GLOBAL INJECTIVITY AND MULTIPLE EQUILIBRIA IN UNI- AND
BI-MOLECULAR REACTION NETWORKS

CASIAN PANTEA, HEINZ KOPPL, AND GHEORGHE CRACIUN

ABSTRACT. Dynamical system models of complex biochemical reaction networks are high-dimensional,
nonlinear, and contain many unknown parameters. The capacity for multiple equilibria in such sys-
tems plays a key role in important biochemical processes. Examples show that there is a very
delicate relationship between the structure of a reaction network and its capacity to give rise to
several positive equilibria. In this paper we focus on networks of reactions governed by mass-action
kinetics. As is almost always the case in practice, we assume that no reaction involves the collision of
three or more molecules at the same place and time, which implies that the associated mass-action
differential equations contain only linear and quadratic terms. We describe a general injectivity
criterion for quadratic functions of several variables, and relate this criterion to a network’s capacity
for multiple equilibria. In order to take advantage of this criterion we investigate in detail general
conditions that imply non-vanishing of polynomial functions on the positive orthant. In an example
we describe how these methods may be used for designing multistable chemical systems in synthetic

biology.

1. INTRODUCTION

A chemical reaction network is usually given by a finite list of reactions that involve a finite set of
chemical species. As an example, consider the reaction network with species X1, Xo,..., Xg given

in , which consists of 20 reactions.
(1) X1+X2:‘X4, X2—|-X3‘:‘X5, Xg‘:‘QXl, 2X3‘:‘X6
X1=0, Xo0=0, X3=0, X4, =0, X5=0, X¢g =0.

To keep track of the temporal variation of the state of this chemical system, we define the functions
x1(t), z2(t),...,ze(t) to be the molar concentrations of the species X1, Xo,..., X at time ¢. The
chemical reactions in the network are responsible for changes in the concentrations; for instance,
whenever the reaction X; + X9 — X4 occurs, there is a net gain of a molecule of X4, whereas one

molecule of X; and one molecule of Xo are lost. For each i € {1,...,6}, the reaction X; — 0 is
1
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called an outflow reaction and it represents the fact that species X; is continuously removed from
the reactor, whereas 0 — X;, called an inflow reaction represents the fact that species X; is fed to
the reactor at a constant rate.

We assume that the rate of change of the concentration of each species is governed by mass-action
kinetics [17], i.e., that each reaction takes place at a rate that is proportional to the product of the
concentrations of the species being consumed in that reaction. For example, under the mass-action
kinetics assumption, the contribution of the reaction X; + Xo — X} to the rate of change of x4 has
the form kixz1x9 , where k; is a positive number called reaction rate constant. In the same way, this
reaction contributes the negative value —kjx122 to the rates of change of ;1 and x3. Similarly, if
the reaction rate constant of X4 — X7 + X5 is ks, then this reaction contributes kox4 to the rate of
change of x1 and —ksx4 to the rate of change of x4. The outflow reaction X; — 0 contributes the
term —kox1 to the rate of change of x1, whereas the inflow reaction 0 — X7 contributes the constant

quantity k1o to the rate of change of X;. Collecting these contributions from all the reactions, we

obtain the system of differential equations (2) for © = (z1,...,z¢) € Rgo-
dxy 2
(2) dt —kiz1@2 + kowy + 2ksx3 — 2kex] — kox1 + ko
dxo
5 = Thmde + kows — kswars + kaws — ke + ki
d:Cg 2 2
a —kswows + kaws — ksxs + kx| — 2kras + 2kswe — kigws + kia
dx
7; = klxle — k2$4 — k15$4 + k16
dx
CT: = ksxoxs — kaxs — k175 + kis
dx
d7t6 = k;7x§ — kszg — k19x6 + ka2g

Consider the (vector-valued) rate function r : RS, x R2% — RS given by the right-hand side of

the system . Then can be written

3) — =r(z, k)



INJECTIVITY AND MULTIPLE EQUILIBRIA IN UNI- AND BI-MOLECULAR REACTION NETWORKS 3

where @ = (x1,...,x6) is the vector of species concentrations and k = (ki, ..., kog) is the vector of
parameters (reaction rate constants).

