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Abstract
An attached oblique shock wave is generated when a sharp solid projectile flies
supersonically in the air. We study the linear stability of oblique shock waves in
steady supersonic flow under three dimensional perturbation in the incoming flow.
Euler system of equations for isentropic gas model is used. The linear stability is
established for shock front with supersonic downstream flow, in addition to the usual
entropy condition.

1 Introduction

The mathematical model for non-viscous flow in gas-dynamics is the quasi-linear hyperbolic
system of Euler equations:

3
O+ 0x,(pv;) =0,
j=1
3

O(pv;) + Z Ou, (pvivj + dyp) =0, i=1,2,3 (1.1)

ng
8t(pE) + Z@z] (,OU]'E +p’Uj) =0.

j=1

In (1.1), (p,v) are the density and the velocity of the gas particles, E = e + 1|v|? is the
total energy, and the pressure p = p(p, E) is a given convex function with sound speed
a > 0 defined, as usual, by
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Shock waves are piece-wise smooth solutions for (1.1) which have a jump discontinuity
along a hyper-surface ¢(t, z) = 0. On this hyper-surface, the solutions for (1.1) must satisfy
the following Rankine-Hugoniot conditions, see [6,16]
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Here [f] denotes the jump difference of f across the hyper-surface (shock front discontinu-
ity) ¢(t,z) = 0. In this paper, we will also use subscript “,” to denote the status on the
upstream side (or, ahead) of the shock front and subscript “_” to denote the status on the
downstream side (or, behind).

It is well-known that the Rankine-Hugoniot condition (1.2) admits many non-physical
solutions to (1.1). Extra conditions are needed to guarantee the solution to be physical.
One of these conditions is the stability condition, which argues that for observable physical
phenomena, the solution to mathematical model should be stable under small perturbation.
In the case of one space dimension, this condition is provided by the famous Lax’ shock
inequality, or entropy condition [9,16]. There are many equivalent forms for Lax’ shock
inequality. One of them states that a shock wave is stable if and only if the flow in front
of the shock front is supersonic and subsonic behind the shock front, see [16]. Here, the
supersonic or subsonic refers to the normal velocity of the flow relative to the shock front.

In the case of high space dimension, it is shown that Lax’ shock inequality also implies
the linear stability of the shock front under multi-dimensional perturbation for isentropic
gas, and extra conditions are needed for general non-isentropic flow, see [10,15].

Shock waves are produced as solid object flying supersonically in the air. If the flying
object is a long wing with sharp wedge front, a steady oblique shock wave will be generated.
If the flying object is a conical projectile with sharp vertex, a conical shock wave will be
produced [7]. The oblique shock wave produced by a three-dimensional wing was studied
in [1,13]. And conical shock waves were studied in [2],[4] and [5] for irrotational isentropic
flow. Paper [3] also studied the symmetrically curved conical shock in the framework of
Euler system.

As multi-dimensional shock waves, all these shock waves should satisfy the Lax’ shock
inequality mentioned above. However, the stability guaranteed by Lax’ shock inequality
is the stability with respect to the time variable. In the case of steady oblique or conical
shock waves, the issue is not the stability in time (indeed, time variable is eliminated for
steady flow) but the stability of shock waves with respect to the small perturbation in the
incoming supersonic flow or the solid surface. It is therefore different from the stability
studied in [10] with respect to time. And it is by no means obvious that Lax’ shock



inequality will also guarantee such stability. The result of this paper provides the rigorous
justification of the previous discussion in such shock waves.

Assume the air before the shock front to be steady. The study of steady oblique shock
wave consists of determining the location of the shock front and the gas status behind the
shock front. From Lax’ shock inequality, the normal component of flow velocity relative
to the shock front behind the steady shock front is subsonic. But the velocity magnitude
could actually be supersonic and this makes the governing system of partial differential
equations to be hyperbolic, with the gas flow direction as the “time” direction. In this
paper, we will show that this condition on the supersonic-ness, together with Lax’ shock
inequality, will guarantee the linear stability for oblique shock waves, see Theorem 1.1.

The linear stability of oblique shock waves studied in this paper is the stability with
respect to small perturbation in the incoming supersonic flow and in the solid surface. The
main work is to study a boundary value problem for hyperbolic system coupled with an
unknown function defined on the boundary. We examine the uniform Kreiss condition for
such coupled boundary value problem to determine the well-posedness of its linearization,
and hence to derive the stability condition for the oblique shock front.

The uniform Kreiss condition is also called uniform Lopatinski condition in the study of
L? well-posedness of linear initial-boundary value problem for hyperbolic systems. In [§],
it was proved to be the necessary and sufficient condition for strictly hyperbolic systems.
Later on, it was shown that the result also holds for symmetric hyperbolic systems with
certain block structure so that a symmetrizer can be constructed. In particular, such block
structure exists for linearized Euler system of gas dynamics, see [10, 15]. Indeed, Metivier
proved the general result in [11] that all symmetric hyperbolic systems with eigenvalues of
constant multiplicity has such block structure, including the linearized Euler system of gas
dynamics as a special example. In this paper, we will apply the “uniform Kreiss condition”
to the linearized Euler system in this sense.

We will limit ourselves in this paper to the simplified isentropic case. Even though
actual entropy of the gas will increase across shock front, the model is justified for weak
shock waves for the change of entropy across the shock wave is of the third order of shock
strength. Based upon the result obtained in this paper, the well-posedness of nonlinear
conical shock wave problem is discussed in [6]. And general non-isentropic case will be
studied in later papers.

The main result of this paper is the following theorem.

Theorem 1.1 For three-dimensional isentropic flow, a steady oblique shock wave is lin-
early stable with respect to the three dimensional perturbation in the incoming supersonic
flow and in the sharp solid surface if

1. The usual entropy condition is satisfied across the shock front. For example, if shock
18 compressive, i.e., the density increases across the shock front:

p— > Py (1.3)
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Or equivalently, Lax’ shock inequality is satisfied.

In (1.8), subscripts py and p_ denote the status of upstream and downstream of the
shock front, respectively.

2. The flow is supersonic behind the shock front
v| > a. (1.4)

3. The shock strength Z—; — 1 satisfies

2
(“”) (p‘ - 1) <1 (1.5)
V] P+
Here v, denotes the normal component of the downstream flow velocity v.

