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Abstract

Bouchet conjectured that every bidirected graph which admits a nowhere-zero bidirected flow will
admit a nowhere-zero bidirected 6-flow [A. Bouchet, Nowhere-zero integer flows on a bidirected
graph, J. Combin. Theory Ser. B 34 (1983) 279–292]. He proved that this conjecture is true with 6
replaced by 216. Zyka proved in his Ph.D dissertation that it is true with 6 replaced by 30. Khelladi
proved it is true with 6 replaced with 18 for 4-connected graphs [A. Khelladi, Nowhere-zero integer
chains and flows in bidirected graphs, J. Combin. Theory Ser. B 43 (1987) 95–115]. In this paper, we
prove that Bouchet’s conjecture is true for 6-edge connected bidirected graphs.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction

A bidirectedgraphG is adirectedgraphwith vertex setV (G)andedgesetE(G)such that
each edge is oriented as one of the four possibilities: , , ,

. An edge with orientation (resp., ) is called anin-edge
(resp.,out-edge). Edgeswith other orientations are calledordinary edges. The set of in(out)-
edges is denoted byEi(G) (Eo(G), respectively). We define O(G) = |Ei(G)| + |Eo(G)|.
For an ordinary edgee, reversing the orientation ofemeans the natural way to change

its orientation. For any non-ordinary edgee ∈ E(G), reversing the orientation ofemeans
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changinge from an in(out)-edge to an out(in)-edge. Note that after reversing the orientation
of an edge ofG, O(G) remains the same.
LetGbeabidirectedgraph. For anyv ∈ V (G), the set of all edgeswith tails (or heads) atv

is denoted byE+(v) (orE−(v)) andwe defineE(v)=E+(v)∪E−(v). (For a general graph
G, we useE(v) to denote the set of edgeswhich are incident withv inG.)A bidirected graph
is eulerian if|E(v)| is even for eachv ∈ V (G). Readers are referred to[1] for terminology
not defined in this paper.

Definition 1.1. LetG be a bidirected graph andf be a function:E(G) �→ Z. Then:

(1) f is called abidirected k-flowof G if −k + 1�f (e)�k − 1 for every edgee ∈ E(G)

and
∑

e∈E+(v) f (e) = ∑
e∈E−(v) f (e) for everyv ∈ V (G);

(2) f is called abidirected modular k-flowofG if 0�f (e)�k −1 for every edgee ∈ E(G)

and
∑

e∈E+(v) f (e) ≡ ∑
e∈E−(v) f (e) (modk) for everyv ∈ V (G);

(3) Thesupportof a bidirectedk-flow (resp., modulark-flow) f of G is the set of edges of
G with f (e) 
= 0 (resp.,f (e) /≡ 0 (modk)), and is denoted by supp(f ). A bidirected
k-flow (modulark-flow) of G is nowhere-zeroif supp(f ) = E(G).

For nowhere-zero bidirected integer flows,Bouchet[2] proposed the following conjecture
(see also Toft and Jensen’s book[11]).

Conjecture 1.2. Every bidirected graph which admits a nowhere-zero bidirected flow will
admit a nowhere-zero bidirected6-flow.

Note that the value 6 in Conjecture 1.2 is best possible, see[2] for details. The following
is a list of the partial results to Conjecture 1.2.

Theorem 1.3. Let G be a bidirected graph admitting a nowhere-zero bidirected flow.
Then:

(1) (Bouchet[2]) G admits a nowhere-zero bidirected216-flow;
(2) (Zyka[16], or see[6]) G admits a nowhere-zero bidirected30-flow;
(3) (Khelladi [6]) G admits a nowhere-zero bidirected18-flow if G is4-connected.

Bidirected flow is a generalization of the concept of integer flow (introduced by Tutte
[12,15] as a dual version for the vertex coloring problem). This is because a directed
graphG can be considered as a bidirected graphG∗ with O(G∗) = 0. However, bidi-
rected flows and integer flows can be quite different due to the existence of the in-edges
and out-edges. Some results for integer flows can be generalized to bidirected flows while
some other results cannot. The following observation for bidirected 2-flows is a general-
ization of Tutte’s 2-flow characterization. Though the proof for integer 2-flows is straight-
forward, the corresponding result for bidirected 2-flow does need a few more steps in the
proof.