We say that the system admits two different equilibria for some vector of parameters k if
there exist two distinct vectors of species concentrations & and @’ such that r(x, k) = r(z’, k) = 0.
Therefore, if the function r(+, k) is injective (i.e., one-to-one) for some parameter vector k, then the
system cannot admit multiple equilibria for that k. This connection between global injectivity
and capacity for multiple equilibria has been used before in the context of mass-action systems
[5L 6] [7, 25], general chemical kinetics [I} 2, 10}, 9], or even general models of interaction networks
[3]. In this paper we focus on mass-action systems, so r(-, k) is a family of polynomial functions
indexed by the parameter vector k.

The following theorem regarding global injectivity of families of polynomial (or, more general,
power-law) functions was proved in [5] (see also [§] for a formulation which is more similar to the

one below). If € = (z1,...,2,) € Ry and y = (y1,...,yn) € R" we denote ¥ =[], «7".

Theorem 1. Consider a family of maps pr : R%, — R", given by
m
pr(®) =Y kixYiz,
i=1

where k = (ki,....,km) € RZy, and y1,...,Ym,21,.-.,2m € R". The maps py, are injective for all
k € RZ, if and only if det(Jac(pr(x))) # 0 for all x € R, and all k € RY,, where Jac(pr(x)) is

the Jacobian matriz of pr at x.

If a mass-action differential equation system associated to a reaction network has injective right-
hand side for some values of k, then we say that the reaction network is injective for those values
of k.

We may try to use Theorem [I| to analyze the capacity for multiple equilibria for the system
and calculate det(Jac(r(x, k))) = det ((Or(z, k)i/0%;); jeq1,...n}) - Using the software package
BioNetX [24] we obtain
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(4)  det(Jac(r(x,k))) = kskokiokirkiskio + kakgkoki1ki3ks 4 4kekgki1ki3kiskir 21
kokskskoki1k17 22 + kakskok11k17k19 2 + k1kskski1kiskir 23
k1kski1kiskirkio ©5 + kakskokiskiskir x3 + kskokiskiskirkio 23

Akzkrkokiskirkio a5 + dkokskrkokirkio 23 4 4k1kskrkiski7kig xox3

k1kskskiskiskir xows + kikskiskiskirkig xaxs

+ o+ o+ o+ 4+ o+

Akikakrki1kisk19 zoxs + 4k krki1kiski7k19 x2T3

—  kikskskskiskir voxs — ki1kskskiski7kig vox3.

The expansion of det(Jac(r(x, k))) contains 93 terms, of which 91 are positive terms (only
16 of which are shown in (4))) and two are negative terms (both are shown on the last line of (4])).
Exactly four positive terms and both negative terms of this expansion contain the x-monomial
xoxs. These terms are written explicitly on the last three lines of . For an analysis of the
sparseness of the negative terms, see [19] 20].

Theorem (1| does not allow us to draw any conclusion about the capacity for multiple equilibria
of the network (]), because the expansion of det(Jac(r(x, k))) above has some negative coefficients
(see also Theorem 3.3 in [5]). E|

Given the expression of det(Jac(r(x, k))) above, we conclude that for some values of the param-
eter vector k the function (-, k) is injective on RZ, while for other values of k the function (-, k)
is not injective on RZ,. Note though that, even if det(Jac(r(x,k))) # 0 for some k, Theorem
does not guarantee that r(-, k) is injective for that value of k.

Therefore, in this paper we address the following main questions:

Question 1. Given a reaction network, is it true that if det(Jac(r(-, k))) # 0 for some values E| of

k, then r(-, k) is injective on RZ for those values of k7

1On the other hand, if we remove one or more reactions from network , i.e., set some of the k; equal to zero,
then det(Jac(r(z, k))) may become strictly positive on RS for all values of the new k and Theorem [1] applies. See [5]
for many other examples where Theorem (1| does apply.

%by det(Jac(r(-, k))) we mean the polynomial det(Jac(r(x, k))) regarded as a function of € RZ,.
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and

Question 2. Given a reaction network which is not injective for all values of the reaction rate
vector k = (ki,...,kp), are there any explicit conditions on ki,...,k, which guarantee that
det(Jac(r(-,k))) # 0 on RZ,?

Note that Question 1 is similar to the Jacobian conjecture over the field of real numbers, which
says that if a polynomial function f : R® — R™ has nonsingular Jacobian everywhere, then f is
injective. On the other hand, there is also an important difference, since in Question 1 the domain
of the function r(-, k) is restricted to RZ.