The above conditions are also necessary for the linear stability of a plane oblique shock
front.

Remark 1.1 The necessity part of the theorem follows from the fact that the uniform
Kreiss condition is the necessary and sufficient condition for the well-posedness of the
wnitial-boundary value problem for hyperbolic systems under consideration.

Remark 1.2 [t is interesting to compare condition (1.5) with the following conditions in
[10] (see (1.17) in [10]):

M? ”‘—1><1, M < 1. (1.6)
P+

(1.5) and (1.6) have very similar forms. The only difference is that the Mach number M

in the first relation of (1.6) is replaced here by v, /|v|. Since the second relation in (1.6)

requires that Mach number M < 1, and v| > a from (1.4), we have

Hence condition (1.5) appears weaker than conditions (1.6) in [10].

However we emphasize that, despite apparent similarity, (1.5) and (1.6) deal with two
different types of stability. (1.5) is about the stability with respect to the perturbation of
incoming flow and solid surface, while (1.6) is with respect to the perturbation of initial
data.

The paper is arranged as follows. For completeness, section 2 reviews the uniform Kreiss
condition and derives the equivalent forms. Section 3 gives the formulation of linear sta-
bility of oblique shock front. The examination of Kreiss condition for linear stability is
performed in detail in Section 4.



2 Kreiss condition for hyperbolic boundary value problems

In this section, we revisit the uniform Kreiss condition for hyperbolic boundary value
problems. A generalization of such conditions can be found in [12]. For completeness,
we give here a slightly generalized equivalent form which can be applied conveniently in
section 3. For more details, also see [8,12,15].

Consider the boundary value problem of an m x m hyperbolic system:

Ou + ZAj(t,x)&cju + C(t,x)u = f(t,x), in xq > 0;

j=1 (2.1)
P(t,2"Yu = g(t,z") on z; =0.
In (2.1), z = (x1,2"), u(t, x) is an m-dimensional vector function, A;(t,z) (j =1,---,n) are

all m x m matrices, sufficiently smooth in (¢,z) , and P(t,2’) is a k x m matrix, sufﬁ(nently
smooth in (¢, z).

We assume that the system (2.1) is either strictly hyperbolic or symmetric hyperbolic.
In the case of strictly hyperbolicity, the eigenvalues A of the equation

det(M — 3" &;4;) =

are distinct and real. In the case of symmetric hyperbolic system, the matrices A; are all
symmetric and the eigenvalues of ) {;A; have constant multiplicity for all { € R" as in
[11].

Also we assume that the boundary x; = 0 is non-characteristic with respect to the
system (2.1), i.e., the matrix A; is nonsingular at x; = 0 and A; has k positive eigenvalues
and (m — k) negative eigenvalues.

Introduce the following norms in R' x R and R" x R"*:

lall, = (/ /R/ 20t 21, x)|dx1dxdt>1, (2.2)

lul,, = (/R/ 2 u(t,0,2') 2da’ dt) . (2.3)

The boundary value problem (2.1) is said to be well-posed if there are positive constants
1o and Cy such that

1
mw%mﬁg%QWMHﬁ> (2.4

for all solutions u € Cg°(R' x R™) of (2.1) and for all 5 > 1.
At a fixed point on the boundary x; = 0, considers the matrix

M(s,iw) = —A;! (sl +i§:ijj) : (2.5)

=2
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with s =7 +i7 and w € R" 1.

It can be shown that for any n > 0, matrix M(s,iw) has k eigenvalues with negative
real parts, and m — k eigenvalues with positive real parts, counting multiplicity. For the
matrix M (s, iw) at any fixed point (¢, 0, z’), the bounded solution for the system of ordinary
differential equations

pr M(s,w)u (2.6)
is a linear combination of £ linearly independent solutions u; (j =1,...,k):
k
u=> oju;. (2.7)
j=1

Substituting (2.7) into the boundary condition in (2.1), we obtain

k
PU:ZPUJ'O'J'EPO'. (28)
j=1
Here p(t, 7, s,w) is a k X k matrix and the vector o = (01,...,0%)". Then the uniform

Kreiss condition can be stated as follows, see [8,15].

Theorem 2.1 (Uniform Kreiss Condition).

The boundary value problem (2.1) is well-posed in the sense of (2.4) if at every point
(t,2") on the boundary x; = 0, the matriz p(t,x’, s,w) 1is uniformly nonsingular, i.e., there
is @ number 0 > 0 such that

|det P| >0 (2.9)

uniformly for all |s|* + |w|?> = 1 with s = n + i1 and n > 0.

Indeed, it can be shown [8] that the determinant in (2.9) is continuous in 7 up to n = 0.
Therefore the condition (2.9) can also be re-stated in an equivalent form which is more
convenient in application.

Theorem 2.2 (Equivalent form of Theorem 2.1).
The boundary value problem (2.1) is well-posed in the sense of (2.4) if at every point
on the boundary x1 = 0, the equation

|det P| =0 (2.10)

has no solution (s,w) on |s|*> + |w|?> = 1 with real part of s: Rs =n > 0 or with s = it
being admissible. Here, s = iT is called admissible if for any positive sequence {n,}, we
have

nliglo | det P(n, + iT,w)| = 0. (2.11)



For a constant matrix M (s,w) obtained by freezing the variables (z,t) and (s,w) with
n >0, let A\; be an eigenvalue with negative real part of multiplicity ¢. The corresponding
¢ linearly independent solutions of (2.6) are,

eNTEG, N (1€ + ), MM (;I%fj +xim + 772) e
Where §; is an eigenvector of A;:
(A=X1)§ =0
and 7, are generalized eigenvectors:
(A= NI, =0

From this structure of the linearly independent solutions, the uniform Kreiss conditions
(2.9) or (2.10) can be re-stated as the following equivalent theorem.

Theorem 2.3 Let §; (j = 1,2,---,k) be k eigenvectors or generalized eigenvectors cor-
responding to eigenvalues with negative real parts of matriz M(s,w). Let U be the m X k
matriz with & as column vectors. The boundary value problem (2.1) is well-posed if at
every point of the boundary 1 = 0, the k X k matriz PU(s,w) is nonsingular, i.e.,

| det(PU)(s,w)| > 01 >0 (2.12)
for all |s|* + |w[* =1 and n > 0.
Or equivalently, the equation

Theorem 2.4 The boundary value problem (2.1) is well-posed if at every point of the
boundary x; = 0, the equation

| det(PU)(s,w)| =0 (2.13)

has not solution (s,w) on |s|* + |w|*> = 1 with either n > 0 or s = it admissible.

