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1. INTRODUCTION

All graphs considered in this paper are finite. For a plane graph G, let �eðGÞ,
�ðGÞ, and �ðGÞ denote the edge chromatic number, the maximum degree, and the

minimum degree of the graph G, respectively. Let EðGÞ, VðGÞ, and FðGÞ denote

the edge set, the vertex set, and the face set of G, respectively. An element of G is

a member of EðGÞ [ FðGÞ. Any two elements are adjacent if they are either

adjacent to or incident with each other in the traditional sense. An edge-face k-

coloring of a plane graph G is a function � : EðGÞ [ FðGÞ ! f1; . . . ; kg such that

for any two adjacent elements a; b 2 EðGÞ [ FðGÞ, �ðaÞ 6¼ �ðbÞ.
Let �efðGÞ denote the edge-face chromatic number of G, i.e., the smallest

integer k such that G has an edge-face k-coloring. This concept appears to have

first been considered by Jucovič [3] and Fiamčı́k [2].

In 1975, Melnikov [5] made the following conjecture:

Conjecture 1.1 (Melnikov [5], 1975). For any simple plane graph G, �efðGÞ �
�ðGÞ þ 3.

Waller [10] and Sanders and Zhao [7] proved this conjecture independently.

In [1], Borodin proved that for �ðGÞ � 10, �efðGÞ � �ðGÞ þ 1. Also in [1],

Borodin proposed the following problem: Characterize those simple plane graphs

G having �eðGÞ ¼ �efðGÞ ¼ �ðGÞ.
In this paper, we investigate the relationship between �eðGÞ and �efðGÞ for 2-

connected simple plane graphs G.

Vizing [9] showed that an improvement to his edge coloring theorem is

possible for planar graphs with large maximum degree.

Theorem 1.2 (Vizing [9]). Let G be a simple planar graph. If �ðGÞ � 8, then

�eðGÞ ¼ �ðGÞ.

Remark. Vizing [9] conjectured that every planar graph with maximum degree

6 or 7 is also class one. The case � ¼ 7 has been verified by Zhang [11] and

Sanders and Zhao [8] independently. The case � ¼ 6 remains open.

The main result of this paper is the following:

Theorem 1.3. For any 2-connected simple plane graph G with �ðGÞ � 24,

�efðGÞ ¼ �ðGÞ.

For technical reason, we will prove the following theorem.

Theorem 1.4. Let k � 24 be an integer and G be a 2-connected simple plane

graph. If �eðGÞ � k, then �efðGÞ � k.

Theorem 1.3 is a corollary of Theorems 1.2 and 1.4.

Remark. In Theorem 1.3, the hypothesis ‘‘2-connected’’ cannot be weakened

to ‘‘2-edge-connected.’’ For example, let G be a graph obtained from t triangles

xiyizixi (i ¼ 1; . . . ; t) by identifying all vertices xi as a single vertex. Then G is
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2-edge-connected but not 2-connected. It is obvious that �efðGÞ ¼ 2t þ 1 ¼
�ðGÞ þ 1.

The proof of Theorem 1.4 follows the standard method, of first identifying a

number of reducible configurations (that is, configurations that can not be present

in a smallest counterexample), and then using the discharging method to prove

that a smallest counterexample cannot exits. However, it is easier to use the

discharging method when there are no vertices of degree 2. Thus, we first carry

out what we call series parallel operations in order to remove vertices of degree 2,

at the expense of possibly introducing parallel edges (although not faces of length

2). After a few preliminaries in Sections 2, we discuss reducible configurations in

Section 3 and the structure of the resulting graph after applying the series parallel

operations on a smallest counterexample in Section 4, and we complete the proof

by using discharging method in Section 5.

2. PRELIMILARIES

A path v0v1 � � � vr is called a subdivided edge of length r if dðviÞ ¼ 2 for each

i 6¼ 0; r and both dðv0Þ > 2 and dðvrÞ > 2.

For f 2 FðGÞ, the boundary of f , denoted by Bð f Þ, is the set of all edges

incident with the face f . Let C ¼ f1; 2; . . . ; kg denote the color set. Let

� : EðHÞ [ FðHÞ ! C be an edge-face k-coloring of a plane graph H. For each

vertex v 2 VðHÞ, �ðvÞ is the set of all colors used by the edges incident with v.

Let v; f be a vertex and a face in H, respectively. dðvÞ and dð f Þ are the degree of

v and the length of f , respectively.

Let A � EðHÞ [ FðHÞ. A partial edge-face k-coloring of H on A is a function

� : A ! C such that every pair of adjacent elements in A receive different colors.

For a partial edge-face k-coloring � of H on A, let �ðuÞ be the set of colors used

by the edges in A \ EðHÞ, which are incident with the vertex u 2 VðHÞ.
If there is no confusion, a face is usually denoted by the sequence of vertices

that form the circuit (or cycle) around the face.

The following two lemmas will be used in the proof of Theorem 1.4. The first

one is obvious and thus the proof is omitted.

Lemma 2.1. Let A and B be two finite sets with the same cardinality n � 2.

Then there exists a one-to-one mapping f from A to B such that f ðaÞ 6¼ a for any

a 2 A.

For an edge e ¼ xy, denote by rkðxyÞ, the number of edges x0y0 adjacent to e

such that dðx0Þ þ dðy0Þ � k � 1. Let Fs ¼ f f 2 FðGÞjdð f Þ � ðk � 1Þ=2g and let

Es be the set of edges uv in G such that either dðuÞ þ dðvÞ � rkðuvÞ þ k � 1, or

else dðuÞ þ dðvÞ ¼ rkðuvÞ þ k and uv lies in the boundary of some face in Fs.

Lemma 2.2. Let G be a simple plane graph and k be a positive integer. Let

S � Es [ Fs. If there is a partial edge-face k-coloring � : ½EðGÞ [ FðGÞ�nS ! C,

then G has an edge-face k-coloring.
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Proof. We first uncolor all edges e ¼ xy with dðxÞ þ dðyÞ � k � 1 and all the

faces in Fs. Let e ¼ uv 2 Es \ S with dðuÞ þ dðvÞ � rkðuvÞ þ k. If dðuÞ þ dðvÞ ¼
rkðuvÞ þ k, then e is adjacent to a face in Fs. Therefore, e is adjacent to at most

one colored face and at most k � 2 colored edges and hence, there is at least one

color available for the edge e. We first color all such edges, and then color each

edge e ¼ uv 2 S with k � dðuÞ þ dðvÞ � rkðuvÞ þ k � 1, since e is adjacent to at

most two colored faces and at most k � 3 colored edges. Finally, we can further

color each edge e ¼ uv with dðuÞ þ dðvÞ � k � 1 for the same reason, and color

each face with length at most ðk � 1Þ=2 since there are at least ðk � 2Þ
ðk � 1Þ=2 ¼ 1 color available for it. &

3. REDUCIBLE CONFIGURATIONS

The proof of Theorem 1.4 starts from here. From now on, we use G to denote a

smallest counterexample to Theorem 1.4. In this section, we discover some

reducible configurations of G. These configurations will be used in the rest of the

proof of Theorem 1.4.

Proposition 1 (Configuration A). ðiÞ Every subdivided edge of G is of length at

most 2.

ðiiÞ Let uvw be a subdivided edge of G of length 2. If uw is not an edge of G, then

dðuÞ � k � 2 and dðwÞ � k � 2:

(The vertices u and w are called the terminal vertices of the configuration.)