Proposition 1.4. Let G be a connected bidirected graph. Then, G admits a nowhere-zero
bidirected2-flow if and only if G is a connected eulerian graph andO(G) is even.
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We will provide a proof of this proposition in Section 2.
Integer flowsandmodular flowsareproved tobeequivalent for general graphs (see[12,13]

or [15]). However, for bidirected graphs, they are not equivalent to each other inmany cases.
The following are some examples that a nowhere-zero modular 2-flow (f (e) = 1 for each
e ∈ E(G)) in Example 1 and a nowhere-zero modular 3-flow in Example 2 (f (e) = 1 for
eache ∈ E(G)) cannot be converted to a nowhere-zero bidirected 2-flow (or 3-flow). The
fact that the graph in Example 2 has no bidirected 3-flow will follow from Lemma 3.2. For
nowhere-zero bidirected modular 3-flows, we are able to establish their equivalent relation
for 2-edge connected bidirected graphs.

The following is one of our main results in this paper which provides a major step in the
proof of Theorem 1.6.

Theorem 1.5. Let G be a2-edge connected bidirected graph. Then G admits a nowhere-
zero bidirected3-flow if and only if G admits a nowhere-zero modular bidirected3-flow.

By applying Theorem 1.5, we are able to verify Conjecture 1.2 for 6-edge connected
bidirected graphs.

Theorem 1.6. Let G be a6-edge connected bidirected graph. Then G admits a nowhere-
zero bidirected flow if and only if it admits a nowhere-zero bidirected6-flow.

2. Proof of Proposition 1.4 and its applications

A circuit is a connected 2-regular graph and acycleis a graph such that every vertex is of
even degree. LetGbeabidirected graph.A circuitCofG is said to bebalancedprovided that
O(C) is even andunbalancedotherwise.A cyclePofG is said to bebalancedprovided that
for each of its componentsP ′, O(P ′) is even. A collection of cyclesF = {P1, P2, . . . , Pr}
of G is called aproper r-cycle coverof G if everyPi is balanced and

⋃r
i=1E(Pi)=E(G).

Proof of Proposition 1.4. “�⇒”.Note that iff is anowhere-zerobidirected2-flowofGand
we reverse the orientation of some edgee1, then the resulting graphG1 admits a nowhere-
zero bidirected 2-flowf1, such that,f1(e) = f (e) for any e 
= e1 andf1(e1) = −f (e1).
Also, O(G) =O(G1).
So we may assume thatG admits a nowhere-zero bidirected 2-flowf such thatf (e) = 1

for every edgee ∈ E(G). Therefore, for anyv ∈ V (G), E+(v) = E−(v) which implies
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G is an eulerian graph. Since
∑

v∈V (G) E
+(v) = ∑

v∈V (G) E
−(v) and each ordinary edge

contributes 1 to both
∑

v∈V (G) E
+(v) and

∑
v∈V (G) E

−(v), the total contribution of non-
ordinary edges to

∑
v∈V (G) E

+(v)must be the same as that to
∑

v∈V (G) E
−(v). Therefore,

we get|Ei(G)| = |Eo(G)| and consequently, O(G) is even.
“⇐�”. SinceG is an eulerian graph, there is a circuit decompositionF={C1, C2, . . . , Ct }

of E(G). We will prove it by induction ont.
Suppose thatt = 1, thenG is a circuit. Since O(G) is even, let{e1, e2, . . . , e2m} be the

set of non-ordinary edges ofG such thate1, e2, . . . , e2m appear in the circuit in this order.
Clearly, if we reverse the orientation of some edges inG to get another graphG′, thenG
admits a nowhere-zero bidirectedl-flow if and only ifG′ does.
Let us reverse the orientation of some non-ordinary edges inG so thatei is an in-edge if

i is odd and an out-edge otherwise. Because there are even number of non-ordinary edges,
every two consecutive (in the circuit order) non-ordinary edges are of different types, i.e.,
one is an in-edge and the other one is an out-edge. Now, it is easy to reverse the orientation
of some ordinary edges so that for the resulting graphG′, |E+(v)| = |E−(v)| = 1 for any
v ∈ V (G′). Then,G′ admits a nowhere-zero bidirected 2-flow withf (e) = 1 for each
e ∈ E(G). It follows thatG admits a nowhere-zero bidirected 2-flow.
For t�2, sinceG is connected, then there existsCi such that the induced subgraph