For later application in sections 3 and 4, we state Kreiss condition for a slightly more
general form of hyperbolic system. Consider the boundary value problem of general sym-
metric hyperbolic system

Ao(t, 2)0u+ > Aj(t, 2)0y,u+ C(t,x)u = f(t,x), in ;> 0;
j=1
P(t,z")u=g(t,z') on x; =0,

(2.14)



where matrices Ay, A; are all symmetrical and Ay is positively definite. We can rewrite it
into the standard form (2.1) by a linear transformation of u = Sv such that STA4,S = I.
The matrix S is invertible and can be written as S = 5155 with S; being an orthogonal
matrix and Sy is a positively definite diagonal matrix. The problem (2.14) can then be
rewritten in v as

8151) -+ Z STAJ-SQ%U -+ 011} = STf, in x; > 0,

=1 (2.15)
PSv =g on x; =0.
The corresponding matrix M (s,w) for (2.15) is
M (s, iw) = —(STA;8)~! (s] + iij(STAjS))
j=2
n (2.16)
=61 —A1_1<8A0 + iZWjAj) S

j=2

= S Mo(s,iw)S.

It is readily checked that matrices M (s,iw) and My(s,iw) have the same eigenvalues
and ¢ is an eigenvector (or generalized eigenvector) for M if and only if n = S¢ is an
eigenvector (or generalized eigenvector) for M.

Let V' be the m x k matrix with column vectors consisting of linearly independent
eigenvectors and generalized eigenvectors for matrix M (s, iw) corresponding to eigenvalues
with negative real parts (as 7 > 0). The uniform Kreiss condition for the boundary value
problem (2.15) is

| det(PSV)(s,w)| > 01 >0, V(s,w) on [sP+|w?=1, >0 (2.17)
which is obviously equivalent to
| det(PU)(s,w)| > 6, >0, V(s,w) on [s|*+|w]*=1, >0, (2.18)

where U = SV is an m X k matrix. The column vectors of matrix U = SV are linearly
independent eigenvectors and generalized eigenvectors for matrix M(s,iw) corresponding
to eigenvalues with negative real parts (as n > 0). Similarly, condition (2.18) can be
replaced by equivalent statement that the equation

| det(PU)(s,w)| =0 (2.19)

has no solution on |s|? 4 |w|? = 1 with either n > 0 or s = i7 admissible.

We conclude that the uniform Kreiss condition for general symmetric hyperbolic system
(2.14) can be checked directly using matrix My(s, iw) in (2.16) without transforming (2.14)
into the standard form (2.15).



3 Linear stability of oblique shock waves

For simplicity, we choose the coordinate system (1, x9, x3) such that the solid wing surface
is the plane 3 = 0. In addition, we choose, as shown in the following figure,

X
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e The downstream flow behind the oblique shock front is in the positive x; direction;
e The angle between the solid wing surface and oblique shock front is 9;

e The angle between the incoming supersonic flow and the solid wing surface is 6.

We assume the incoming supersonic flow to be a small perturbation of the steady
one and the downstream flow after shock front is close to the direction of positive x-
axis. Since the stability analysis is micro-local, the steady incoming flow needs not to be
uniform. The solid surface of long wing is given by x5 = b(x1, x2) with b(z1,x) ~ 0. The
oblique shock front is described by x5 = s(xy, x2) such that s,, ~ A =tand > 0. Obviously
we have b(z1,22) < s(x1,x2) for all (z1,25). Without loss of generality, we assume that
b(0,0) = b,,(0,0) = 0 and s(0,0) = s,,(0,0) = 0.

For steady isentropic flow in the region b(zy,x2) < x3 < s(xy,x3) the Euler system

(1.1) becomes
3

Z (pvj)
g (3.1)
Z i pvlv] + 5z]p) /L - 1, 27 3



On the shock front z3 = s(z1, x2), we have the Rankine-Hugoniot condition

pU1 PU2 pU3
2
pvy +p pU1V2 pUIV3
Sz + s, — = 0. 3.2
H ooy > | pv3 +p pU23 (32
pU1U3 pUV3 pvi+p

On the solid surface x3 = b(x1,z2) of the wing, the flow should be tangential to the
surface and we have the boundary condition
o
81‘2

To study the steady oblique shock front z3 = s(z1, x2), we need to consider the system
(3.1) with the boundary condition (3.2).

Using the first equation for conservation of mass in (3.1) to simplify the rest, we can
rewrite the equations (3.1) as follows

O, (pv1) 4 Oy (pV2) 4 Oy (pu3) = 0,

1
;&np + 0105, V1 + V204,01 + V305,01 = 0,

— V3 = 0. (33)

1 (3.4)
;axzp + Ula:mUQ + 'U28m21}2 + U3a;r3v2 = 07

1
;&mp —+ vlé’xlvg -+ Ugamvg -+ U38$3U3 =0.

The study of multi-dimensional linear stability of the steady oblique shock front is to
examine the well-posedness of the linearized problem consisting of system (3.4) under the
boundary conditions (3.2).

System (3.4) can be written as a symmetric system for the unknown vector function
U= (p,v1,v2,v3)T in b(xy1,12) < w3 < 8(x1,72):

A0, U + A20,,U + A30,,U =0 (3.5)
where
a’p~tvy a®> 0 0 a’p~tuy, 0 a? 0
a? pvi 0 0 0 pvs 0 0
A= 0 0 pv; 0 |’ Ay = a? 0 pva O
0 0 0 puy 0 0 0  pvo
(3.6)
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Under the assumption that downstream flow is supersonic, we have v? > a? and it
is readily checked that matrix A; is positively definite. Therefore (3.5) is a hyperbolic
symmetric system with z; being the time-like direction.