Proof. (i) Assume that P ¼ x1x2x3 � � � xd is a subdivided edge of length

d � 1 � 3 in G. Consider the graph G1 obtained from G by replacing the path

x1x2x3 with one edge x1x3. Then, G1 remains 2-connected and simple, and by

Theorem 1.2, �eðG1Þ � k. Since G is a smallest counterexample, G1 has an

edge-face k-coloring � with the color set C. Color the edge x1x2 with the color

�ðx1x3Þ. Then, � can be viewed as a partial edge-face k-coloring of G on

½EðGÞ [ FðGÞ�nfx2x3g. Since dGðx2Þ ¼ dGðx3Þ ¼ 2, there are at least k�
ðdGðx2Þ þ dGðx3Þ � 2 þ 2Þ ¼ k � 4 � 1 colors of C available for the edge x2x3.

Thus, G has an edge-face k-coloring, a contradiction.

(ii) We prove that dðuÞ � k � 2; the proof that dðwÞ � k � 2 is similar.

Suppose that dðuÞ � k � 3. Since dðvÞ ¼ 2, uv 2 Es (defined before Lemma 2.2).

Since uw 62 EðGÞ, we may replace the path uvw with an edge uw. The resulting

graph, denoted G0
1, remains 2-connected and simple and by Theorem 1.2,

�eðG0
1Þ � k. Hence, G0

1 has an edge-face k-coloring �. Then, � can be viewed as a

partial edge-face k-coloring of G on ½EðGÞ [ FðGÞ�nfuv; vwg. Since uv 2 Es, �
can be extended to an edge-face k-coloring of G by Lemma 2.2. &

Proposition 2. G does not contain either of configurations illustrated in

Figure 1, where dðviÞ ¼ 2 for each i, and f1 and f2 are faces.
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Proof. By way of contradiction, we assume that G contains the configuration

(a) or (b). Let G2 ¼ G n fv1; v2g. Then, G2 remains 2-connected, simple, and

�eðG2Þ � �eðGÞ � k. Thus, G2 has an edge-face k-coloring � : EðG2Þ [ F

ðG2Þ ! C. Let f 01 denote the face of G adjacent to f1 and different from f2, and let

f 02 denote the face adjacent to f2 and different from f1. We also use f 01 and f 02 to

denote the corresponding faces in G2. Then, � can be viewed as a partial edge-

face k-coloring of all elements of G except uv1; uv2;wv1;wv2; f1; f2. Since

f1; f2 2 Fs, it suffices to prove that we can obtain a partial edge-face k-coloring of

all elements of G except f1 and f2; this can then be extended to the whole of G by

Lemma 2.2.

Let fa; bg � Cn�ðuÞ and fc; dg � Cn�ðwÞ, since dG2
ðuÞ � k � 2 and dG2

ðwÞ �
k � 2. We consider the following two cases.

Case 1. �ð f 02Þ 62 fa; bg \ fc; dg. Without loss of generality, let �ð f 02Þ 62 fc; dg
and �ð f 02Þ 6¼ a.

By Lemma 2.1, there exists a one-to-one function � : fa; bg ! fc; dg such

that �ðaÞ 6¼ a and �ðbÞ 6¼ b. We can color uv1;wv1; uv2;wv2 with colors

b; �ðbÞ; a; �ðaÞ, respectively.

Case 2. �ð f 02Þ 2 fa; bg \ fc; dg.

Without loss of generality, let a ¼ c ¼ �ð f 02Þ. If G contains the configuration

(a), let e ¼ �ðuwÞ and (re)color edges uw; uv1;wv2; uv2;wv1 with colors

a; e; e; b; d, respectively. If G contains configuration (b), let g ¼ �ðuv0Þ and note

that a; b; g are three different colors; (re)color edges uv0;wv1;wv2 with colors

a; a; d, respectively, then color uv2 with a color in fb; ggnfdg and color uv1 with

the remaining color from fb; gg.

In all cases Lemma 2.2 gives an edge-face k-coloring for G, a contradiction.

&

Proposition 3 (Configuration B). If G contains a configuration illustrated in

Figure 2 where f is a face and dðuÞ � dðwÞ and dðvÞ ¼ 2, then we have the

following two conclusions:

FIGURE 1
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(i) For each partial edge-face k-coloring� of G on ½EðGÞ [ FðGÞ�nfuv;wv; fg
which can be obtained from an edge-face k-coloring of Gnfvg, let

e ¼ �ðuwÞ and a ¼ �ð f 0Þ where f 0 is the face adjacent to f and v. Then we

have that

(a) jCn�ðuÞj ¼ 1 and consequently, dðuÞ ¼ k. And

(b) by ðaÞ, let b 2 Cn�ðuÞ. Then � must satisfy one of the following two

cases: Case 3:1: If b ¼ a, then either a 2 �ðwÞ or fag ¼ Cn�ðwÞ, or
Case 3:2: If b 6¼ a, then Cn�ðwÞ � fa; bg.

(ii)

minfdðuÞ; dðwÞg � 4

ðthat is, dðwÞ � 4Þ.
ðThe vertices u and w are called the terminal vertices of the configuration.Þ

Proof. (I) Since f 2 Fs, it suffices to prove that we can obtain a partial edge-

face k-coloring of all elements of G except f ; this can then be extended to the

whole of G by Lemma 2.2.

(II) If there is a color d 2 Cn½�ðuÞ [ fag� and a color c 2 Cn½�ðwÞ [ fag�
such that d 6¼ c, then the coloring � can be easily extended to the uncolored

edges uv and vw.

(III) Assume that jCn�ðuÞj � 2. Then jCn�ðwÞj � 2 because dðuÞ � dðwÞ.
By II, j½½Cn�ðuÞ� [ ½Cn�ðwÞ��nfagj � 1, otherwise there is a pair of colors

described in II. Therefore, jCn�ðuÞj ¼ jCn�ðwÞj ¼ 2 and a2 Cn�ðuÞ¼ Cn�ðwÞ.
Let fa; cg ¼ Cn�ðuÞ ¼ Cn�ðwÞ. Let e ¼ �ðuwÞ. Remove the color e from the

edge uw and color it with the color a and then color the edges uv and wv with

the colors e; c, respectively. This contradiction implies that jCn�ðuÞj ¼ 1 which

is (i) (a).

(IV) Case 3.1. We assume that b ¼ a. If a 62 �ðwÞ and fag 6¼ C n �ðwÞ, then

a 2 Cn�ðwÞ and jCn�ðwÞj � 2. Let g 2 Cn�ðwÞ and g 6¼ a. Remove the color

e ¼ �ðuwÞ from the edge uw and color it with the color a and then color the edges

uv and wv with the colors e and g, respectively. Therefore, either a 2 �ðwÞ or

fag ¼ Cn�ðwÞ.
(V) Case 3.2. We assume that b 6¼ a. Then, Cn�ðwÞ � fa; bg otherwise

there is a color h 2 ½Cn�ðwÞ�nfa; bg such that fh; bg is a pair of colors described

in (II).

FIGURE 2
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(VI) Part (ii) of the proposition can be proved easily by applying the conclusion

of (i) (b). If dðwÞ � 3, then a =2 �ðwÞ and jCn�ðwÞj ¼ k � ðdðwÞ � 1Þ �
k � 2 > 2. Obviously, it is neither Case 3.1 nor Case 3.2. &

Proposition 4 (Configuration C). If G contains the configuration illustrated in

Figure 3, where dðv1Þ ¼ dðv2Þ ¼ 2 and f is a face, then

dðuÞ ¼ dðwÞ ¼ k:

ðThe vertices u and w are called the terminal vertices of the configuration.Þ

Proof. By way of contradiction, we assume that dðuÞ � k � 1. Let G4 ¼
Gnfv1g. Then G4 remains 2-connected and simple and �eðG4Þ � �eðGÞ � k.

