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a b s t r a c t

Let G be a cubic graph and C be a circuit. An extension of C is a circuit D such that V (C) ⊆

V (D) and E(C) ≠ E(D). The study of circuit extension is motivated by the circuit double
cover conjecture. It is proved by Fleischner (1990) that a circuit C is extendable if C has
only one non-trivial Tutte bridge. It is further improved by Chan, Chudnovsky and Seymour
(2009) that a circuit is extendable if it has only one odd Tutte bridge. Those earlier results
are improved in this paper that C is extendable if all odd Tutte bridges of C are sequentially
lined up along C . It was proved that if every circuit is extendable for every bridgeless cubic
graph, then the circuit double cover conjecture is true (Kahn, Robertson, Seymour 1987).
Although graphswith stable circuits have been discovered by Fleischner (1994) and Kochol
(2001), variations of this approach remain one of most promising approaches to the circuit
double cover conjecture. Following some early investigation of Seymour and Fleischner, we
further study the relation between circuit extension and circuit double cover conjecture,
and propose a new approach to the conjecture. This new approach is verified for some
graphs with stable circuits constructed by Fleischner and Kochol.

© 2013 Elsevier B.V. All rights reserved.

1. Introduction

Let G be a bridgeless graph. A subgraph of G is even if every vertex is of even degree. A circuit of G is a connected 2-regular
graph. The following is the well-known Circuit Double Cover Conjecture.

Conjecture 1.1 ([19,23,26,29]). Every bridgeless graph G has a family of circuits that covers every edge precisely twice.

Circuit Double Conjecture has been verified for K5-minor-free graphs, Petersen-minor-free graphs [1,2] and graphs with
specific structures such as Hamiltonian path [27], small oddness [18,16,17] and spanning subgraphs [13–15,30]. It suffices
to show that the Circuit Double Cover Conjecture holds for cubic graphs [20]. The Circuit Double Cover Conjecture is
strengthened to the Strong Circuit Double Cover Conjecture as follows.

Conjecture 1.2 (Seymour, See [7, p. 237], [8], Also See [13]). Let G be a bridgeless cubic graph and C be a circuit of G. Then G has
a circuit double cover which contains C.

The Strong Circuit Double Cover Conjecture is related to Sabidussi’s Compatibility Conjecture which asserts that if T is a
Eulerian trail of a Eulerian graph G of minimum degree at least 4, there exists a circuit decomposition D of G such that no
transition of T is contained in any element of D . A circuit C of a graph G is a dominating circuit if G − V (C) has no edges.
Sabidussi’s Compatibility Conjecture is equivalent to the following circuit cover version.

∗ Corresponding author.
E-mail addresses: zkmiao@jsnu.edu.cn (Z. Miao), dye@mtsu.edu (D. Ye), cqzhang@math.wvu.edu, cqzhang@mail.wvu.edu (C.-Q. Zhang).

0012-365X/$ – see front matter© 2013 Elsevier B.V. All rights reserved.
http://dx.doi.org/10.1016/j.disc.2013.06.019



Author's personal copy

2056 Z. Miao et al. / Discrete Mathematics 313 (2013) 2055–2060

Conjecture 1.3 (Sabidussi and Fleischner [9], and Conjecture 2.4 in [3, p. 462]). Let G be a bridgeless cubic graph and C be a
dominating circuit of G. Then G has a circuit double cover which contains C.

There are few partial results known for Conjectures 1.2 and 1.3. It is well-known that 3-edge-colorable cubic graphs
satisfy Conjectures 1.2 and 1.3. The following result is obtained by Fleischner.

Theorem 1.4 (Fleischner [10], Also See [12]). Let G be a cubic graph with a circuit C such that G − V (C) has only one vertex.
Then G has a circuit double cover containing C.

One way to attack these conjectures is circuit extension. This idea was first proposed by Seymour (see [11,22]). Given a
circuit C of a bridgeless cubic graph G, a circuit D is called an extension of C if V (C) ⊆ V (D) and E(D) ≠ E(C). If C has an
extension in G, the pair (G, C) is extendable. The following is a problem proposed by Seymour.

Problem 1.5. Let G be a bridgeless cubic graph and C be a circuit. Is (G, C) extendable?

If the answer to Problem 1.5 is yes, then Conjectures 1.1–1.3 will follow (Proposition 6.1.4 in [31, p. 67]). However,
Fleischner [11] constructed a counterexample to Problem 1.5 and answered Seymour’s problem negatively. After that,
Kochol [22] constructed an infinite family of cyclic 4-edge-connected cubic graphs G with circuits C such that (G, C) is
not extendable. But it is still interesting to ask which cubic graphs have the circuit extension property.

Let G be a cubic graph and C be a circuit of G. Each component B of G− E(C) is called a Tutte-bridge of C . A vertex in B∩ C
is called an attachment of B on C . A chord of C is a trivial Tutte-bridge. The order of B is the number of vertices in B − V (C).
A Tutte-bridge is odd if its order is odd.