To study the three dimensional stability of the oblique steady shock front x3 = s(z1, x2),
we perform the following coordinates transform to fix the shock front

Ty =1y, xh =19, xh = 13— 8(11,22). (3.7)

In the new coordinates (2, %, 24), the shock front is % = 0 and the shock front position
xg = $(x1,x2) becomes a new unknown function coupled with U. To simplify the notation,
we will denote the new coordinates in the following again as (1, 2, x3). The system (3.5)
in the new coordinates becomes

A10,,U + A0y, U 4+ A30,,U =0 (3.8)

where As = Ay — 5,, A1 — 54, A5. The Rankine-Hugoniot boundary condition (3.2) is now
defined on z3 = 0 and takes the same form:

PU1 PL2 pU3

2
pPU1V2 pvy +p pU2V3
pU1U3 pU2Us pv3 +p

The system (3.8) with boundary condition (3.9) is a coupled boundary value problem
for unknown variables (U, s) with U defined in 23 < 0 and s being a function of (xq,x2)
only. The study of the linear stability of steady oblique shock front is to study the well-
posedness of the linearized problem of (3.8)(3.9). Since Kreiss condition is micro-local,
we need only to study the linear stability of (3.8-3.9) at the uniform oblique shock front
(U 0 80)2

U() = (p, Ul,0,0), So = )\.%'1. (310)

where A = tand with § being the angle between solid surface and oblique shock front.
Under the assumptions in Theorem 1.1, we have behind the shock front

vy >a, v, =v18ind <a (3.11)

where v,, is the flow velocity component normal to the shock front.

Let (V,0) be the small perturbation of (U, s) with V' = (p, vy, 09,03). Consider the
linearization of (3.8-3.9) at (U, s) = (U, so)-

The linearization of (3.8) is the following linear system

Aloale + Agoaxzv -+ A308x3V + C’la:pl -+ CQO'Q;Q + C’3V = f (312)

11



Here A;g = A; and

0 0 a*> 0 —a?p Ay —Ma? 0 a?

100 0 0 B —\a? —pAv; 0 0
Ao =1 2 g o o | A= 0 0 —pvy O (3.13)

000 0 a2 0 0 —pu

For v? > a?, matrix Ay is positively definite as in (3.5). Direct computation shows that
Asg has a negative double eigenvalue —pAv; and the other two eigenvalues satisfying the
quadratic equation

y? + i (p+a*p )y — a(a® + a® N — \*7) = 0. (3.14)

Lax’ shock inequality implies that the normal velocity behind the shock front is subsonic,
hence a® — v? > 0. The quantity (a® + a?A\* — M%) in (3.14) will be used often later and
will be denoted as

d? = (a® 4+ a® * — X\?) = (1 + M) (a® —v2) > 0. (3.15)

Therefore (3.14) has one positive root and one negative root, and matrix Asy has three
negative eigenvalues and one positive eigenvalue.

Denote U, the state ahead of shock front and U_ = Uy the state behind shock front,
ie.

U+ - (U1+70;U3+>P+)7 U- = <U1—7070710—> = (U170707p)‘

The linearization of boundary condition (3.9) has the form
a10,,0 + ax0,,0 + BV = g. (3.16)

Here a; and a, are vectors in R*:

pUL — P ULy 0
2 _ 2 _
a, = | PV TP Pt Py Cay = 0 ’ (3.17)
0 P- —DP+
P+ U1+ U3+ 0
and B is a 4 x 4 matrix:
Avp Ap 0 —p
| Awi+a®) 20y 0 —pvy
B = 0 0 Aovr 0 (3.18)
—a? 0 0 Apw

12



Similarly as in section 2, denote

||u||7] = </ / / 277$1|U | dl’g d[L'Q dl‘1>2 s
%
uly = ([ [ e ey, 0)dy day )

|u|1,n=< S [ aemonoi (xl,x2,0)|2dx2dx1)

to+t1+t2<1

2

The boundary value problem (3.12)(3.16) is said to be well-posed and the steady oblique
shock front is linearly stable if there is an 7y > 0 and a constant Cj such that

VI +VE + 1ok, < Co (1171 +168) (319
for all solutions (V, o) € C°(R! x R?) x C°(R?) of (2.1) and for all n > 1.
Denote
a(s,iw) = sa; + iwayg (3.20)
From (3.17),
a(s,iw) #0 on [s]* + |w]* = 1. (3.21)

Let II be the projector in C* in the direction of vector a(s,iw), then
p(s,iw) = (I —II)B (3.22)

is a 4 x 4 matrix of rank 3, with elements being symbols in S°, i.e., functions of zero-degree
homogeneous in (s, iw), see [17]. The study of linear stability of oblique shock front under
perturbation is reduced to the investigation of Kreiss condition for the following boundary
value problem

A10,,V + A0,V + Agg0n,V = f1 in a3 < 0,
{ 1 20 30 fl 3 (323)

PV =g, on z3=0.

Here P is the zero-order pseudo-differential operator with symbol p(s,iw) in (3.22).
The main result of the paper is the following theorem about the well-posedness of
(3.23).

Theorem 3.1 The linear boundary value problem (8.23), describing the linear stability of
steady oblique plane shock front, is well-posed in the sense of Kreiss if

1. p_ > py, t.e., the shock is compressive. This is the usual entropy condition.

13



2. The downstream flow is supersonic, i.e., v1 > a_. This guarantees the hyperbolicity
of system in (3.23).

3. The following condition on the strength of shock front p/p. — 1 is satisfied

1
;Z_KHA?' (3.24)

The above conditions are also necessary for the problem (3.23) with constant coefficients.

Remark 3.1 The condition (3.24) can also be written in a different form. Since A = tand,
(8.24) is equivalent to

sin? & (” - 1) <1 (3.25)
P+

From (3.11), (3.25) can further be written as

2
(”") (p - 1> <1 (3.26)
v P+
This is the condition (1.5) in Theorem 1.1.

About the condition (3.24) in Theorem 3.1 on the well-posedness of problem (3.23), we
have the following

Theorem 3.2 For polytropic gas p = ApY with v > 1, (3.24) is always satisfied for oblique
shock front satisfying the first two conditions in Theorem 1.1, i.e., p— > py and vy > a_.