While the real Jacobian conjecture has been shown to be false [26], we will see in Section [2| that
a version of the real Jacobian conjecture holds for quadratic polynomial functions. Therefore, for
all uni- and bi-molecular reaction networks, whenever we can show that det(Jac(r(-, k))) # 0 for
some values of k, it will follow that there cannot be any multiple equilibria for those values of k.

In general, note that an affirmative answer to Question 1 makes Question 2 very relevant. Ques-
tion 2 deals with global positivity of polynomials on the positive orthant and is significantly more
difficult than Question 1. A large portion of this paper (Section addresses Question 2 using
methods from the field of geometric programming [30} 14}, 15 [16]. Note also that even for networks
for which the answer to Question 1 is negative or unknown, one can still take advantage of an
affirmative answer to Question 2, by applying methods based on homotopy invariance of degree

[10].

2. GLOBAL INJECTIVITY FOR QUADRATIC POLYNOMIALS

The vast majority of reaction networks encountered in applications contain only uni- and bi-
molecular elementary reactions, since the collision of three or more molecules at the same place
and time is very rare [29]. The class of uni- and bi-molecular reactions networks is therefore
very importantﬁ In this section we prove an equivalence between local and global injectivity for
quadratic polynomial functions on a convex domain, which will imply that for the class of uni- and

bi-molecular reaction networks, the answer to Question 1 is affirmative.

3 By “uni- and bi-molecular reactions network” we mean a finite set of reactions where, for each reaction, the
number of reactant molecules is 2 or less (while the number of product molecules can be any non-negative integer).

For example, 24 — 3B and A+ B — C + 2D are such reactions.
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Note that Theorem [2| applies for a single polynomial function g, while Theorem [1| only applies

for families of functions.

Theorem 2. Let g = (g1,...,9n) : R™ — R™ be a polynomial function such that the degree of each g;
is at most two. Then g is injective on some convex open set 2 C R™ if and only if det(Jac(g(x)) # 0

for all x € Q.

Proof. We show that ¢ is not injective on  if and only if the determinant of the Jacobian of g
vanishes on ). Suppose there exist two distinct points ', 2” € Q such that g(z’) = g(x”). Let
x = (@' +2")/2 and let v = ” — a’. The vector-valued function G(t) = g(x + tv) defined for t € R
has coordinates G;(t) = gi(x + tv), i € {1,...,n}, which are polynomials in ¢ of degree at most
two. By hypothesis, g;(2') = gi(2”) for all i € {1,...,n} and it follows that G;(—1/2) = G;(1/2)
for all s € {1,...,n}. Since deg(G;) < 2, it follows that the graph of G; is either an horizontal line
or a parabola with symmetry axis ¢ = 0. This implies that dG;/dt|;—o = 0 and therefore

dG

(5) 0=="

= Jac(g) ‘w v.
t=0

Since v # 0 we conclude that det(Jac(g)| ) = 0.

The reverse implication is shown similarly. If det(Jac(g) ‘w) = 0 for some x € ) then there exists
v € R"™ such that Jac(g)‘m v = 0. Defining G(t) = g(x + tv) as above, we see from (5)) that for
each coordinate G;, i = {1,...,n} of G we have dG;/dt |—o= 0. Since each G; is a polynomial
in t of degree at most two, its graph must be symmetric about the vertical line ¢ = 0 and we
have G(t) = G(—t) for all ¢t € R. Since 2 is open, we may choose ¢ > 0 small enough such that
' = x —tv and " = x + tv are also in 2. We then have g(z’) = g(x”) and therefore g is not

injective on (2. O
Remark 1. From Theorem [2|it follows by looking at the last three lines of that if
(6) kikskskiskiski7 + k1kskiskiskirkig + 4k1kakrki1kiskig + 4k1krki1kiskirkig

> kikskskskiskir + kikskskiskirkig

then the system has an injective right-hand side, so it cannot have multiple equilibria on Rgo.

In general, given some quadratic rate function r(x, k), let us denote

(7) fr(x) = det(Jac(r(xz, k))).
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We regard fi(x) as a polynomial function of @ € RZ; and depending on the vector of parameters
k € RY,.

According to Theorem [2, whenever we can prove that fi # 0 on RZ for some k, it follows that
the dynamical system dx/dt = r(x, k) cannot have multiple equilibria for that k.