Hence G4 has an edge-face k-coloring �. Then � can be viewed as a partial edge-

face k-coloring of G on ½EðGÞ [ FðGÞ�nfuv1;wv1; fg. Let f 0i be the face of G,

which is adjacent to f and vi for each i. f 0i is also considered as the corresponding

face in G4. Let fa; bg � Cn�ðuÞ and c 2 Cn�ðwÞ. Let d ¼ �ðuv2Þ, e ¼ �ðwv2Þ,
g ¼ �ð f 02Þ, and h ¼ �ð f 01Þ. Since f 2 Fs, it suffices to prove that we can obtain a

partial edge-face k-coloring of all elements of G except f ; this can then be

extended to the whole of G by Lemma 2.2.

We consider the following two cases:

Case 1. c 6¼ h ¼ �ð f 01Þ.
First color the edge wv1 with color c. If fa; bg 6¼ fc; hg, then color the edge

uv1 with a color from fa; bgnfc; hg. If fa; bg ¼ fc; hg, then d 6¼ c. Since, in G4,

the faces f 01; f
0
2 and the edges uv2, wv2 are pairwise adjacent to each other, we have

jfd; e; g; hgj ¼ 4. (Re)color the edges uv1; uv2 with colors d; h, respectively.

Case 2. c ¼ h ¼ �ð f 01Þ.

Since d ¼ �ðuv2Þ 6¼ h ¼ �ð f 01Þ ¼ c and h 6¼ g ¼ �ð f 02Þ, we remove the color

e ¼ �ðwv2Þ from the edge wv2 and color it with the color h and color the edge

wv1 with the color e. If there is a color in fa; bgnfe; hg, then we can color the edge

uv1 with this color. If fa; bg ¼ fe; hg, (re)color the edges uv1; uv2 with colors e; d
respectively.

In all cases, Lemma 2.2 gives an edge-face k-coloring for G, a contradiction.

&

FIGURE 3
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Proposition 5 (Configuration D). Assume that G contains the configuration

illustrated in Figure 4, where dðviÞ ¼ 2, for each i, and f1; f2 are faces. Let f 0i be
the face adjacent to fi and vi. Let � be a partial edge-face k-coloring of G on

½EðGÞ [ FðGÞ�nfuv1; uv2;wv1;wv2; f1; f2g. Then
(i)

fa1; a2g ¼ Cn�ðuÞ ¼ Cn�ðwÞ;

where ai ¼ �ð f 0i Þ for each i, and consequently,

(ii)

dðuÞ ¼ dðwÞ ¼ k:

Proof of (i). We prove that fa1; a2g ¼ Cn�ðuÞ; the proof that fa1; a2g ¼
Cn�ðwÞ is similar. Note that jCn�ðuÞj ¼ k � ðdGðuÞ � 2Þ � 2. Thus, it is

sufficient to prove that ½Cn�ðuÞ�nfa1; a2g ¼ ;. By way of contradiction, we

assume that ½Cn�ðuÞ�nfa1; a2g 6¼ ;. Then, j½Cn�ðuÞ�nfa1; a2gj � 1. Since

f1; f2 2 Fs, it suffices to prove that we can obtain a partial edge-face k-coloring

of all elements of G except f1 and f2; this can then be extended to the whole of

G by Lemma 2.2. We consider the following two cases:

Case 1. j½Cn�ðuÞ�nfa1; a2gj � 2.

Let fb1; b2g � ½Cn�ðuÞ�nfa1; a2g and fc1; c2g � ½Cn�ðwÞ�. By Lemma 2.1,

there is a one-to-one function �1 : fa1; a2g ! fc1; c2g such that �1ðaiÞ 6¼ ai for

each i. By Lemma 2.1 again, there is a one-to-one function �2 : f�1ða1Þ;
�1ða2Þg ! fb1; b2g such that �2ð�1ðaiÞÞ 6¼ �1ðaiÞ for each i. Color edges uv1, uv2,

wv1, and wv2 with colors �2ð�1ða1ÞÞ, �2ð�1ða2ÞÞ, �1ða1Þ, and �1ða2Þ, respectively.

Case 2. j½Cn�ðuÞ�nfa1; a2gj ¼ 1.

Note that jCn�ðuÞj ¼ k � ðdGðuÞ � 2Þ � 2. Then either a1 2 Cn�ðuÞ or

a2 2 Cn�ðuÞ. Without loss of generality, let a1 2 Cn�ðuÞ. Let b 2 ½Cn�ðuÞ�n
fa1; a2g and fc1; c2g � Cn�ðwÞ. By Lemma 2.1, there is a one-to-one function

� : fb; a2g ! fc1; c2g such that �ðbÞ 6¼ b and �ða2Þ 6¼ a2. Therefore, if a1 62
fc1; c2g, color edges uv1, uv2, wv1, and wv2 with colors b, a1, �ðbÞ, and �ða2Þ,
respectively. If a1 2 fc1; c2g, assume that a1 ¼ c1. Then, c2 6¼ a1. Let d ¼ �ðuwÞ.
Remove the color d from the edge uw and then color it with the color a1. We

further color edges uv1, uv2, wv1, and wv2 with colors d; b; c2; and d, respectively.

FIGURE 4
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In all cases, Lemma 2.2 gives an edge-face k-coloring for G, a contradiction.

Therefore, fa1; a2g ¼ Cn�ðuÞ.

Proof of (ii). By (i), we have j½Cn�ðuÞ�j ¼ j½Cn�ðwÞ�j ¼ 2 ¼ k�
ðdGðuÞ � 2Þ ¼ k � ðdGðwÞ � 2Þ. Thus, dGðuÞ ¼ dGðwÞ ¼ k. &

Proposition 6. G does not contain the configuration illustrated in Figure 5

where dðviÞ ¼ 2, i ¼ 1; 2; 3; 4 and fi is a face for each i.

Proof. By way of contradiction, we assume that G contains this configuration.

By Proposition 5, dGðuÞ ¼ dGðvÞ ¼ dGðwÞ ¼ k. Let G5 ¼ Gnfv1; v2; v3; v4g.

Then G5 remains 2-connected and simple, and �eðG5Þ � �eðGÞ � k. Let

� : EðG5Þ [ FðG5Þ ! C be an edge-face k-coloring of G5. The coloring �
can be viewed as a partial edge-face k-coloring of G on ½EðGÞ [ FðGÞ�n
fuv1; uv2; vv1; vv2; vv3; vv4;wv3;wv4; f1; f2; f3; f4g. Then dG5

ðvÞ ¼ k � 4, dG5
ðuÞ

¼ dG5
ðwÞ ¼ k � 2. Thus jC n �ðvÞj ¼ 4 and jCn�ðuÞj ¼ jCn�ðwÞj ¼ 2. Let

fa; b; c; dg¼ Cn�ðvÞ, fx; yg¼ Cn�ðuÞ, and fg; hg¼ Cn�ðwÞ where a 62 fg; hg.

Let f 0i denote the face adjacent to the vertex vi and the face fi for each i.