Proof: To show this, let ¢, and ¢q_ = v; denote respectively the magnitude of upstream
and downstream flow velocity and denote r = p/p,. We write down the conservation of
mass and momentum in the normal direction to the shock front to obtain

p—q_sind = pyqy sinb,
{ p—+p_gisin®d = py + pig> sin® 6. (3:27)
Eliminating ¢, sin 6 from (3.27), we obtain
p_ —py = (r—1)p_q* sin?é. (3.28)
From A\ = tand, the condition (3.24) is equivalent to
p-—ps <p-q’. (3.29)

14



For polytropic gas p = Ap7, (3.29) becomes

[1 - i (Zfﬂ < M2 (3.30)

(3.30) is always satisfied for supersonic downstream flow of shock front (M_ > 1), under
entropy condition p_ > p; (and hence a, /a_ < 1).

Indeed, it is easy to see that the conclusion in Theorem 3.2 remains to be valid for
more general gas, as long as (3.29) is true.

By Theorem 3.2, condition (3.24) actually imposes no extra restriction for the linear
stability of oblique shock, as long as the usual entropy condition and the downstream
supersonic flow condition are satisfied. Therefore, the main theorem 1.1 follows directly
from Theorem 3.1. The rest of the paper is devoted to the proof of Theorem 3.1.

4 Proof of Theorem 3.1

By the discussion in section 2, we construct the matrix M(s,iw) as follows

M (s,iw) = —Agy (sA; + iwAyy). (4.1)
We have
sa’p~ vy sa? iwa® 0
. sa? spvy 0 0
syt iwdz = iwa® 0 spv; O
0 0 0 spu
and
—(pAvy)? A2 pvia? 0 —pAvia?
A=l pAvr | ANpvia®  —a?(\? —a?) 0 Aa
0D 0 0 a’d? 0 ’
—pAvia? Aa* 0 a*X*(a® —v})

where |D| = —(pAvia)?d? < 0 is the determinant of Aszg.
Obviously, we need only to consider the eigenvalue and eigenvectors of matrix N (s, iw):
D]

N(s,iw) = —
(s,iw) A

M (s,iw)

which has the following expression by straightforward computation:

sNpvi(a® —v?) 0 —iw(plv)?  —sA(pvy)?
. sa* spuid®  iwA’pvia® spAvia®
N(siw) = iwa’d? 0 spuyd? 0 (4.2)
sha*(a?® — v}) 0 —iwpAvia®  sA*pvi(a® — v)
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Beside one obvious eigenvalue &; = spv;d?, other eigenvalues are roots of

s\2pvi(a® —v?) — & —iw(pivy)? —s\(pvy)?
det iwa?d? spvd® — € 0 = 0.
sha®(a® — v}) —iwpvia®  sA*pvi(a® —vi) — ¢

It is easy to see that four eigenvalues for N(s,iw) are

{ Si=&§= SPU1d27

4.3
&34 = s ?pvi(a® —vi) + p)\vla\/SQ(v% —a?) + w3d?. (43)

Since d* = a? + \?a® — A\*v? > 0 by (3.15), we have
(pAvia)?(vf — a®) > (Mpvr)* (v — a®)”.

For n = s > 0, one of the eigenvalues {34 has positive real part and one has negative
real part in (4.3). Consequently for N(s,iw), there are three eigenvalues with positive real
parts and one with negative real part when n > 0. This follows either directly from the
general theorem in [8], or can be specifically derived from Lemma 5.1 in the Appendix.
For the eigenvalues &1, &5, &3 which have positive real parts when n > 0, we compute
the corresponding eigenvectors or generalized eigenvectors for N(s,iw).
The eigenvectors corresponding to the double eigenvalue & = &, satisfy the system

—spvia® 0 —iw(pvy)? —sA(pvy)? Uy
sat 0 iwApvia®  splvia® Us
iwad? 0 0 0 us | 0. (4.4)
sha?(a®> —v?) 0 —iwplvia®  —spvia® Uy
(4.4) has two linearly independent solutions a; and as:
ay = (0,1,0,0)7,
1= ) (4.5)
as = (0,0, s, —iwA)T.

The eigenvector ag corresponding to the eigenvalue &3 satisfies the system

—pAviap 0 —iw(pAvy)?  —sA(pv1)? Uy
sa* spvia® — pAviap iwA2pvia® spAvia® Us
a2 g2 2 =0. (4.6)
wa“d 0 spuvia” — pAviap 0 Us
sha®(a® — v}) 0 —iwpAvia? —pAviap Uy
where
U= \/52(11% — a?) + w3d?. (4.7)
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Therefore the eigenvector ag is
as = (pv1(A\p — sa), (sa — A\p)a?, iwad?, a[pa — sA(vi — a®)))*. (4.8)

It is obvious that three eigenvectors aq, as and ag are linearly independent at sa # Ap.

When sa = A\, we have s = \2w?, and we have actually triple eigenvalue & = & = &3.
as is now parallel to the vector (0,0, —iw\, —s)T which is parallel to oy at sa = Ay At
this point, we will need to find a generalized eigenvector s, in addition to the eigenvectors
a1, as to examine Kreiss condition.

The two cases sa # A\u and sa = A\p will be discussed one by one in the following.

4.1 Case I: sa # \u

In the case sa # A, we need to consider the four vectors ({1, (s, (3) = (Bay, Bas, Bas)
and (4 = sa; + iway, where B and a; are defined in (3.17) and (3.18).

e Vector (; = (A\p, 2\pv1, 0,0)T is parallel to, and hence can be replaced by

(1 = (1,201,0,0)" (4.9)

o Vector (o = (iwAp, iwpvy, sApvr, —iwA2pvy)T is parallel to, and hence can be re-
placed by

¢ = (iw, iwvy, svy, —iwvy)T. (4.10)

o Vector (3 = (—pud?, —pvypd?, iwpviad?, spviad?)? is parallel to, and hence can be

replaced by

G5 = (=, —v1p, iwdvya, svra), (4.11)

e Vector (4 is computed to be
o= (s(pvr — pyory), s(pvi +p — /)+U%+ —p+),iw(p — p+), _SP+U1+U3+>T- (4.12)

(4 can be simplified from the Rankine-Hugoniot relations satisfied by the states U,
and U_:
Apv1 — pyvi4) + prvgy = 0,
Apvi +p — psviy — py) + prorpvzy =0, (4.13)
Apyviyvsy + (p— prv3, —py) = 0.