The inequality @ shows a trivial example where we have been able to show that fi # 0 on RZ,
because, if @ is satisfied, then the negative terms in f are being dominated by the sum of the
positive terms corresponding to the same x-monomial, xoxs3.

In the next sections we will see that there are several non-trivial ways for the sum of the positive
terms of fi to dominate the negative terms of fi. For example, we will see that appropriate linear
combinations of the monomials x%, x3 and l’gl‘% dominate the monomial xoxz3 for all o, x5 > 0.

In general, we will focus on finding explicit conditions for a positive linear combination of mono-

mials to dominate another monomial on the whole positive orthant.

3. POLYNOMIAL INEQUALITIES ON THE POSITIVE ORTHANT

Establishing the positivity of a polynomial on the positive orthant is an important problem
with numerous applications in engineering, economy or biology [4, [16]. In what follows we focus
on polynomials that are positive on the positive orthant and contain a single negative coefficient.
More precisely, if n is a positive integer, € = (z1,...,2,), f € R[z] is a polynomial with positive
coefficients and h(x) = " ... 2", we ask whether f(x) — h(x) > 0 for all © € RZ,,.

We will consider the more general case when the exponents of f and h are arbitrary real numbers,
and not necessarily positive integers. A power function h : RZ; — R is given by h(x) = x* for
some a = (o, ..., a,) € R”, where we use the notation £ = [[?"_; ;. To simplify the exposition,
we slightly abuse the terminology and call power functions monomials, keeping in mind that the
exponents « are allowed to have real (positive, negative, or zero) coordinates instead of the usual
non-negative integer coordinates.

A finite nonnegative linear combination of monomials is called a posynomial [16, [15]. The precise
statement of the problem we consider is the following:

Let o9 ... a™ ~ € R", be fized vectors. For a given a = (ag, . .., an) € Rg‘gfl, check whether

(8) f(x) = Zaiazam > a7 for all x € RY,.
=0
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What can be said about the set M of nonnegative vectors a € R;”Srl for which (@) holds?
While an explicit (closed-form) necessary and sufficient condition for a generic vector a to belong
to M is possible only in special cases (see Proposition , the problem of verifying for a given

ac RTJ ! enjoys nice mathematical properties that make it amenable to numerical approaches.

3.1. Monomials dominated by posynomials. In the next subsection we consider inequality

and we introduce a couple of simplifying assumptions that can be made without loss of generality.

3.1.1. Preliminary assumptions. Inequality (8]) holds for some a € Rglar Lifand only if a9, ... a(™) ~
satisfy a geometric condition, as stated in the next proposition.
Proposition 1. Let a® oW ... a™ ~ cR" and ag, a1, ..., am € Rsg such that

m .
(9) fla) =" e > a7

i=0
for allx € RY. Then~y lies in the convex hull of a® oW . al™ denoted by conv(oz(o)7 a® . a(m)).
Conversely, if v € Conv(a(o), a®, a(m)) then there exist ag, ay,...,am € Rsg such that (@ 18

satisfied for all x € RY.

Proof. Suppose v ¢ conv(a®,a), ... al™). We show that there exists x € RZ, for which
inequality @ is false. Let M > 0. First we prove that there exists * € RZ, such that for all
j€{0,1,...,m},

(10) Mz < 7,
or equivalently (taking logarithms and letting X = log x), that there exists X € R™ such that
(11) (@) —~, X) < —log M

for all j € {0,1,...,m}.

Since « is not in the convex hull of {a(o), a®, . ,a(m)}, the convex cone C with vertex at ~
generated by the vectors a(® —~, ..., a™ — ~ is not equal to R™. Then the normal cone A of C
at ~ is not equal to 0, and therefore there exists X such that

(al) — 4, X) < —e
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FIGURE 1. (a) Hlustration of the proof of Proposition (I} (b) An example configura-

tion for Lemma 21

for some ¢ > 0 and for all j € {0,...,m} (see Figure (a)). If we choose X to be equal to X
multiplied by a sufficiently large constant, inequality is true.
Finally, setting M = m - max{ao, ..., an} and summing over all j one obtains the contra-

diction

For the converse we use the weighted arithmetic and geometric means inequality (see [27]): if

Yot A =1 for some nonnegative numbers \;, then

m m
Z AiYi > H y;\
i1 i=1

for all y1,...,ym > 0.
We let Ai,..., A\ be nonnegative numbers such that > ;" \; = 1 and v = > ;" N, We
permute the indices such that for some & < m we have Ay,..., Ay > 0 and A1 =0,..., A, =0.