Theorem 1.6 (Fleischner [10]). Let G be a bridgeless cubic graph and C be a circuit of G. Then the circuit C is extendable if C has
only one non-trivial Tutte-bridge.

Theorem 1.7 (Chan, Chudnovsky and Seymour [4]). Let G be a bridgeless cubic graph and C be a circuit of G. Then the circuit C
is extendable if C has only one odd Tutte-bridge.

In this paper, the above results are further strengthened in Theorem 1.9.

Definition 1.8. Let G be a bridgeless cubic graph and C be a circuit of G. All odd Tutte-bridges of C are sequentially lined up
along C if each odd Tutte-bridge Qi (1 ≤ i ≤ t) of C has an attachment vi such that vivi+1 ∈ E(C) for 1 ≤ i ≤ t − 1.

Theorem 1.9. Let G be a bridgeless cubic graph and C be a circuit of G. The circuit C is extendable if all odd Tutte-bridges of C
are sequentially lined up along C.

2. Proof of the main theorem

Let G be a cubic graph andM be a subset of E(G). Let G−M be the subgraph of G obtained from G by deleting all edges in
M . The suppressed graph G − M is a graph obtained from G−M by suppressing all vertices of degree two. IfM is a matching,
G − M is a cubic graph. IfM has only one edge e, we use G − e and G − e instead.

The following theorem will be used in the proof of the main theorem.

Theorem 2.1 (Smith’s Theorem, [28]). Let G be a cubic graph. Then every edge of G is contained in an even number of Hamiltonian
circuits.

Now, we are ready to prove the main theorem.
Proof of Theorem 1.9. Suppose that (G, C) is a minimum counterexample with |E(G)| as small as possible. Let T1, . . . , Tk
be all odd Tutte-bridges of C such that each Ti has an attachment vi and vivi+1 ∈ E(C) for i = 1, . . . , k − 1.

(1) For any edge e ∈ E(G) \ E(C), G − e is bridgeless.
If not, assume that e = uv ∈ E(G)\ E(C) is such that G− e has a bridge e′

= u′v′. Clearly, e is not a chord of C and neither
is e′. Then G−{e, e′

} has two components Q and Q ′. Without loss of generality, assume that C ⊆ Q and u, u′
∈ Q . By parity,

Q ′ is of even order. Let G′ be the new cubic graph obtained from Q by adding a new edge uu′. Note that T1 ∩ G′, . . . , Tk ∩ G′

are all odd Tutte-bridges of C in G′, and vivi+1 is still an edge of C in G′. Since |E(G′)| < |E(G)|, (G′, C) is extendable. Let D be
an extension of C in G′. If D does not contain uu′, then D is also an extension of C in G, a contradiction. If D contains uu′, then
D−uu′

+{e, e′
}+ Pvv′ is an extension of C in G, where Pvv′ is a path of Q ′ joining v and v′, a contradiction. The contradiction

implies that G − e is bridgeless.
(2) Every non-trivial Tutte-bridge Q is acyclic.
Suppose to the contrary that C has a Tutte-bridge Q which has a circuit. Let e = uv be an edge on the circuit. Then the

order of Q − e has the same parity as the order of Q . By (1), G − e is bridgeless. Note that the odd Tutte-bridges of C in G − e
have the same property as the odd Tutte-bridges of C in G. Since |E(G − e)| < |E(G)|, C has an extension D in G − e. Let D′

be the corresponding circuit of D in G, which is an extension of C in G, a contradiction.
(3) The circuit C is dominating.
By (2), every non-trivial Tutte-bridge is a tree. We have to show that every non-trivial Tutte-bridge Q is K1,3. Choose a

leaf v of Q − V (C) such that v ∉ N(vi) for all 1 ≤ i ≤ t , and let e = uv be an edge of Q − V (C). Then Q − e has two
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Fig. 1. Fleischner’s counterexample and a circuit without extension.

Fig. 2. Kochol’s counterexample and a circuit without extension.

components, Q1 and Q2: (i) u, vi ∈ V (Q1) and |V (Q1)| ≡ |V (Q )|(mod 2); (ii) v ∈ V (Q2) and Q2 is a chord (joining two
vertices of N(v) ∩ V (C)). By (1), G − e is bridgeless and the odd Tutte-bridges of C in G − e have the same property as the
odd Tutte-bridges of C in G. Note that |E(G − e)| < |E(G)|. Hence C has an extension D in G − e. So the corresponding circuit
D′ of D in G is an extension of C in G, a contradiction. The contradiction implies that Q − V (C) has no edges. Since G is cubic,
Q − V (C) is an isolated vertex. Hence Q is isomorphic to K1,3.