G∗ = G[E(G)\E(Ci)] is connected. Note that O(Ci) is even if and only if O(G∗) is
even.
Assume that O(Ci) is even. By induction hypothesis, bothCi andG∗ admits nowhere-

zero bidirected 2-flows, thereforeG admits a nowhere-zero bidirected 2-flow. So, we may
assume that O(Ci) is odd (O(G∗) is odd as well). Letv be any vertex inV (Ci) ∩ V (G∗).
Supposev ∈ Cj for somej 
= i. LetC′

i be the new circuit obtained fromCi by splitting
an edgeei = vvi away fromv (becomesei = v′

ivi , wherev
′
i is a new vertex) and adding

a new in-edge betweenv andv′
i (this operation is called “expendingv in Ci to an in-edge

ei = vv′
i). Similarly, we get a new graphG′ fromG∗ by expendingv in Cj to an out-edge

ej = vv′
j . Clearly, both O(C′

i ) and O(G′) are even. By induction hypothesis,C′
i admits

a nowhere-zero bidirected 2-flowf1 andG′ admits a nowhere-zero bidirected 2-flowf2.
Note that−f1 is also a nowhere-zero bidirected 2-flow ofC′

i . So, we can assumef1(ei) =
f2(ej ) (otherwise since−f1(ei) = f2(ej ) we will use−f1 instead off1). Therefore, let us
define

f (e) =
{
f1(e) if e ∈ E(Ci),

f2(e) if e ∈ E(G)\E(Ci).

Clearly,f is a nowhere-zero bidirected 2-flow ofG. �

The following result is a generalization of a theorem about integer flows.

Proposition 2.1. Let G be a bidirected graph. If G has a proper r-cycle cover, then G
admits a nowhere-zero bidirected2r -flow.

Proof. LetF = {P1, P2, . . . , Pr} be a properr-cycle cover ofG. By Proposition 1.4, each
Pi admits a nowhere-zero bidirected 2-flowfi . It is easy to verify that

∑r
i=1 2

r−1fi is a
nowhere-zero bidirected 2r -flow. �
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3. Proof of Theorem 1.5

Let us first introduce a useful lemma whose proof is straightforward.

Lemma 3.1. Let G be a bidirected graph, E0 be a subset of E andGE0 be the bidirected
graph obtained from G by reversing the orientation of each edge inE0. Then we have:

(1) G admits a bidirected k-flow if and only ifGE0 admits a bidirected k-flow with the same
support.

(2) G admits a bidirected modular k-flow if and only ifGE0 admits a bidirected modular
k-flow with the same support.

Proof. (1) Suppose thatf is a bidirectedk-flow of G. Let

f ′(e) =
{
f (e) if e /∈E0,

−f (e) if e ∈ E0.

Clearly,f ′ is a bidirectedk-flow of GE0 with the same support.
(2) Suppose thatf is a bidirected modulark-flow of G. Let

f ′(e) =
{
k − f (e) if e ∈ E0 andf (e) 
= 0,
f (e) otherwise.

Clearly,f ′ is a bidirected modulark-flow of GE0 with the same support.�

Lemma 3.2. Let G be a bidirected cubic graph. Then G admits a nowhere-zero bidirected
3-flow if and only if G admits a nowhere-zero bidirected modular3-flow and G has a perfect
matching.

Proof. “�⇒”. Let f be a nowhere-zero bidirected 3-flow ofGandE0={e |f (e)=−1 or−
2}. By the proof of Lemma 3.1(1),GE0 admits a positive bidirected 3-flowf

′. Clearly,f ′
is also a nowhere-zero bidirected modular 3-flow ofGE0. By Lemma 3.1(2),G admits
a nowhere-zero bidirected modular 3-flow. Because for every vertexv ∈ V (G), there is
exactly one incident edgeesuch thatf ′(e)=2, thenE′={e |f ′(e)=2} is a perfectmatching
of G.
“⇐�”. Let f be a nowhere-zero bidirected modular 3-flow ofG andE0= {e |f (e)= 2}.