Then we have

= () i () F 1 (4) k 1 Ai k (4) k 1 Ai
e DS e 0 _ PV i > L mzizo Ao _ 1 e
2o 2 e = () 2 10(5) ()

=1

and therefore inequality @ is satisfied for a1 = ... =a,, = Hle )\Z)‘Z O
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Motivated by Propositionwe focus on exponents a(“), ..., a(™ and ~ such that v € conv(a?, ... a(™)
and we consider the set of nonnegative linear combinations of mo‘(o), e 2™ that dominate 7

on RY,.
Definition 1. Let a©@,... .a(™ ¢ R and X € RTE”OH such that Z;”:O Aj = 1, and denote

v = YA, Then
M(a(o),...,a(m),)\)

is defined as the set of vectors a = (ag,a1,...,am) € R;”Srl such that
m .

(12) Zaiwo‘m > x7 for all x € RY,.
i=0

Note that, by letting Inz = X, M(a(®,...,a™ ) is also defined as the set of @ = (aq, .. ., am)

such that
(13) Z ;e X) > X for all X € R"™,
1=0

where (-, -) represents the usual dot product on R".

0)

A couple of simplifying assumptions on a(?, ... &™) ~ can be made as consequences of the

following lemmas. In what follows, if V is a set of vectors, then affspan()) will denote the affine

span of V.

Lemma 1. If L : affspan(a(o), o alm) A) — R™ is an affine transformation then
MO, . a™ Ay M(L(@D),..., La™), ).

If L is one-to-one, then the inclusion becomes equality.

Proof. Let L = L' 4+ o where L’ is some linear transformation and o € R, let @ = (a1,...,an) €
M(a©® ... al™ X) and let X € R" be chosen arbitrarily. If we denote v = i Aol then
yields

" el LX) > (LX)
=0

or equivalently
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which implies
m

Z (L' (D), X) > e(0X) (L' (), X)

)

or equivalently

;e TE.X) 5 (L)),

=0
Since L(v) = Y1 Mi(L(a™)), we conclude that a € M(L(a(©),..., L(a™), ). O

Lemma 2. Suppose v = Y ", Nia® lies on the boundary of conv(a(o), .. ,a(m)) and suppose,
without loss of generality, that for some k < m, conv(ac(0 . ) is the smallest face of the
convex polytope conv(a(o), . .,a(m)) that contains =, and that a(k“), —.,a™ do not belong to
this face. Then

M@ @ a™ ) = M@, a® A x Rg‘o_k,

where A= (A1, ..., \p).

Proof. Figure (b) depicts a set of exponents e as in the hypothesis of Lemma [l The inclusion
M@, a™ X)) D M@, .. a® X) x RIS

is clear. For the reverse inclusion, let @ = (a1,...,a,) € M(a®,... al™ ) and let X €

R™ be chosen arbitrarily. The hypothesis implies that there is a supporting hyperplane H of

conv(a(o), .. ,a(m)) that contains a(?, . .. ,a(k),'y, and a®tD . (™ lie on the same side of

H. If H has normal vector n then we have

(14) (@ —~,n)=0forie{0,... k}

(15) (a® — v n)y<0foric{k+1,...,m}.
Using , for any t > 0 we have

a.e<0¢(i)*’77X+tn> >1

(2 - i

=0
or, taking into account ([14)),
m . .
R

=0 i=k+1
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. . . (1) — (@)
Using 1) and making ¢ — oo we obtain Z?:o aiel®’=7rX) > 1 or Zf:o aiel” X0 > o X),

Since X was chosen arbitrarily, we have (ag,...,a) € M(a(o), o alk) 5\), as desired. ]

Remark 2. In the inequality that defines the set M(a(o), o alm) A), the dimension of & is n.
Lemma (1| implies that, in fact, ./\/l(a(o), o alm) A) can be defined by a similar inequality where

the dimension of x is equal to the dimension of aﬁspan(a(o), e ,a(m)). Therefore, without loss of
generality we can assume that the dimension of affspan(a(o), ey a(m)) equals the dimension n of
x.

For example, since (2,2) = 0(0,—2) + (1/2)(3/2,1) + (1/2)(5/2, 3), the set
M((0,-2),(3/2,1),(5/2,3),(0,1/2,1/2)) consists of vectors a = (ap, a1, as) such that

aoy 2 + a2y + agx®?y3 > 22y? for all (z,y) € R2,,

or equivalently

1/2

apr 'y 72 + a2y + agx’/?yP > ay? for all (z,y) € R2,.