Solving p — py from the third equation in (4.13)

p— P+ = —Ap4U1+ U3y + P+U32,+ = p1U34 (Va4 — Aviy)
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and substituting it into the second equation in (4.13), we obtain
Apo} — proty + pross (Vs — Morg)) + prongvsy =0,

which simplifies to
Apv} = py(vig + Mg ) (Avry — vsy). (4.14)
From the first equation in (4.13), we obtain

Apvr = pi(Avig — v34). (4.15)

Combining (4.14) and (4.15) we obtain

U1 = U1+ + )\'U3+.

Therefore, we have

py +Np AMps =)

P+V1+ = Wvl, P+U3+ = 12 U1

Consequently we obtain

P — P+
PUL = P+l = 5 Nz U1

2 2 (p=p)(ps + Ap)
pUT — p+vl+ +p — P+ = ,0+(1 + )\2)2 Uy

4.16
Aot plp = ps) _ plp=p+) o (4.16)

TP P+ P+

Vi vss = Mp = pi)(pr +X°p)
+ V14 Y34 p+(1+)\2)2 1

By (4.16), we obtain that (4 is parallel to
T
Ch= (s(1+ M)pp, s(py + NpJvr,iw(l + NN pvr, sA(py + Npvr) . (4.17)

Kreiss condition states that the oblique steady shock front is linearly stable if four
vectors (1, ¢b, ¢4, ¢} are linearly independent, or the following matrix with these four vectors
as column vectors is uniformly non-degenerate on |s|? + |w|? =1, n > 0:

1 iw — I s(1+ M)p,

201wy - s(py + N2p)uy (4.18)
0 sU1 iwAvia  iw(1 + A2)A\2pvy ’
0 —iwdvy  svia  sA(py + A2p)uy
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Obviously, it is non-degenerate if and only if the following matrix J is non-degenerate:

1w —p s(T4+2)py

2w —p s(py +Np)

0 s dwla iw(l+A)A\%p (4.19)
0 —iwh sa  sA(ps + A?p)

The determinant of J can be computed as

det J = det JH — 2det J21
with
iw  —p s(py +Np) iw  —p s(1+N)py
Jip = s dwda w1+ NN |, Jy = s dwda iw(l+ AN .
—iw\  sa  sA(py + A?p) —iwA  sa  sA(py + A\2p)

Hence we have

L iwha iw(1+ A%)A\%p s dw(l+ AN\
det J = —iw det ( sa sMpe+A2) ) w1 det Ciwh sA(ps + A2p)

s wAa
+[s(py +N?p) = 25(1 4+ A?)py] det ( —io\  sa )

= w?saX*(pi — p) — Mu[s?(py + N?p) — w? (1 + N*)\°p)]
+sa(Np — py — 2X%py ) (8% — w?A?).

Consequently
det J = s3a(N\%p — py — 20%p,) — saw?N2(1 + \2)(p — 2p,) (4.20)
—Au[s*(pr + X?p) — WP (1 + A?)A\%p).
Using the density ratio parameter r:
r=p/py >1, (4.21)
we conclude that det J # 0 if and only if J; # 0 with:
Jp = s3a(Nr — 1 — 2X?) — saw? A3 (1 + \?)(r — 2) (1.22)

—Au[s2(1 4 A?r) — w? (1 + A2 A%,

Kreiss condition at sa # Au requires that (4.20) is uniformly bounded from zero for all
s =n+i7 and real w on |s|> + |w|? = 1 with n > 0. We study (4.20) in the following.
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First consider the case w = 0. We have

Ji = [a(NPr — 1 —2)02) — A\Jo? — a2(1 + \°r)).

By (3.24), we always have

[a(A*r — 1 —2)%) — A\ /v — a2(1 + \*r)] < 0,

and therefore Kreiss condition is satisfied at w = 0.

For the case w # 0, since w appear in J; only in the form of w?, we may assume w > 0.
Let s = yAw, and denote m = v;/a the Mach number behind the shock front. From the
condition 2 in Theorem 1.1, m > 1. Then J; # 0 if and only if J, # 0 with J; = A3w3aJ, :

Jo = YN — 1= 202) — (14 X2)(r — 2)

(4.23)
—[2(1+ Nr) — (1 + )\Z)T]\/yQ)\Q(mQ — 1)+ (14X = A2m?).
For oblique shock wave satisfying entropy condition r > 1 and (3.24), we have
(1+X2)(r—2) (14 \?)
= 1< ——F2 =ws. 4.24
LS =1 S g ™ (424)

Here w; > 0 for r < 2 and w; < 0 for r > 2. The equation J3(y) = 0 can be written as

Ja(y) = y[N(r —2) = 1 (y* — w1)
—(1+ Xr)(y* — 1[}2)\/3/2)\2(m2 — 1)+ (14X =Xm2)=0.

(4.25)

The study of (4.25) is carried out in the following three lemmas.

1. For the positive real roots of (4.25), we have
Lemma 4.1 The equation (4.25) has only one positive real solution y = 1.

The only real solution y = 1 of (4.25) corresponds to the case s = A\w, or equivalently
sa = A when a generalized eigenvector needs to be introduced. We will consider
this case later.

Proof: Consider the following equation J3(Y) = 0 with Y = 3%

(V) =YV {{N(r—2) 1Y — (1+23)(r —2)}"
—[(14+ X2r)Y —r(1+ M)]2[A2Y (m2 — 1) + (1 + A2 — X\2m?)]
=Y [N (r—2) = 12(Y —w;)?
—(1+ X232 (Y —wo)?[YA2(m? — 1) + (1 + A2 — A?m?)] = 0.

(4.26)
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Actually J3(Y') is obtained by taking the difference of two squares of two terms in
Jo(y). Obviously, for every root y of Jo(y), Y = 42 is a root of J3(Y).

Denote wy = max(wi,0). For real y = n > 0, if n? > wq, we have Jo(y) < 0. If
n* < wy in the case w; > 0, we have J;(y) > 0. Consequently, all possible positive
real roots y of Jo(y) = 0 lie within the interval (\/wg, \/w2).

If we can show that J5(Y") = 0 has no root within interval (wg, ws) except for Y = 1,
then y = 1 is the only positive real root of Jy(y) = 0.

