3.4.

4  Global Smooth Solutions

Let (u,v) € Pr be the global solution obtained in Theorem 3.4. Define
fi = —uu, then f; € L'([0,T]; H'(R?)) and

T T
/0 it < / lulZdt < Cr(llusl2 + llool12). (4.1)

Consider the following linear initial value problem:

Uy + Auz + QUgy + ’)/A2U — €Uy = f17
vy + a1v, — DAv — equ, = 0, (4.2)
u(a:,y,()) = uo(xay>7 v(xayv O) = UO(%y)'

Then we have the following improved version of Theorem 2.3.

Theorem 4.1 If (ug,vy) € H*(R?*) x H'(R?) and f; € L'([0,T]; H'(R?)),
then (4.2) has a unique solution (u,v) € II.

Proof: Taking L? inner product over R? of the equations in (4.2) with
(Au, Av) and noticing (Au,, Au) = 0, we obtain readily the following

O([[Vull® + [Vol?) + 7]V Aul? + T Vol

4.3
< C(llull3 + [0l + [(V 1, Vu)). )

13



Integrating (4.3) from 0 to 7" and noticing (u,v) € Pr and satisfies (3.21),
we have

supgeyer([u(®)|} + [0@)13) + Jy (lu(s)lIE + llo(s)]3)ds (4.4)
< Clfuoll? + lfvoll? + i [(Vf1, Vu)lds).

Since

Jy [V f.Vu)lds < [V fullol|Vu(s)]|ods
< supgerer [u(s)|l f) | ullnds (4.5)
< Ssupgeyer [u(8) ]2 + Cs(f) | ol 1ds)>.
By (4.1), (fOT | f1]l1ds) is bounded by |[Jug||2 + ||vo]|2. Combining (4.4) and
(4.5), we obtain
supoee<r ([u(®) |2 + [[o@)2) + [ ([u(s)]Z + [[o(s)]3)ds
< Cr(JJuoll? + loll + (fy 1 f1]l1ds)?).

(4.6) implies that for (ug,vy) € H'(R?), the solution (u,v) in Theorem 3.4 is
actually in the space

(4.6)

u € C([()»T]; Hl) ﬂLz([O’T];H3)>

(4.7)
ve C([0,T]; HY)Y N L*([0,T]; H?).

A further consequence of (4.7) is that f; = uu, € L*((0,T) x R?).
Taking L? inner product over R? of the first equation in (4.2) with A%u,
we further obtain

T
Ol Aull® + v A%ul® < C(llull5 + [0llF + fy I1F2l5d2)- (4.8)

Combining (4.6) and (4.8), we obtain that the solution (u,v) in Theorem 3.4
is in II%.. This completes the proof of Theorem 4.1.
For any integer k > 0, we have the following

Theorem 4.2 Assume that in (1.1)(1.2), (ug,v0) € H*?(R?) x H*1(R?),
then global solution (u,v) in Theorem 3.4 is actually € IT%..

Proof: Theorem 4.2 can be proved by induction. If the solution (u,v) €
571 then u € C((0,T); H**')NL2((0,T); H**3) and V*(uu,) € L*((0,T) x
R?). Therefore we can apply V* to (1.1)(1.2) and use the result obtained in
Theorem 4.1 to (V*u, V*v). And Theorem 4.2 follows readily.
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Remark 4.1 Since integer k£ in Theorem 4.2 is arbitrary, Theorem 4.2 also
implies that for smooth initial data (ug,vp), the unique global solution (u,v)
is also smooth.

The global smooth solution in Theorem 4.2 is obtained under the as-
sumption that the initial data (ug,v) is sufficiently smooth. Actually we
can drop such conditions on (ug,vg) and still obtain the smoothness of the
solution (u,v) in ¢ > 0.

Theorem 4.3 In the problem (1.1)(1.2), assume (ug, vy) € L*(R?) x L*(R?),
then the unique solution (u,v) € Pr obtained in Theorem 3.4 is actually in

C>((0,T) x R?).
Proof: Let ¢.(t) € C*[0,00) such that

0, 0<t<g
¢.(t) = ¢ monnotone increasing, € <t < 2¢; (4.9)
1, 2¢ < t.
Let
(Ue, ve) = (ue(t), vpe(t)). (4.10)

Since (u,v) and (ue,v.) are identical in ¢ > 2¢, and € is arbitrary, we need
only to show that (uc,v.) € C=((0,T) x R?).
(ue, ve) satisfies the following linear initial value problem:

Uet + Auez + QUezr + 7A2ue — €1Vex = f7
Vet + 1V — D'Av, — €auUe, = g, (4.11)
ue(z,y,0) =0, v(z,y,0)=0.

Here in (4.11),
[ =—¢au — deuu, € L*((0,T), H'(R?))
g=—¢qv € L*((0,T), H'(R?)).

Similar to the proof of Theorem 2.1 and Theorem 4.1, we can derive the
estimate for the solution of (4.11) (u,v.) € II%. This would imply that
(f,9) € L*((0,T), H'(R?)). Applying the result of Theorem 2.1 again, we
have (uc,v.) € I} and hence (f,g) € L*((0,T), H*(R?)) and so on. Con-
sequently we obtain that Vk, (u.,v.) € I%. This implies that (u.,v.) €
L2((0,T); C*(R?)). From the fact that (u.,v.) satisfies the differential equa-
tion (4.11), we obtain the smoothness of (u,v.) in the t¢-direction, hence
(ue,ve) € C((0,T) x R*). This concludes the proof of Theorem 4.3.

(4.12)
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