Making ¢ = 2'/2y, the inequality above is equivalent to

apt ™2 + ayt + agt® > 1 CDTWRIHWDS — 42 for all ¢ € R,

and therefore M((-1,2),(1/2,1),(3/2,3),(0,1/2,1/2)) = M(-2,1,3,(0,1/2,1/2)). Note that
dim(affspan{(0, —2), (3/2,1),(5/2,3)}) = 1.
Remark 3. Lemma 2 states that the monomials whose exponents a? do not lie on the face of
conv(a®, ... al™) that contains v do not play any useful role in satisfying inequality , ie. if
we remove them from the left-hand side of , the inequality is still true. We can take advantage
of this fact and assume that no such monomial exists, or in other words, that v is contained in the
interior of conv(a(®, ... a™).

In the light of these remarks, for the remainder of this section we will consider the inequality

(or the set M(a(®,...,al™ X)) for exponents that satisfy the following constraints:

(16) (i) the affine span of {a?, ... a™}is full dimensional,

(i1) v is contained in the interior of conv(a® ... a(™).
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3.1.2. Geometric programming approach. With the notation introduced so far, recall that a(©, ..., a(™ e
R™ A€ RTOH such that Y ;" A =1, andy = >, Nia® . Denoting @@ = a® —~, ... &™) =

o™ — ~ inequality can be written equivalently

(17) flx) = flz)z™ " = Zaixam > 1 for all z € RY,
=0

and it follows that @ = (ay,...,a,) € M(a®, ... a™ X) if and only if

(18) inf > az®’ >1

xeR?
>0 =0

Finding the infimum of a posynomial on the positive orthant is a special case of a class of
optimization problems called geometric programs ([30, 14} 15, 16]). Classical (and more general)
results in geometric programming imply that the geometric program has a unique positive
solution. For completeness, we provide a short proof of this fact in Theorem [3| below. Recall that

we have made simplifying assumptions on the posynomial f, which we restate in Theorem

Theorem 3. If a posynomial f(x)=> 1", ai ™" with a; > 0 for all i € {0,...,m} is such that
(i) the span of {@®), ... . @™} is full dimensional,
(i) the origin is contained in the interior of conv(a®, ... &(™);

then infmeRgo f(x) is attained for a unique T in the positive orthant.

Proof. Let [0,00] be the standard compactification of the positive real line. We may extend f
continuously to a function F : [0,00]" — [0,00]. Indeed, let y = (y1,...,yn) € 9]0, 00]™. Since
0 € conv(@®,...,@(™), there exists € = (e1,...,€,) in the interior of conv(a®,...,a™) such
that ¢, > 0 if y; = oo and ¢ < 0 if y; = 0. Let (dp,...,0m) € R’;‘Jl such that Y ;" d; = 1 and
e=",0;a. The weighted arithmetic and geometric means inequality [27] yields
f(x) = ia.mam = i& (aiq;a(i)) > ﬁ <ai>6i piso s _ ﬁ (ai)& €
i=0 l i=0 \o; T\ i1 \Oi .
Our choice of € implies that limg_.,, f(z) > ]2, (%)51- limg_.y € = co. Defining F'(9[0, co]™) = oo
produces the desired extension of f. Let M > 0 be such that [0, M] N f(RZ,) # 0. Since F is
continuous we have F~1([0, M]) C [0, o0]™ is closed. Since F'(9[0, oc]™) = oo, we have F~1([0, M]) C

[a,b]" for some a,b € (0, 00). Therefore infgn f =inf, o f = f(x™") for some ™" € [a,b]".
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It remans to show that the minimum point ™" is unique. Letting X = Inx, this is equivalent

to proving that
m (i
g(X) = 3@
i=0
has a unique minimum on R". We show that this is the case by proving that g is strictly convex.