(4) The final step.
By (3), G has only odd Tutte-bridges T1, . . . , Tk and each Ti has only one vertex xi which is not on C . Note that vi is an

attachment of Ti. So xivi ∈ E(Ti). Let M := {xivi|i = 1, . . . , t}. Then the suppressed circuit C ′ of C is a Hamiltonian circuit of
G − M , and the path v−

1 v1v2 · · · vtv
+

t of C is corresponding to an edge v−

1 v+

t in G − M . By Smith’s Theorem (Theorem 2.1),
the edge v−

1 v+

t is contained in another Hamilton circuit D′ which is an extension of C ′ in G − M . Let D be the circuit of G
which is corresponding to D′. Then D is an extension of C in G, a contradiction. This completes the proof. �

3. Circuit extension and circuit double cover

Circuit extension of graphs is an approach to solve the Circuit Double Cover Conjecture. Instead of cubic graphs, we pay
more attention to bridgeless subgraphs of cubic graphs which are called subcubic graphs. Let H be a subcubic graph and V3
be the set of all degree 3 vertices in H . An extension of C is a circuit D such that V3(C) ⊆ V3(D) and E(C) ≠ E(D), where
V3(C) = V (C) ∩ V3 and V3(D) = V (D) ∩ V3. Note that, if D is an extension of a circuit C of a subcubic graph G, then
H − (E(C) − E(D)) is again subcubic.

Proposition 3.1 (Kahn, Robertson and Seymour [21], Also see [4,24,25]). If Problem 1.5 is true for every circuit of all 2-connected
cubic graphs, then the Circuit Double Cover Conjecture is true.

Proposition 3.1 can be proved by recursively applying Problem 1.5 as follows.

• Let G0 := G and C0 be a circuit of G;
• Find a C0-extension C1 in G and let G1 := G0 − (E(C0) − E(C1));
• · · ·

• Find a Ci−1-extension Ci in Gi−1 and let Gi := Gi−1 − (E(Ci−1) − E(Ci));
• · · ·

• Until Gt−1 − (E(Ct−2) − E(Ct−1)) is a circuit, denoted by Ct .

This process is called a circuit-extension processwith the output

{C0, . . . , Ct}

which is called an extension sequence of C0.
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Fig. 3. Fleischner’s counterexample and a circuit-extension process.

Fig. 4. Kochol’s counterexample and a circuit-extension process.

Proposition 3.1 can be restated as follows.

Proposition 3.2. Let G be a bridgeless cubic graph and C0 be a given circuit of G. Assume that C0 has an extension sequence
{C0, C1, . . . , Ct}. If, for every bridgeless subgraph H of G, Problem 1.5 is true for the suppressed cubic graph H, then G has a circuit
double cover

{C0, C0 △ C1, . . . , Ct−1 △ Ct , Ct}.
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However, Problem 1.5 is not true in general: counterexamples (G, C0) exist (see [11,22], also Figs. 1 and 2). That is, for
some graphsG, there is a circuit C0 which does not have an extension sequence. In order to avoid such non-extendable circuit
(stable circuit), variations of circuit extensions have been studied in [5,6].

Without specifying the initial circuit C0, we suggest a modified approach as follows (another variation is proposed in the
final section).

Problem 3.3. For a given graph G, is there a circuit C0 which has an extension sequence?

With the same argument as Proposition 3.2, Problem 3.3 implies the Circuit Double Cover Conjecture. For Problem 1.5,
Fleischner and Kochol discovered some counterexamples. We further verify that they are not counterexamples for
Problem 3.3 in the following two propositions.

Proposition 3.4. Fleischner’s counterexample (see Fig. 1) has a circuit C0 such that the circuit-extension process can be carried
out.

Proposition 3.5. Kochol’s counterexample (see Fig. 4) has a circuit C0 such that the circuit-extension process can be carried out.

Proofs of Propositions 3.4 and 3.5 are illustrated in Figs. 3 and 4, respectively. The circuits in the extension sequences are
in bold lines. The circuit in the last step is a Hamilton circuit C of a subcubic graph whose suppressed graph is a cubic graph
with a Hamilton circuit C . By Smith’s Theorem, every cubic graph with a Hamilton circuit C has another Hamilton circuit
which is an extension of C . Hence the circuit-extension process can be carried out.

4. Remarks

Because of the existence of counterexamples to Problem 1.5, the circuit-extension process may not be carried out to
the end: the process stops when Ci−1 has no extension in Gi−1. We further propose a modification of the circuit-extension
process with the following additional requirements.

(1) The initial circuit C0 is not given, and is a shortest circuit in G.
(2) Among all extensions of Ci−1 in Gi−1, we choose a shortest one to be Ci.
And we conjecture that the modified circuit-extension process can be carried out to the end.
We notice that all those cubic graphs with non-extendable circuits [11,22] contain the Petersen graph as a minor. We

propose another related problem: Problem 1.5 is true for all Petersen-minor free graphs.
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