By Proposition 5 and Lemma 2.2, it is sufficient to extend � to edges

uv1; uv2; vv1; vv2 such that the color set of the remaining two colors for the edges

vv3; vv4 is not fg; hg.

(I) We claim that fa1; a2g � fb; c; dg. Without loss of generality, let a1 ¼ c;
a2 ¼ d. Otherwise, without loss of generality, assume that fb; cg \ fa1; a2g ¼ ;.

Color the edges uv1; uv2 with colors x; y properly. By Lemma 2.1, we may further

color the edges vv1 and vv2 with the colors b; c properly. Hence, the remaining

two colors for the edges vv3; vv4 are a and d where fa; dg 6¼ fg; hg since

a 62 fg; hg.

(II) If fx; yg \ fa1; a2g ¼ ;, then we may first color the edges vv1; vv2; uv1;
uv2 with colors a2ð¼ dÞ; a1ð¼ cÞ; x; y, respectively. Then the remaining two

colors for the edges vv3; vv4 are a and b where fa; bg 6¼ fg; hg since a 62 fg; hg.

If fx; yg \ fa1; a2g 6¼ ;, without loss of generality, let y ¼ a2. Then, x 6¼ a2. Let

m ¼ �ðuvÞ. Remove the color m from the edge uv and color it with color a2ð¼ dÞ.
Then we color the edges uv1; uv2; vv1; vv2 with colors m; x; b;m, respectively.

Hence, the remaining two colors for the edges vv3; vv4 are a and a1 ð¼ cÞ where

fa; a1g 6¼ fg; hg since a 62 fg; hg.

FIGURE 5
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In all cases, we obtain a partial edge-face k-coloring � of all elements of G

except vv3; vv4;wv3;wv4; f1; f2; f3; f4 such that Cn�ðvÞ 6¼ Cn�ðwÞ. It contradicts

Proposition 5. &

Proposition 7 (Configuration E). Assume that G contains the configuration

illustrated in Figure 6, where dðv1Þ ¼ dðv2Þ ¼ 2, f1; f2; f3 are faces, and the path

uv1vv2w is on the boundary of f3. Then,

dðvÞ � k � 2:

Proof. By way of contradiction, we assume that dðvÞ � k � 3. Let G6 be the

graph obtained from G by removing the two edges vv1 and vv2 and adding one

edge v1v2. Then G6 remains 2-connected and simple and jEðG6Þj ¼ jEðGÞj � 1 <
jEðGÞj. By Theorem 1.2, �eðG6Þ � k. Thus G6 has an edge-face k-coloring �.

Then � can be viewed as a partial edge-face k-coloring of G on

½EðGÞ [ FðGÞ�nfvv1; vv2; f1; f2g. Since dGðvÞ þ dGðviÞ � k � 3 þ 2 ¼ k � 1 for

each i, by Lemma 2.2 � can be extended to the whole of G, a contradiction. &

Proposition 8. G does not contain the configuration illustrated in Figure 7,

where dðvÞ ¼ 4; dðv1Þ ¼ dðv2Þ ¼ 2, f1; f2; f3 are faces, and f3 is adjacent to both

f1 and f2.

Proof. Consider Gnfv1g. Then Gnfv1g remains 2-connected and thus has

an edge-face k-coloring �. The coloring � can be viewed as a partial edge-face

k-coloring of G on ½EðGÞ [ FðGÞ�nfuv1; vv1; f1g and let a ¼ �ð f3Þ. By

Proposition 3, dGðuÞ ¼ k. We may assume that �ðvv2Þ 6¼ a, otherwise we can

FIGURE 6

FIGURE 7
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replace it with another color from the color set Cn�ðvÞ since jCn�ðvÞj ¼
k � ðdGðvÞ � 1Þ ¼ k � 3 � 2. Therefore, it is neither Case 3.1 nor Case 3.2 of

Proposition 3 since dðvÞ ¼ 4 < k � 1. &

Proposition 9. From Proposition 1, any subdivided edge of G is of length at

most 2. Let P ¼ uvw or uw be a subdivided edge of G of length at most 2 and f be

a face in G incident with P. Denote GnP ¼ GnEðPÞ if P is of length 1 or

GnP ¼ Gnfvg if P is of length 2. Let rP denote the number of edges e ¼ xy

incident with either u or w but not both and with dðxÞ þ dðyÞ � k � 1. If

dðuÞ þ dðwÞ � r þ k and dð f Þ < k
2
, then GnP has a cut vertex and G=P

(contraction) is not simple.

Proof. Otherwise, by induction hypothesis, G has a partial coloring with the

face f and the edges in EðPÞ uncolored, which is obtained from an edge-face k-

coloring of GnP or G=P. By Lemma 2.2, this coloring can be extended to G, a

contradiction. &

4. SERIES–PARALLEL OPERATIONS

A. Contraction of Series–Parallel Subgraphs

The Euler formula (Theorem 5.1 in Section 5) is one of the most useful methods

in the study of plane graphs. However, if the minimum vertex degree or the

minimum face degree of the graph is 2, the formula may not work effectively.

Thus, we have to apply some operations to eliminate subdivided edges and digons

of the graph so that the Euler formula may be applied to the resulting graph that is

of minimum vertex degree and minimum face degree at least 3.

Operation �: replace each subdivided edge of length at least 2 with a single

edge.

Operation �: replace each 2-face with a single edge recursively.

One may repeatedly apply these two operations to G. Since the graph is finite,

with a finite number of operations, the resulting graph will be of minimum vertex

degree and minimum face degree at least 3 except for the case that G itself is a

series parallel graph, in which case the resulting graph is isomorphic to K2.

The operation sequence is recursively defined as follows:

�1 ¼ �;

�2i ¼ � �2i�1; �2iþ1 ¼ � �2i:

For any positive integer p, it is obvious that, for each edge e 2 Eð�pðGÞÞ with

endvertices x and y, ��1
p ðeÞ induces a series parallel subgraph in G with terminal

vertices x and y.

Let q be the smallest integer such that �qðGÞ is of minimum vertex degree and

minimum face degree at least 3. Let H ¼ �qðGÞ. Note that the resulting graph H
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is of minimum degree at least 3 and minimum face-degree at least 3. The purpose

of applying this sequence of operations on G is to significantly reduce the

complexity of the proof, since calculations and reassignments of Euler contri-

butions (defined in Section 5(A)) are much easier for graphs without degree two

vertices or degree two faces.

In Section 3, we discover some basic local structures of the minimum

counterexample G (called configurations). In this section, we are going to use

these configurations to verify that q ¼ 2 (Lemma 4.1) and to study the structure

of ��1
2 ðeÞ in G. In Subsection 4(c)(2), the structure of �2ðGÞ ¼ H is further

studied. By the definition of Euler contribution (see Section 5(A)), the degree

sequences of vertices incident to faces with positive Euler contributions are

estimated. Then we further prove that each face with positive Euler contribution

is adjacent to some faces with negative Euler contribution and with large absolute

value. With these results, in Subsection 5(E), we reassign the Euler contributions

of the graph H to obtain a new contribution for each face and then we prove that

the new contribution of every face is non-positive, which contradicts

Theorem 5.1.

B. The Structure of zz�1
p (e)

With those basic properties in Section 3, we are ready to determine the structure

of the subgraph ��1
p ðeÞ in G, for each positive integer p, and each e 2 Eð�pðGÞÞ.

B(1). p ¼ 1. It is obvious that ��1
1 ðeÞ must be a subdivided edge of length at

most 2 (by Proposition 1).