Indeed, a short computation shows that the Hessian of g is

m
)= 300560 508
=0

where we assume that @® is a column vector, @®* denotes the transpose of @® and “®” represents
the Kronecker product of two matrices [21]. To check that Hy(X) is positive definite, we let Y € R"

be an arbitrary row vector and we have
1) YH,(X)Y' =Y @ Xy (@) g a@)y! = 3 el X @) y)?
=0 i=0

where the last equality is a consequence of the mixed-product property of the Kronecker product

[21]:
Y (@ oa®)y!=yY@?ea™)(1eY?!) = Y(@1ea?'y?) = (va?)(@?ty?) = (@, v)2

It follows from 1} that Y Hy(X)Y" > 0, with equality if only if Y is orthogonal to all a®,

i€{0,...,m}. Since @, ..., @™ span the whole R™, no such nonzero Y exists. O

Remark 4. A geometric program is not necessarily a convex optimization problem, since a posyno-
mial is not necessarily a convex function. However, making the change of variable X = Inx, as we
have done in the proof of Theorem [3] leads to a convex optimization problem, which can be solved

numerically.
3.2. The case of affinely independent exponents.

Proposition 2. Consider affinely independent a!?,... o™ € R" and X € Rgﬂrl such that
SoitoAi = 1. Then the set M(a(o),...,a(m),)\) does not depend on the particular choice of

a®, ... o™ or on the number n.
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Proof. Let B ... Bm ¢ R™ be another affinely independent (m+1)-tuple of dimension n’. Then
there exists an invertible affine transformation L : affspan{a(?), ..., a(™} such that 3®) = L(a®)

for all i € {1,...,m} and the conclusion of the proposition follows from Lemma ([l

In view of Proposition [I| we may state the following definition.

Definition 2. For any affinely independent o, ... o™ e R™ and for A € R;”Jl such that
YoitoAi =1 we denote
M) = M9, ... a™ N).

Remark 5. If 7 is a permutation of {0,...,m} and 7(A) denotes the vector (A-(g)- -, Ar(m)) then
M) =M(@@D, .. al™ X)) = M@ om0 1) = M(7(N)).

Remark 6. Let {ej,..., e} denote the standard basis of R™. The set {0,e1,...,e,} is affinely

independent and therefore

M) = {(ag, ..., am) € R™| Fx(x) >0 for all x = (x1,...,2,) € RT},

A1

where F : RT) — R, Fa(x) =ap+ a121 + ... + am@m — ] Am

A2
S U

If @, ... al™ are affinely independent, the following result gives an explicit necessary and
N0 o

sufficient condition for a linear combination of monomials ', ..., @ to dominate =7 on the

whole positive orthant RZ, given that - is in the convex hull of {a®, . . o™}

Proposition 3. For any A € Rg&l such that Z}n:o Ai = 1 we have:

m BNY
M) ={(ag,a1,...,am) € Rgﬁl | H </\1> <1}

im0 \%
Proof. From Remark 3, we may permute the coordinates of A such that, for some k < m, Ao, ..., Ag
are positive and Ag41, ..., Ay are zero. Let A= Aoy ..oy Ap) € R@dl.

Lemma [2| implies that M(X) = M(X) x R %, Since by convention we have 0/0 = 0° = 1, it
follows that (\;/a)* =1 for all i € {k+1,...,m} and for all a € R. Therefore the conclusion of
the proposition is equivalent to

k R
M(S\) = {(ao,al, .. .,ak) < R;—gl ‘ H </\Z> < 1}.

py
i=0 Nt
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Let a®, ... a®) be affinely independent vectors and let v = Zle N;a®. The weighted arith-

metic and geometric means inequality yields

k k k i k i
(4) a; (4) a; m oy (4) a;
(20> E aiaz"‘ = g /\i ()\Z-’Ba > > | | ()\:) ;1;21:0)‘10‘ = I | <)\:) z7.
=0 1=0 =1 =1

A .
It follows that if Hf:o (%) < 1, then Y ", a;z®” > x7 and therefore {(ag,a1,...,ax) €

by i
k i\ 3
REGNTTE, (2) <1} € M),
For the reverse inclusion let (ag, a1, ..., a;) € M(X) and note that, since a® ..., a) are affinely

k) 0)

independent, a® —a©®, ... o — af

that for all s € {1,...,k} we have

are linearly independent and there exists xg € R%, such

. Y ; i
(a(z) — a(o)) ‘lnxy = In % 20 , or equivalently ﬂmoa( ' = @iﬂoa(m-
i ao Ai Ao

Then the inequality in becomes equality for 2o and, since (ag, a1, ..., a;) € M(X), we have