By Lemma 3.1(2),G∗ = GE0 admits a nowhere-zero bidirected modular 3-flowf ′ such
that f ′(e) = 1 for each edgee. SinceG∗ is a cubic graph, then for any vertexv either
E(v) = E+(v) or E(v) = E−(v). Let M be a perfect matching ofG∗. Then reverse the
direction of each edgeeof M and change the valuef ′(e) to be 2. The resulting nowhere-
zero bidirected modular 3-flow is also a nowhere-zero bidirected 3-flow ofG∗

M . By Lemma
3.1(1),G∗, and thereforeG admit nowhere-zero bidirected 3-flows.�

Definition 3.3. LetG be a graph andv be a vertex ofG. Suppose thatF ⊂ E(v), then we
useG[v;F ] for the graph obtained fromG by splitting the edges ofF away fromv, that is,
adding a new vertexv′ and changing the endv of the edges inF to bev′.
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Lemma 3.4(Nash-Williams[8] ). Let k be an even integer and G be a k-edge connected
graph andv ∈ V (G). Let a be an integer such thatk�a andk�dG(v) − a. Then there is
an edge setF ⊂ E(v) such that|F | = a andG[v;F ] is k-edge connected.

Lemma 3.5(Fleischner[3] ). Let G be a2-edge connected graph. Suppose thatv is a
vertex of G withdG(v)�4 and lete0, e1, e2 ∈ E(v). Then eitherG[v;{e0,e1}] or G[v;{e0,e2}]
is 2-edge connected orG[v;{e0,e1,e2}] has more components than G.

Lemma 3.6. Let G be a2-edge connected graph. Suppose thatv is vertex of G with
dG(v)�4 and lete0, e1, e2, e3 ∈ E(v). Then

(1) at least one ofG[v;{e0,ei }] (i = 1,2,3) is 2-edge connected;
(2) in the case ofdG(v) = 4,at least one ofG[v;{e0,ei }] (i = 1,2) is 2-edge connected.

Proof. By Lemma 3.5, it suffices to show that at least one ofG[v;{e0,e1,e2}] andG[v;{e0,e1,e3}]
is connected. For convenience, letei =vvi (i=0,1,2,3). If dG(v)=4, thenG[v;{e0,e1,e2}] is
connected. Otherwisee3 will be an edge cut ofGwhich is impossible. So, we may assume
that dG(v)�5. Suppose thatG[v;{e0,e1,e2}] is disconnected. SinceG is 2-edge connected
then there is a pathP inG[v;{e0,e1,e2}] which connectsv2 to v0 without usinge2. Therefore,
G[v;{e0,e1,e3}] is connected. �

Now we are ready to prove Theorem 1.5.

Proof of Theorem 1.5. “�⇒”. Suppose thatG admits a nowhere-zero bidirected 3-flow.
Using the similar argument in the proof of the first part of Lemma3.2, we can get a nowhere-
zero bidirected modular 3-flow ofG.
“⇐�”. Suppose that it is not true. LetG be a smallest counterexample with respect to

|E(G)|. By Lemma 3.1, we may assume thatG admits a nowhere-zero bidirected modular
3-flow f such thatf (e) = 1 for each edgee. Then for any vertexv with dG(v) = 3 we have
eitherE(v) = E+(v) orE(v) = E−(v).

Claim 1. �(G)�3.

Otherwise, suppose that there existsv ∈ V (G) such thatNG(v) = {v1, v2}. Sincef
is a nowhere-zero bidirected modular 3-flow ofG and f (v1v) = f (vv2) = 1, we can
delete the edgesv1v, vv2 from G and add a new edgev1v2 (or a parallel edge if
v1v2 exists). If v1v ∈ E+(v1) (E−(v1)), then orient this new edge such that
this v1v2 ∈ E+(v1) (E

−(v1)); if v2v ∈ E+(v2) (E
−(v2)), then orient this new edge such

that thisv1v2 ∈ E+(v2) (E−(v2)). The resulting bidirected graph is denoted byG0.
ThenG0 is 2-edge connected and admits a nowhere-zero bidirected modular 3-flow and
|E(G0)|< |E(G)|. By the choice ofG, G0 admits a nowhere-zero bidirected 3-flow.
Clearly, from this flow we can easily get a nowhere-zero bidirected 3-flow ofG, a
contradiction.