B(2). p ¼ 2. For each e 2 Eð�2ðGÞÞ with endvertices u and w, if the multiplicity

of e in �1ðGÞ is at least 2, then ��1
2 ðeÞ must be the union of a few subgraphs

J1; . . . ; Jt, where t � 2 is the multiplicity of e in �1ðGÞ, each of which is a

subdivided edge of length at most 2 with the endvertices u;w (a Configuration A,

by 4(B)(1)). Hence, by Proposition 2, ��1
2 ðeÞ must be one of the Configurations B,

C, and D described in Propositions 3, 4, and 5

B(3). p ¼ 3.

Lemma 4.1. �3ðGÞ ¼ �2ðGÞ. That is, operations stop at p ¼ 2.

Proof. It is sufficient to prove that there are no subdivided edges of length at

least 2 in �2ðGÞ. By way of contradiction, let P ¼ u0u1 � � � ur be a subdivided edge

of length r � 2 in �2ðGÞ. Let e1 ¼ u0u1 and e2 ¼ u1u2. Since �ð�1ðGÞÞ � 3,

��1
2 ðe1Þ must be the union of a few subgraphs J1; . . . ; Jt, each of which is a

subdivided edge of length at most 2 with the endvertices u0; u1, and ��1
2 ðe2Þ must

be the union of a few subgraphs I1; . . . ; Is, each of which is a subdivided edge of

length at most 2 with the endvertices u1 and u2, where maxfs; tg � 2. We

consider the following two cases:

Case 1. Either t ¼ 1 or s ¼ 1. Without loss of generality, let s ¼ 1.
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Since s ¼ 1, we have t � 2. By 4(B)(2), ��1
2 ðe1Þ is one of the configurations B,

C, and D described in Propositions 3, 4, and 5 with the terminal vertices u0 and

u1. On the other hand, by Proposition 2, t � 3. Therefore, dGðu1Þ � 3 þ 1 ¼ 4.

If ��1
2 ðe1Þ is Configuration C or D, we must have dGðu1Þ ¼ k. Hence, ��1

2 ðe1Þ
must be Configuration B. In this case, t ¼ 2 and therefore, dGðu1Þ ¼ 2 þ 1 ¼
3 < 4. This contradicts (ii) of Proposition 3.

Case 2. Both t � 2 and s � 2.

By Proposition 2, we have that t � 3 and s � 3. Therefore, dGðu1Þ � 3 þ 3 ¼
6 < k. Hence, neither ��1

2 ðe1Þ nor ��1
2 ðe2Þ is the Configuration C or D. Thus, both

of them must be Configuration B. This implies that dGðu1Þ ¼ 2 þ 2 ¼ 4 � k � 3.

By Proposition 8, ��1
2 ðu0u1u2Þ must be Configuration E. By Proposition 7,

dGðu1Þ � k � 2, a contradiction. &

Now, we have proved that q ¼ 2, that is, �2ðGÞ ¼ �3ðGÞ ¼ � � �. Let �2 ¼ � and

�ðGÞ ¼ H.

Let f be a face in G. We say that the face f 0 in H is the corresponding face of f

if f 0 can be obtained from f by replacing subdivided edge of length 2 with single

edges in G. In this sense, we also call f to be the corresponding face of f 0.

C. Some Further Structures of H

C(1). Classification of edges of H. By the discussion of the previous

subsection, we can see that for each edge e 2 H, ��1
2 ðeÞ is one of the

Configurations B, C, and D, otherwise ��1
2 ðeÞ is either a single edge or a single

subdivided edge of length 2. Therefore, the edges of H can be partitioned into

three classes:

E1 ¼ fe 2 EðHÞ : ��1
2 ðeÞ is a subdivided edge of length 1g;

E2 ¼ fe 2 EðHÞ : ��1
2 ðeÞ is a subdivided edge of length 2g;

E3 ¼ fe 2 EðHÞ : ��1
2 ðeÞ is one of the Configurations B; C; and Dg:

Obviously,

E1 � EðGÞ; E2 � Eð�1ðGÞÞ; E3 � Eð�2ðGÞÞ ¼ EðHÞ:

Furthermore, each edge e 2 E3 is called a B-edge, a C-edge, or a D-edge if

��1ðeÞ is a B-configuration, a C-configuration, or a D-configuration, respectively;

and each edge e 2 Ei (i ¼ 1; 2) is called an Ei-edge (��1ðeÞ is subdivided edge of

length i).

C(2). Some structural properties of H.
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Lemma 4.2. The relation between dGðvÞ and dHðvÞ ðv 2 VðHÞÞ is to be

discussed here. We claim that, for each v 2 VðHÞ � VðGÞ,

dGðvÞ � 2dHðvÞ þ 1; ð1Þ

if dGðvÞ < k; then dGðvÞ � 2dHðvÞ; ð2Þ

consequently,

if dGðvÞ ¼ k; then dHðvÞ �
k � 1

2
; ð3Þ

or, equivalently,

if dHðvÞ <
k � 1

2
; then dGðvÞ < k: ð4Þ

Proof. The degrees of a vertex v would be different in the graphs G and H if

v is incident with some B-, C-, or D-edges in H. However, by Proposition 6,

no vertex is incident with more than one D-edge. This proves Inequality (1).

Furthermore, if dGðvÞ; k, then by Proposition 5, the vertex v is not incident with

any D-edge in H. This proves Inequality (2).

Inequalities (3) and (4) are immediate consequences of Inequality (1). &

Remark. It is obvious that H is loopless, 2-connected and �ðHÞ � 3, and every

face is of degree at least 3. Note that the graph H may have some parallel edges,

but they do not form degree 2 faces.

Lemma 4.3.

if e ¼ uv 2 E3; then maxfdGðuÞ; dGðvÞg ¼ k; ð5Þ

and,

if maxfdHðuÞ; dHðvÞg <
k � 1

2
; then e 2 E1 [ E2: ð6Þ

Inequality (5) is a corollary of Propositions 3, 4, and 5, since ��1ðeÞ is a

Configuration B, C, or D if e 2 E3. Inequality (6) is an immediate consequence of

Inequalities (4) and (5).

5. CHARGE AND DISCHARGE

A. Euler Contribution

Let M be a plane graph. The Euler contribution �ð f Þ of a face f in M is defined

as follows:

�ð f Þ ¼ 1 � dð f Þ
2

þ
X

v2Bð f Þ

1

dðvÞ
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where Bð f Þ is the boundary of the face f .

The following theorem by Lebesgue [4] (also see Ore’s book [6] Chapter 4,

Section 3, page 54) will be applied here to find some special configurations in a

plane graph.

Theorem 5.1 (Lebesgue [4]). Let M be a connected plane graph without loops

or bridges. Then

X
f2FðMÞ

�ð f Þ ¼ 2:

Furthermore, there must be a face with a positive Euler contribution.

A face with positive Euler contribution is called a positive face. By

Theorem 5.1, H must contain some positive faces.

B. Positive Faces

Lemma 5.2. By the definition of a positive face, with a simple calculation, a face

of H with positive Euler contribution must be in the following list:

dHð f Þ degree sequence around the face

5 3; 3; 3; 3;� 5

4 3; 3; 3;� �

4 3; 3; 4;� 11

4 3; 3; 5;� 7

4 3; 4; 4;� 5

3 5; 6;� 7

3 5; 5;� 9

3 4; 7;� 9

3 4; 6;� 11

3 4; 5;� 19

3 4; 4;� �

3 3; 11;� 13

3 3; 10;� 14

3 3; 9;� 17

3 3; 8;� 23

3 3; 7;� 41

3 3;� 6;� �
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With further investigation, we will prove that the length of a positive face in H

is exactly 3 and the maximum degree of the vertices on its boundary is very large

(See Lemma 5.3).