Since Js(w;y) < 0 and J3(wq) > 0, we compute J5(Y) in the interval (wg,ws) and
obtain

J3(Y) =[N (r=2) = 1Y —w)(3Y — wi)

4.27
—(1+ M) (Y —wy)[(BY — wo) N2 (m? — 1) + 2(1 + A2 — X\?m?)]. (4.27)
o Ifw; >0 and w; > %wg, we have
J5(Y) >0 in (wy,ws). (4.28)
Therefore, J3(Y) = 0 has only one solution Y = 1 in (wg, ws).
o If wy > 0 but )
wp < ng, (429)

Then J5(Y) > 0 in (3ws, ws). If J5(Y) > 0 is not true in the interval (wy, ws),
let Y7 be the smallest number in (wy, $w,) such that J{(Y) > 0. Then we must
have J{(Y)<0inY, —e<Y < Y.
Since J4(wy) < 0 and J5(Y) is quadratic in Y, we conclude that J5(Y) < 0 in
(w1, Yy). But Js(wy) <0, s0Y =1 is the only solution in (wy, ws).

o If wy < 0, then J3(wy) > 0 and J3(0) < 0. We will show that the equation
J3(Y) = 0 has only solution Y =1 in (0, ws).
Obviously Ji(wy) > 0. Let Y be the smallest number in [0,ws] such that
J(Y) > 0in [Ya,we]. If Yo > 0, J5(Y) in (0,Y3) is monotone increasing of Y.
So

J5(Y)<0in 0<Y <Y

Since J3(0) < 0, so J5(Y) < 0 in [0, Y], and there is no solution Y € [0, ws)]
except Y = 1.

This finishes the proof of Lemma 4.1.

2. For the purely imaginary roots of (4.25), we have
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Lemma 4.2 The equation (4.25) has no admissible purely imaginary root, i.e., there
is no root y = it such that y, = n, + i7 with n, > 0 satisfies J5(y,) — 0.

Proof: Without loss of generality, assume 7 > 0. Let y, = n, +i7 with n, < 1. If
y =47 is a solution for Jo(y) = 0, then we have

—72N%(m? — 1) + (1 + X% — \?*m?) < 0. (4.30)

Since 7, < 1, for the imaginary part of the first term in J5(y,) in (4.25) we have for
some € > 0:

Im {y[\*(r = 2) = 1)(y2 —w1)} > ¢, ¥n. (4.31)
On the other hand, since
(Mo +17)2X(m* — 1) + (1 + A2 — \*m?) (4.32)

has negative real part and small positive imaginary part, its square root with positive
real part must have uniformly positive imaginary part for all n. Consequently, for
the imaginary part of the second term of J,(y,) in (4.25) we have

I [ —(1 4+ A2) (52 — wo) /(1 + i7)222(m2 — 1) + (1 + A% — /\2m2)] > e, Vn.

(4.33)
Combining (4.31) and (4.33), we obtain ImJ(y,) > 2¢, Vn. This contradicts the fact

The case of 7 < 0 can be discussed similarly.

Hence we conclude that J5(y) = 0 has no admissible purely imaginary solution.

. For the complex roots of (4.25), we have

Lemma 4.3 Equation (4.25) has no complex solution y = n + it with real part
n > 0.
Proof: First we assume 7 > 0. Denote y*> = (n+ i7)? = a + i3, then 3 > 0.

Since the following discussion concerns only with the sign of real and imaginary parts,
we replace Equation (4.25) with the following simplified equation

—y(y* —wi) = (y* — wa)\/y? + 2. (4.34)

By the convention of square root, we have \/y? + ¢? = a + ib with a,b > 0. (4.34) is
equivalent to two equations

—n(a —wy) + 78 = a(a — wy) — b,
{ —nf — (e —wy) = Ba+ bla — ws). (4.35)
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e Case oo < wp: we have
(e —wy) + 76 >0, ala—wy) — Fb < 0. (4.36)

Hence (4.34) has no solution.

e Case o > wy: we have
—np —T1(a —wy) <0, fa+bla—ws) >0. (4.37)

Hence (4.34) has no solution.

e Case w; < o < wy: Since the argument of 32 is always larger than the argument
of y% + ¢, we have

T/n > b/a. (4.38)

Eliminating the term (o — wy) on the left side of (4.35), we obtain
B(r* +n?) = (ta — bn)(a — wy) — B(Tb + an). (4.39)
(4.39) implies 7a—bn < 0 which contradicts (4.38). Hence (4.34) has no solution

for 7 > 0.

If 7 < 0, it is easy to see that we have 3 < 0, b < 0 in the above discussion. Therefore,
in the case of o < wy, (4.36) remains true. In the case of a > wsq, both two terms in
(4.37) change signs. In the case of w; < o < wy, we have

T/n < b/a. (4.38")
But (4.39) implies 7a — bnp > 0 since 7, 3, b are all negative. This contradicts (4.38").

This concludes the proof for Lemma 4.3.

4.2 Case II: sa = \y

In the case sa = Au, we have s = Aw > 0. Matrix N(s,iw) in (4.2) has triple eigenvalue
& = & = & = spud® = dwpuyd®. The system (4.4) at this point can be written as
wPu = 0 with

—Apvia® 0 —i(prv1)? =A% (pvy)? Uy
- Aat 0 iX2pvia® A2 pvya® U9
Pu= g 0 A ; o | =0 (4.40)
Na?(a®> —v?) 0 —ipvia®  —Apvia® Uy
(4.40) has only two linearly independent solutions a; and as:
o = (0,1,0,0)7,
1= )‘ (4.41)
as = (0,0,1, —i)T.
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A generalized eigenvector a3 can be found by solving the equation Paj = aw, i.e.,

a’uy + Mpvy (fus + uy) = 0,
a’uy + Mpvy (fus + uy) = 0,
id*u; =1, (4.42)
N (a? — vd)uy — Apvy (iug + ug) = —i.
System (4.42) is solvable and has a solution of generalized eigenvector
(—id™2,0,a%(Apwy)"'d "2, 0)7
which is parallel to
o = (Apvy, 0,ia,0)7. (4.43)
Using (3.18) to compute (3 = Baj, we obtain that (3 is parallel to
¢ = vi(Av, A(v? + a?),ia?, —a®)". (4.44)
Noticing s = Aw, we can write the matrix corresponding to (4.18) as follows
1 iw v? Aw(1+ A2)py
201 dwv;  AWE4a?)vr dw(py + A2p)uy (4.45)
0  JIwyy ia’v; iw(1 4+ A\ pvy '
0 —idwyy —a?v; Nw(py + A2p)uy