Claim 2. There is nov ∈ V (G) such thatE(v) ∩ E+(v) 
= ∅ andE(v) ∩ E−(v) 
= ∅.
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Assume that there exists a vertexv ∈ V (G) such thatE(v) ∩ E+(v) 
= ∅ andE(v) ∩
E−(v) 
= ∅. ThendG(v)�4, since, for any degree 3 vertex, eitherE(v) = E+(v) or
E(v) = E−(v).
If |E−(v)| or |E+(v)|�3, then we may apply Lemma 3.6(1) to split two edgese′, e′′

away from the vertexv wheree′ ∈ E+(v) and e′′ ∈ E−(v), and the resulting graph
is still 2-edge connected andf remains as a nowhere-zero bidirected modular 3-flow.
Clearly, this new graph has a degree two vertex and if this graph admits a nowhere-
zero 3-flow, then so doesG. Similar to the proof of Claim 1, we can get a contradic-
tion.
If 0< |E−(v)|, |E+(v)|�2, thendG(v) = 4 since|E−(v)| ≡ |E+(v)| (mod (3)). By

Lemma 3.6(2) and with the same argument as in Case 1, we get a contradiction as well.
By Claims 1 and 2, we have eitherE(v) = E+(v) orE(v) = E−(v) for anyv ∈ V (G).

Therefore,dG(v) ≡ 0 (mod3) for anyv ∈ V (G). For anyv with dG(v)�6, we may apply
Lemma 3.4 to split this vertex into several degree 3 vertices and the resulting graph is
still 2-edge connected andf remains as a nowhere-zero bidirected modular 3-flow. Also, if
the resulting graph admits a nowhere-zero bidirected 3-flow, then so doesG. Recursively
splitting high-degree vertices, we obtain a 2-edge connected cubic graphG∗ which admits
a nowhere-zero bidirected modular 3-flow.
By Petersen Theorem[9], the 2-connected, cubic graphG∗ has a perfect matching. Then

by Lemma 3.2,G∗ admits a nowhere-zero bidirected 3-flow. So, from this flow ofG∗, we
can get a nowhere-zero bidirected 3-flow ofG, a contradiction. �

4. Proof of Theorem 1.6

Product of flows is a method used in the proof of the theorems of 8-flow[4], 4-flow
[5] and 6-flow[10]. The following lemma generalizes this method for bidirected flows of
graphs and is used in the proof of Theorem 1.6.

Lemma 4.1. Let G be a bidirected graph. If G admits a bidirectedk1-flowf1 and a bidi-
rectedk2-flow f2 such thatsupp(f1) ∪ supp(f2) = E(G), then G admits a nowhere-zero
bidirectedk1k2-flow.

Proof. Let f (e) = f1(e) + k1f2(e) for everye ∈ E(G), then it is easy to verify thatf is a
nowhere-zero bidirectedk1k2-flow. �

LetGbe a bidirected graph.A subgraphCofG is called abidirected circuitofGprovided
that eitherC is a balanced circuit ofG orC is the union of two unbalanced circuits sharing
exactly one vertex orC is the union of two vertex-disjoint unbalanced circuits and a simple
path meeting each of the two circuits at exactly one of its end points.
We extend Seymour’s closure operation[10] to bidirected graphs as follows:
For a positive integerk, if X is a subgraph ofG, then thek-closure ofX in G, denoted

by 〈X〉k, is the (unique) maximal subgraph ofG of the formX ∪ C1 ∪ · · · ∪ Cn, where for
everyi, 1� i�n, Ci is a bidirected circuit ofG and|E(Ci)\E(X ∪ C1 ∪ · · · ∪ Ci−1)|�k.
By [6, Theorem 4.3], we have the following:



342 R. Xu, C.-Q. Zhang / Discrete Mathematics 299 (2005) 335–343

Lemma 4.2. LetGbeaconnectedbidirectedgraphwhichadmitsanowhere-zerobidirected
flow. LetE′ be a subset ofE(G) such that the induced graphG[E′] is connected and
spanning. Then, 〈E′〉2 = E(G).

By [6, Proposition 2.2], we have the following:

Lemma 4.3. Let G be a bidirected graph andk�3 be a prime integer. LetE′ be a subset
of E(G) such that〈E′〉k−1 = E(G). Then G admits a bidirected integer flow f, such that,
f (e) /≡ 0 (modk) for every element e ofE(G)\E′.

The bidirected flowf obtained in Lemma 4.3 can be considered as a bidirected modular
k-flow with the same support, though the absolute value off (e) can be very large for
e ∈ E(G)\E′.
We will use the following lemma to get some edge-disjoint spanning trees.