Lemma 5.3. (i) H does not contain a 4-face x1x2x3x4x1 such that dHðx1Þ ¼ 3,

dHðx2Þ � 11, and dHðx4Þ � 11.

(ii) Let f ¼ x1x2 � � � xdx1 be a positive face, then

d ¼ 3;
(iii)

maxfdHðx1Þ; . . . ; dHðx3Þg � 12;

(iv) Let dHðx3Þ � dHðx2Þ � dHðx1Þ. Then, dHðx2Þ � 11 < k � 1=2, dHðx1Þ �
4 < k � 1=2, and dHðx1Þ þ dHðx2Þ � 14.

Proof. (i) Assume that H contains a 4-face f ¼ x1x2x3x4x1 with dHðx1Þ ¼ 3,

dHðx2Þ � 11, and dHðx4Þ � 11. Let f 0 be the corresponding face of f in G. By

Lemma 4.3, Eð��1
2 ðx1xiÞÞ is a subdivided edge of length at most 2 for each

i ¼ 2; 4. Note that dGðx1Þ þ dGðxiÞ � 2 � 10 þ 1 þ 2 þ 2 � 1 ¼ 25 with equality

if x1 is incident with a B-edge, that is, in G, x1 is adjacent to a 2-vertex. Therefore,

by Proposition 9, Gn��1ðx1xiÞ has a cut vertex and G=��1ðx1xiÞ is not simple for

each i ¼ 2; 4. Then, x1x3 2 EðHÞ and in Hnx1xi, x3 is a cut vertex. Furthermore,

fx1; x3g is a 2-cut of H and Hnfx1x2; x1x4g has three blocks, one of which is the

edge x3x1 (see Fig. 8).

Let Q1;Q2 be the two components of H � fx1; x3g and let Hi ¼ H � VðQiÞ for

each i ¼ 1; 2. Hence H1 \ H2 ¼ fx1; x3; x1x3g. Since the edge x1x3 appears in

both H1 and H2, both H1 and H2 are simple and 2-connected. Let f1 be the face in

H1 adjacent to the triangle x3x2x1x3 and the edge x1x3, and let f2 be the face in H2

adjacent to the edges x1x3; x1x4, and the face x3x4x1x3 (see Fig. 8).

Let Gi be the subgraph of G corresponding to Hi for each i ¼ 1; 2. We also

denote by f 01; f
0
2 the corresponding faces of f1; f2 in G1;G2, respectively. Then both

G1 and G2 remain simple and 2-connected and therefore, by induction hypothesis,

Gi has an edge-face k-coloring �i for each i ¼ 1; 2.

Assume that x3x1 2 EðGÞ. That is, x1x3 2 E1. For other cases

(x3x1 2 E2 or E3), the arguments are similar. We relabel the colors such that

�1ðx3x1Þ ¼ �2ðx3x1Þ ¼ a and �1ðx3Þ \ �2ðx3Þ ¼ fag. Let �1ð f 01Þ ¼ � and

FIGURE 8
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�2ð f 02Þ ¼ �. If � ¼ �, without loss of generality, let � 62 �1ðx3Þnfag. We relabel

the colors in ½�1ðx3Þ [ f�g�nfag in the coloring �1 of G1 such that � 6¼ �. Hence,

without loss of generality, let � 6¼ �. Now we uncolor the faces corresponding to

the triangle x1x3x2x1 in H1 and the triangle x1x3x4x1 in H2. Then, after gluing G1

and G2 together, we can get a partial edge-face k-coloring � of G with the edges

in Eð��1
2 ðx1x4ÞÞ and the face f 0 uncolored. It is easy to see that these uncolored

elements are in Es [ Fs (defined before Lemma 2.2). Therefore, by Lemma 2.2, �
can be extended to the graph G, a contradiction.

(ii) By (i) and the table in Lemma 5.2, either d ¼ 5 or d ¼ 3. Assume that

d ¼ 5. Without loss of generality, let dHðxiÞ ¼ 3 for each i ¼ 1; 2; 3; 4.

Let u be a vertex adjacent to x2 other than x1 and x3. Notice that x1 and x3 are

not adjacent in H, otherwise, x2 is a cut vertex separating u from x5. Similarly, x2

and x4 are not adjacent in H. Since dGðx2Þ þ dGðx3Þ � 2 � ð3 þ 3Þ ¼ 12 � k, by

Proposition 9, Hnfx2x3g has a cut vertex and H=x2x3 is not simple and therefore,

x5 is adjacent to both x2 and x3. This implies that x5 is a cut vertex in Hnfx2x3g
and x3; x1 are in different blocks.

Let H0 be the graph obtained from Hnfx2x3g by adding the edge x1x3 to

Hnfx2x3g such that x5x1x3x4x5 is a 4-face in H0. Then H0 is 2-connected. Let G0

be the graph corresponding to H0. Then jEðG0Þj ¼ jEðGÞj. Assume that G0 is also

a smallest counterexample to Theorem 1.3. Notice that H0 contains a 4-face

x1x3x4x5x1 with dH0 ðx1Þ ¼ dH0 ðx3Þ ¼ dH0 ðx4Þ ¼ 3. It contradicts Lemma 5.3 (i).

So, G0 is not a counterexample. That is, G0 has an edge-face k-coloring �, which

can be easily adjusted to be an edge-face k-coloring of G, a contradiction.

Therefore, d ¼ 3.

(iii) We may assume that dHðx1Þ � dHðx2Þ � dHðx3Þ. By way of contradiction,

we assume that dHðx3Þ � 11. Then, dHðxiÞ < ðk � 1Þ=2 and, by Inequality (4) in

Lemma 4.2, we have dGðxiÞ < k for each i ¼ 1; 2; 3. Therefore, in H, no C-edges

or D-edges is incident with the vertex xi and, by Inequality (6) in Lemma 4.3,

xixiþ1 2 E1 [ E2 for each i ¼ 1; 2; 3.

Let mi denote the number of B-edges incident with the vertex xi in H. Then

dGðxiÞ ¼ dHðxiÞ þ mi. It is obvious that either GnEð��1
2 ðx1x2ÞÞ is 2-connected

and simple or GnEð��1
2 ðx1x3ÞÞ is 2-connected and simple. Without loss of

generality, let GnEð��1
2 ðx1x3ÞÞ be 2-connected and simple. Let � be an edge-face

k-coloring of GnEð��1
2 ðx1x3ÞÞ. Remove the colors from those edges, which have

endvertices xi and a 2-vertex for each i ¼ 1; 3. Notice that there are at least mi 2-

vertices adjacent to xi for each i ¼ 1; 2; 3. If ��1
2 ðx1x3Þ ¼ x1x3, there are at least

k � ðdGðx1Þþ dGðx3Þ � 2Þþ m1þ m3 � 1¼ k � ðdHðx1Þþ m1þ dHðx3Þþ m3 � 2Þ
þ m1 þ m2 � 1 ¼ k � ðdHðx1Þ þ dHðx3ÞÞ þ 1 � 24 � 14 þ 1 ¼ 11 colors avail-

able for the edge x1x3. If ��1
2 ðx1x3Þ ¼ x1x0x3 where dGðx0Þ ¼ 2. Then � can be

viewed as a partial edge-face k-coloring of G on ½EðGÞ [ FðGÞ�nfx1x0; x0x3; fg.