Eliminating the non-zero factors in (4.45), we see that (4.45) is non-degenerate if and only
if

11 Av? (1+M)p,
’_ 2 1 Avi+a®) (p++Ap)

det J' = det 0 o2 DAL+ 22) # 0. (4.46)
0 =A  —a®  Aps+2%)

The determinant of J’' can be computed as

det J" = det Jj, — 2det J5,

with
1 AwE+a®)  (pr +Ap) Lo (T+A%)p,
Jp=1 -\ a? pA1+X%) |, Jy=] =X @@ pA(1+ M)
=A =d®  Apy +Np) =\ —a® Aps +A?p)
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Therefore we have

2 2 2
,_ a®  pA(1+N°) 5 9 A pA(1+N9)
det J' = — det < —a® Aps + M\2p) + A(vi — a”) det X Alpy 4+ A2)

9 9 -\ a?
HA (0= py) = (T+X)pfdet |\ o
= —Aa®(py + 2007 + p) + N (0] = a®)(p — ps) +20a?[N(p — p1) — (1 + A)p4]
= M= p)la = X207 — )] — dpya?(1 + N2)
Since a? — \2(v? — a®) = d* > 0 by (3.15), we obtain
det J' < 0. (4.47)

This concludes the proof for the case sa = A\u.

4.3 (3.24) is a necessary condition

It remains to show that the condition (3.24) is necessary for the linear stability of plane
oblique shock front.

Since Kreiss condition is stable under perturbation of the coefficients in the problem,
the coefficients set which guarantees the energy estimate (3.19) is an open set. To prove
the necessity of (3.24), it suffices to show that for

1
Kreiss condition is not satisfied. We have the following

Lemma 4.4 For r satisfying (4.48), Equation (4.25) has either a positive real root other
than y = 1, or an admissible imaginary root.

First of all it is readily checked that (4.48) implies
w1 > Wy > 1, (449)

and
J2(0) >0, Jo(1) =0, Jo(ywr) <0, Jao(y/ws) <O0. (4.50)

Rewrite the function J5(Y') in (4.26) as

J3(Y) = aY? + a1Y + ao. (4.51)
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We can express the coefficient a, as a function of parameter r:

4z = ax(r) = [N(r — 2) — 12 = (1 + A2r)2X2(m? — 1)

(4.52)
= b27"2 ~+ b1r + by.
In (4.52), the coefficient by, by (3.15), has the form
by = M1 — \*(m? — 1)] > 0. (4.53)
Therefore for r satisfying (4.48), we have
1
as(r) <0, for r~2+ v (4.54)
and
as(r) >0, for r> 1. (4.55)
Consequently, there exists a unique rg € (2 + 1/A\? +00) such that
CLQ(T‘()) = 0. (456)
1. Case I r > rg.
In this case, we have as(r) > 0. Hence for real y =n
lim Jy(n) = 4o0. (4.57)

n—-+oo

This means that there exists y; € (y/w1, +00) such that J5(y;) = 0. Therefore Kreiss
condition is not satisfied because Equation (4.25) has positive real root other than

y=1.
2. CaseII:2—|—$<r<ro.

In this case, we claim that Equation (4.25) has an admissible imaginary root y = i
with 75 > 0.

Let 7 > 0 be defined such that
N (m? — 1) — (1 + 2% — X?m?) = 0. (4.58)
For 7 > 71, we have

Jo(iT) = —it[N2(r — 2) — 1)(72 + wy) + (1 + N27) (72 + wo)

» . (4.59)
= —iT[N2(r — 2) = 1](72 + wy) +1Q(7) (1 + N21)(72 + wo),
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where

Q(7) = /7202(m? — 1) — (1 + A2 — A2m2) > 0. (4.60)

Since as(r) < 0 for 2+ 55 < r < ro, we have

lim ImJ,(i1) = 400. (4.61)
On the other hand, we have
ImJ,(imy) < 0. (4.62)

Therefore, there exists 7o > 71 such that
Jo(img) = —imo[N2(r — 2) — 1)(75 +wy) + (1 + X2r)(78 +w2)Q(m0) = 0. (4.63)
We prove that the imaginary root iy is admissible, i.e., for i, > 0 and 7, — 0,

Jo(ny + 119) — 0. (4.64)

Indeed we have

Jo(nn +170) = —iT[N2(r — 2) — 1](7% + wy) + O(n,)

(4.65)
+(1+ N27) (78 + wa)y/ (0 + i70)2A2(m2 — 1) + (1 + A2 — A2m2).
For small n,, > 0, the following complex number
n +i10)2 A2 (m? — 1) + (1 4+ 22 — A2m?
(O + i70)2%(m% = 1) + ) o

= —[(72 = )N*(m?* — 1) — (1 + A2 = X2m?)| + 2in,7o\*(m? — 1)

has negative real part and positive imaginary part. Hence its square root with positive
real part must have positive imaginary part. Therefore

V (0 010)222(m2 — 1) + (1 + A2 — A2m2) = iQ(rp) + O(n,)- (4.67)

Substituting (4.67) into (4.65) and letting n,, — 0, we get Ja(n,,+i79) — 0 by noticing
(4.63).

This concludes the proof of Lemma 4.4, and also Theorem 3.1.
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5 Appendix
Lemma 5.1 Let a > 0 and ¢ > 0, then for any real numbers b, we have
Rey/(a +1ib)%2 + ¢ > a. (A1)

Proof: Without loss of generality, we can assume a = 1. Writing (1+1b)?+c = re??,

we have

1—b?
r= \/(1 —b% +¢)? 4+ 4b?, cos(20) = 7“ (A2)
r
It is easy to see that (Al) is equivalent to
recos’ @ > 1. (A3)
Since
) 14+cos20 r+1—b+c
cos“ 6 = = ,
2 2r
then (A3) is equivalent to
r+1—0"+c>2 (A4)
(A4) is true if r > 1+ (b* — ¢), or
2 >1+ % —c)? +2(00* - o). (A5)
From (A2), we see (Ab) is
(1 =0 +c)? +4b* > 1+ (b* — ) +2(b* —¢). (A6)

(A6) is readily checked to be true, since ¢ > 0.
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