Lemma 4.4(Nash-Williams[7] , Tutte[14]). Every2k-edge-connected graph contains k-
edge-disjoint spanning trees.

Definition 4.5. LetH1 andH2 be two subgraphs of a graphG. Thesymmetric difference
of H1 andH2, denoted byH1$H2, is the subgraph ofG induced by the set of edges
[E(H1)∪E(H2)]\[E(H1)∩E(H2)]. The symmetric difference of finitely many subgraphs
{H1, . . . , Ht } of G is defined recursively as

$1� i� tHi = H1$ · · ·$Ht−1$Ht = [H1$ · · ·$Ht−1]$Ht .

The following is a well-known fact:

Lemma 4.6. Let{H1, . . . , Ht } be a family of subgraphs of G. LetS=H1$ · · ·$Ht .Then:

(1) S is the subgraph of G induced by the edges contained in an odd number ofHi ’s;
(2) If H1, . . . , Ht are all cycles of G, then S is also a cycle.

Now we are ready to prove Theorem 1.6.

Proof of Theorem 1.6. “�⇒”.Clearly, anowhere-zerobidirected6-flow isalsoanowhere-
zero bidirected flow.
“⇐�”. SinceG is 6-edge connected, by Lemma 4.4,G has three edge-disjoint spanning

treesT1, T2 andT3. BecauseG admits a nowhere-zero bidirected flow, by Lemma 4.2,
〈Ti〉2 = E(G) for 1� i�3.
For 1� i�3, let k = 3, E′ = E(Ti) and apply Lemma 4.3, we get a bidirected integer

flow fi of G such thatfi(e) /≡ 0 (mod3) for every elemente of E(G)\E(Ti). Clearly,
supp(f1) ⊇ E(G)\E(T1). SinceG[supp(f1)] contains two edge-disjoint spanning treesT2
andT3, the subgraphG[supp(f1)] is 2-edge connected and spanning. Similarly, supp(f2) ⊇
E(G)\E(T2), supp(f3) ⊇ E(G)\E(T3) and bothG[supp(f2)] andG[supp(f3)] are 2-edge
connected and spanning. From eachfi (1� i�3), we can get a bidirected modular 3-flow
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f ′
i such that supp(fi) = supp(f ′

i ). Then, by Theorem 1.5, we get a bidirected 3-flowf ′′
i

such that supp(f ′′
i ) = supp(fi) for i = 1,2,3.

Let Ti , Tj be two edge-disjoint spanning trees. For eache ∈ Tj , there is a unique circuit

Ce of G contained inTi ∪ {e}. By Lemma 4.6(2),Cj
i =$e∈E(Tj ) Ce is a cycle. By Lemma

4.6(1),(E(Ti) ∪ E(Tj )) ⊇ E(C
j
i ) ⊇ E(Tj ), thenC

j
i is also connected and spanning. Let

us consider the following two cases:
Case1: There exists oneCj

i such that O(C
j
i ) is even.

Without loss of generality, we may assume that O(C2
1) is even. SinceC

2
1 is eulerian and

connected, by Proposition 1.4,C2
1 admits a nowhere-zero bidirected 2-flow. Therefore,G

admits a bidirected 2-flowf1,2 such that supp(f1,2) ⊇ E(T2). Alsof ′′
2 is bidirected 3-flow

such that supp(f ′′
2 ) ⊇ E(G)\E(T2). By Lemma 4.1, we get a nowhere-zero bidirected

6-flow ofG.
Case2: All O(C

j
i )’s are odd for 1� i 
= j �3.

Since O(C3
1) is odd, the eulerian subgraphC

3
1 contains an unbalanced circuitc31. Clearly,

E(c31) ⊆ (E(T1) ∪ E(T3)). Because O(C2
1) is odd,E(T2) ⊆ E(C2

1) ⊆ E(T1) ∪ E(T2) and
E(T2) ⊆ E(C∗), thenC∗=C2

1$c31 is a connected spanning cycle ofGwithO(C∗) even. By
Proposition 1.4,C∗ admits a nowhere-zero bidirected 2-flowf ∗ with supp(f ∗) ⊇ E(T2).
Similar to Case 1, by Lemma 4.1, we can get a nowhere-zero bidirected 6-flow ofG. �
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