Notice that the uncolored face f is the corresponding face of f 0 whose length is at

most 3 � 2 ¼ 6 and the uncolored edges are in Es (defined above Lemma 2.2).

Therefore, by Lemma 2.2, � can be extended to the graph G, a contradiction.

(iv) is obvious by the table in Lemma 5.2. &
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Let f 0 ¼ uvwu be a positive face in H with dHðuÞ � dHðvÞ � dHðwÞ. The edge

uv is called special and the face in H incident with the special edge uv other than

the face f 0 is also called special with respect to the edge uv.

C. Strategy of the Remaining Part of the Proof

We will re-assign the Euler contribution of the graph H (or, commonly called

charge/discharge) in Subsection 5(E) as follows: The Euler contribution of every

positive face will be discharged to a special face by crossing a special edge.

Consequently, we will show that after re-assignment, H will have no face with

positive charge. It is obvious that the new charges of the non-special faces are

non-positive. We will prove that the new charge of each special face remains non-

positive. Notice that each special face receives some charge from adjacent

positive faces sharing special edges.

In order to keep the new charge of a special face non-positive, it is sufficient to

prove that the initial charge of a special face is negative and that the absolute

value of its initial charge is very large. By Theorem 5.1, the initial charge (Euler

contribution) of a face is determined by its length and the degrees of the vertices

on its boundary. Therefore, it is sufficient to prove that the length of each special

face is large enough (see Lemma 5.5) and that there are enough number of

vertices with large degrees (see Lemma 5.6).

D. Lemmas for Charge and Discharge

Let SPEðHÞ denote the set of all special edges of H and SPE1ðHÞ, and the set of

all such special edges both of whose endvertices are of degree 3 in H. Let

SPE2ðHÞ ¼ SPEðHÞnSPE1ðHÞ.

Lemma 5.4. For each special edge uv ¼ e 2 SPEðHÞ with uvw as the adjacent

positive face, we have

(i) e 2 E1 [ E2;

(ii) For any A � EðGÞ [ FðGÞ, any partial edge-face k-coloring � of G on A

can be adjusted and then extended to A [ ��1ðeÞ;
(iii) GnEð��1ðeÞÞ is not 2-connected, and the vertex w is the cut-vertex of the

graph GnEð��1
2 ðeÞÞ;

(iv) e 2 E1.

Proof. (i) It is obvious by Inequality (6) in Lemma 4.3, and Lemma 5.3 (iv)

that e 2 E1 [ E2.

(ii) It is sufficient to show that for each e ¼ uv 2 Q0, the coloring � can be

adjusted and then, extended to the edges in Eð��1ðeÞÞ. By Lemma 5.3 (iv),

dHðuÞ � dHðvÞ � 11 < ðk � 1Þ=2. Therefore, by Inequality (4) in Lemma 4.2,

maxfdGðuÞ; dGðvÞg < k. Thus, the vertices u; v are not incident with any C- or

D-edges by Propositions 4 and 5.
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Let m1 denote the number of B-edges incident with u and m2 the number of

B-edges incident with v. Then dGðuÞ ¼ dHðuÞ þ m1 and dGðvÞ ¼ dHðvÞ þ m2. Let

E0 ¼ the set of edges in G with endvertices u and a 2-vertex and E00 ¼ the set of

edges in G with endvertices v and a 2-vertex. Notice that, by Lemma 5.3 (iv),

dHðuÞ þ dHðvÞ � 14.

Remove the colors from the edges in E0 [ E00 and then color the edges in

��1ðeÞ since there are at most dHðuÞ � 1 þ dHðvÞ � 1 þ 2 � 14 forbidden colors

for each of those edges. Since e ¼ uv 2 E1 [ E2, there are at most dHðuÞ � 1 B-

edges incident with the vertex u. Therefore, dGðuÞ ¼ dHðuÞ þ m1 � dHðuÞþ
dHðuÞ � 1 � 11 þ 11 � 1 ¼ 21 since dHðuÞ � 11. Similarly, dGðvÞ ¼ dHðvÞþ
m2 � 21. Therefore, for each edge xy in E0 [ E00, dGðxÞ þ dGðyÞ � 2 þ 21 ¼
23 � k � 1. By Lemma 2.2, we can recolor the edges in E0 [ E00.

(iii) If Gn��1ðeÞ is 2-connected, then it has an edge-face k-coloring �. By (ii),

the coloring � can be adjusted and then extended to the edges of ��1ðeÞ. Since

dGðuvwÞ � 6, by Lemma 2.2, the coloring � can be further extended to the

positive face uvwu and therefore the entire G.

(iv) By (i), assume that e 2 E2. By (iii), since Gn��1ðeÞ has a cut-vertex w, it

is impossible that Gn��1ðeÞ has an edge joining u and v. By Inequality (1)

in Lemma 4.2 and Lemma 5.3 (iv), one of dGðuÞ and dGðvÞ is at most

2 � 4 þ 1 ¼ 9 < k � 2. It contradicts Proposition 1 (ii) that the degree of each of

fu; vg must be at least k � 2 in G. &

Lemma 5.5. For any special face f 00, let f be its corresponding face in G. Let s

be the number of special edges in the boundary of f 00. Then,

2dHð f 00Þ � dGð f Þ þ s; ð7Þ

dGð f Þ �
k

2
þ s; ð8Þ

dHðf 00Þ �
k

4
þ s: ð9Þ

Proof. (7) Let e 2 Eð f 00Þ in H. If ��1ðeÞ is not an edge in G, then the

subgraph of G induced by ��1ðeÞ must be an Ei-, B-, C-, or D-edge. Thus,

the edge e in H corresponds to a subdivided edge of length 1 or 2 around the

boundary of f in G. By Lemma 5.4 (iv), every special edge is an original edge in

G. Therefore,

dGð f Þ � 2dHð f 00Þ � s:

(8) Let uv be a special edge incident with f 00. By Lemma 5.4 (iii), Gnfuvg is

not 2-connected. Let f 0 ¼ vuw be the positive face adjacent to the special edge

e ¼ uv in H. By Lemma 5.4 (iii), w is a cut vertex in Gnfeg. Moreover, w

separates Gnfeg into two blocks, say, G0 and G00, and each block is 2-connected

and they share the face f and the vertex w. Thus, G0 and G00 both have edge-face
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k-colorings �0 and �00 such that �0ðwÞ \ �00ðwÞ ¼ ;. Let F0 be the set of all faces

of G adjacent to the face f 00 in H whose corresponding faces in H are positive,

and E0 the set of all special edges incident with the face f . We remove the

colors from the faces and edges of E0 [ F0 [ f fg. Then we can combine the

colorings �0 and �00 into a partial edge-face-coloring � of G: � : ½EðGÞ [ FðGÞ�n
½E0 [ F0 [ f fg� ! C .

If the partial coloring � can be extended to the special face f , we can further

color the edges in E0 by Lemma 5.4 (ii) and the faces in F0 by Lemma 2.2 since

by Lemma 5.3, the length of each positive face is at most 2 � 3 ¼ 6 < ðk � 1Þ=2.

So, the partial coloring � cannot be extended to the face f .

Obviously,

jE0 [ F0j � 2s:

Thus, there are at most

2dGð f Þ � jE0 [ F0j � 2dGð f Þ � 2s

forbidden colors for the face f .

Assume that

2dGð f Þ � 2s � k � 1:

Then there are at least k � ð2dGð f Þ � 2sÞ � 1 colors available for the face f .

Therefore, � can be extended to the face f , a contradiction. Hence, we must have

2dGð f Þ � 2s � k:

(9) By Inequalities (7) and (8), we have

2dHðf 00Þ � dGðf Þ þ s � k

2
þ s

� �
þ s:

Hence,

dHð f 00Þ �
k

4
þ s: &

Lemma 5.6. For each special edge uv 2 SPE1ðHÞ, let f 0 ¼ uvw be the positive

face adjacent to the edge uv. Let u1 be the vertex in H adjacent to u other than v
and w, and v1 be the vertex in H adjacent to v other than u and w. Then,

maxfdHðu1Þ; dHðv1Þg � k � 4

2
:

Proof. Notice that dHðuÞ ¼ dHðvÞ ¼ 3 since uv 2 SPE1ðHÞ.
(I) By way of contradiction, we assume that both dHðu1Þ < ðk � 4Þ=2 and

dHðv1Þ < ðk � 4Þ=2. Then, by Inequality (6) in Lemma 4.3, the edges uu1 and vv1

are all in E1 [ E2 and by Lemma 5.4 (iv), uv 2 E1. Let uu01 2 Eð��1ðuu1ÞÞ and

vv01 2 Eð��1ðvv1ÞÞ. Note that either u01 ¼ u1 or dGðu01Þ ¼ 2 and either v01 ¼ v1 or

dGðv01Þ ¼ 2. Let f 00 denote the face in H adjacent to the face f 0 and incident with

the edge uw. Let f1; f2 be the corresponding faces of f 0 and f 00 in G, respectively.
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(II) Claim that both uw 2 E1 [ E2 and vw 2 E1 [ E2.

By way of contradiction, we assume that uw 2 E3. Since dHðuÞ � 11 <
ðk � 1Þ=2, by Inequality (4) in Lemma 4.2, dGðuÞ < k. Therefore, ��1ðuwÞ must

be a B-edge. Let w3 be the only 2-vertex in ��1ðuwÞ. If w3 is on the boundary of

f1. Then, ww3 is adjacent to two faces with length at most 6 and dGðw3Þþ
dGðuÞ � 2 þ 2� 11 ¼ 24 � k and uw3 is also adjacent to two faces with length at

most 6. Therefore, by Lemma 2.2, any edge-face k-coloring of the graph Gnfw3g
can be extended to the graph G. Therefore, w3 must be on the boundary of f2.

Clearly, Gnfuwg remains 2-connected and simple. Let � be an edge-face k-

coloring of Gnfuwg. Remove the colors from the edges uu01, uv, and uw3 and

from the face f1. Denote S ¼ fuw; uu1; uv; uw3; f1; uw3wug. Then � can be viewed

as a partial edge-face k-coloring of G on ½EðGÞ [ FðGÞ�nS. Obviously, there is at

least one color available for the edge uw and color it. Since Snfuwg is a subset of

Es [ Fs defined above Lemma 2.2, by Lemma 2.2 � can be adjusted and then

extended to G. This contradiction shows that uw 2 E1 [ E2. Similarly, we can

also prove that vw 2 E1 [ E2.

(III) Note that u1u; uw; uv 2 E1 [ E2. We have dGðuÞ ¼ dHðuÞ ¼ 3. Similarly,

dGðvÞ ¼ dHðvÞ ¼ 3.

(IV) Let ww0
1 2 Eð��1ðuwÞÞ and ww0

2 2 Eð��1ðvwÞÞ. Note that either w0
1 ¼ u

or dGðw0
1Þ ¼ 2, and that either w0

2 ¼ v or dGðw0
2Þ ¼ 2. By Lemma 5.4 (iii),

GnEð��1
2 ðuvÞÞ is not 2-connected. Therefore, GnEð��1

2 ðuwÞÞ remains 2-

connected and simple. Let � be an edge-face k-coloring of the graph

GnEð��1
2 ðuwÞÞ. Remove the colors from the edges uu01, uv, vv01, and vw0

2 (if

any). Then, � can be viewed as a partial edge-face k-coloring of G with the

elements ww0
1; uw

0
1; uu

0
1; uv; vv

0
1, vw0

2 (if any), and f1, uncolored.

Let a ¼ �ðww0
2Þ, b ¼ �ð f2Þ, and c 2 Cn�ðwÞ. If c 6¼ b, we can color the edge

ww0
1 with the color c. If c ¼ b, remove the color a from the edge ww0

2 and then

color it with the color b and then color the edge ww0
1 with the color a. The

remaining uncolored elements are the edges uu01, vv01, uw0
1 (if any), and vw0

2 (if

any) and the face f1. Notice that these elements are all in Es [ Fs defined above

Lemma 2.2. Therefore, � can be extended to the graph G, a contradiction.

E. Charge and Discharge—The Final Step

Consider �, the Euler contribution of H, as the initial charge of the face set of H.

We will reassign a new charge �0 to each face of H as follows. Each positive face

f 0 sends its total amount of its Euler contribution �ð f 0Þ to the adjacent special

face sharing the special edge with it by crossing the special edge.

FIGURE 9
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We now check the new charge �0ð f 0Þ.
(a) For each non-special face f 	 with �ð f 	Þ � 0, the charge remains the same.

That is,

�0ð f 	Þ ¼ �ð f 	Þ � 0:

(b) For each positive face f 0 in H,

�0ð f 0Þ ¼ �ð f 0Þ � �ð f 0Þ ¼ 0;

and if the positive face f 0 is adjacent to a special edge in SPE1, then

�ð f 0Þ � 1 � 3

2
þ 2 � 1

3
þ 1

12
¼ 1

4
:

If the positive face f 0 is adjacent to a special edge in SPE2, then

�ð f 0Þ � 1 � 3

2
þ 1

3
þ 1

4
þ 1

12
¼ 1

6
:

In summary, each positive face in H discharges either � 1=6 or � 1=4 to an

adjacent special face sharing the special edge with it by crossing a special edge

e 2 SPE2 or e 2 SPE1, respectively.

(c) For each special face f 0, Let r ¼ dHð f 0Þ and si be the number of special edges

in SPEiðHÞ adjacent to f 0 for each i ¼ 1; 2.

(d) By Lemma 5.6, there are at least s1=2 vertices in Bð f 0Þ with degrees at least

ðk � 4Þ=2.

(e) By Inequality (9) in Lemma 5.5, we have

r � k

4
þ ðs1 þ s2Þ: ð10Þ

Therefore,

�0ð f 0Þ � �ð f 0Þ þ s1

4
þ s2

6

¼ 1 � r

2
þ

X
v2BHð f 0Þ

1

dHðvÞ
þ s1

4
þ s2

6

� 1 � r

2
þ s1

2
� 2

k � 4
þ r � s1

2

� �
� 1

3

� �
þ s1

4
þ s2

6
ðby ðdÞÞ

¼ 1 � r

6
þ s1

k � 4
þ s1

12
þ s2

6

� 1 � k

24
þ s1 þ s2

6

� �
þ s1

12
þ s2

6
þ s1

k � 4
ðby ðeÞÞ

¼ 1 � k

24
� s1

12
þ s1

k � 4

� 0 ðsince k � 24Þ:
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Thus,

2 ¼
X

f 02FðHÞ
�ð f 0Þ ¼

X
f 02FðHÞ

�0ð f 0Þ � 0

This contradiction completes the proof of Theorem 1.4. &
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