IIRY k
; @
| | <l> xg7 = 5 a;xo™ > xo”
Ai i=0

=1

k()N
and therefore [[;_, ((f) <1 O

4. EXAMPLES

While the results discussed in the previous section apply to general polynomial inequalities, in
this section we discuss some examples of how one can use them to study the capacity for multiple
equilibria of reaction networks. We revisit network (1) and we let r(x, k) denote the right-hand side
of the corresponding mass-action differential equations . Since the only x-monomial contained
in negative terms of the expansion of det(Jac(r(xz, k))) is zaxs, we collect x-monomials in

and write
(21) det(JaC(r(w, k))) = K(),() + KLo.%'Q -+ K071.%'3 + KQ@%’% + K171x2x3 + K(LQ.’L'% + KLQJJQI'%
+ terms containing a-variables other than x5 and xs.

Here K;; is the coefficient of xé:z:é within the x-polynomial det(Jac(r(x,k))). The K;;’s are k-
polynomials which can be computed easily using the software package BioNetX. If we assume that all

the outflow rates ko, k11, k13, k15, k17, k19 are equal (which is a common assumption in a chemostat
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FIGURE 2. Monomials relevant in the positivity analysis of polynomial .

[13] or a continuous stirred-tank reactor (CSTR) [5]), then, by changing units, we may also assume

that this constant equals 1. Then we have

(22) Koo =
Ko =
Ko1 =
Key =
K1 =

Koo =

)

(1 + ko) (1 4+ k) (1 + ks)(1 + kg)

(1 + kg) (k1 + ks + kika + k1ks + koks + k1kaks)
(1 + ko) (ks + 4ky + ksks + ksks + 4kaky + ksksks)
k1ks(1 4+ kg)

ki (ks 4 4kt + ksks + 4dkqk7r — ksks — ksksks)
Aksk(1 + ko)

4k kskr.

Example 1. If k5 = 10 and k; = 1 for all ¢ # 5 then we obtain K;; = —10 and becomes

(23) det(Jac(r(z, k)))

= 88+ 48z + 60x3 + 223 — 102023 + 822 + daox?

+ terms containing a-variables other than x5 and xs.

Then, according to Proposition 3] it follows that

(24)

4:52:1:% + 48x9 > 10xox3 for all zo, 23 > 0
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1 12 ;4 1/2
since we have </2> </2> < 1.

4/10 48/10
Also, note that, as shown in Figure [2| there are several other possible choices of positive mono-

mials that dominate the negative monomial K jzox3 (shown using different colors in Figure ,

such as

(25) 60z3 + 223 + daoxs > 102923 for all 2q, 23 > 0

since we have <1/3> v <1/3> " <1/3> v <1
60/10 2/10 4/10

In general, if a negative monomial is contained in the interior of the convex hull of a single set of
positive monomials then Proposition |3 provides a necessary and sufficient condition for injectivity,
in terms of a single inequality between the monomial coefficients.

Also, if a negative monomial is contained in the interior of the convex hull of several sets of positive
monomials (as is the case in Figure [2)) then we can obtain sufficient conditions for injectivity by
combining several inequalities between monomial coeflicients.

On the other hand, note that we cannot simply add the inequalities and to conclude
injectivity for larger values of k5 (corresponding to larger absolute values of K1 1), since they contain
the common term 4332:3%. In future work we intend to study optimal methods of combining such

inequalities, and also consider the case of two or more negative monomials.

Example 2. Suppose we are interested in conditions on k that imply that det(Jac(r(x, k))) # 0 for
all z € RS . Then, according to Theorem [2| it will follow that 7(-, k) is injective on RS, for those
values of k, and, as we noted in the introduction, this rules out the capacity for multiple equilibria
of for those values of k. Note that both of the negative terms in contain the x-monomial
xoxws. Moreover, according to Figure [2] the exponent of the monomial zoz3 is in the convex hull
of the exponents of other monomials in det(Jac(r(x, k))). Then, according to Proposition (1} this
monomial may be dominated by a linear combination of other monomials in det(Jac(r(x, k))). For

example, a sufficient condition for injectivity of (-, k) is

1/2 1/2
(26) (1/ 2 ) <1/ 2 ) <1,
Koo/Kia Kopo/Ki1

ie., 4Ko0Kpo > K il‘ In terms of the reaction rates k; this inequality becomes

(27) 16k1k5kr (1 + ko) (1 + kg) > k3 (ks 4 4k + kaks + 4kgky — ksks — kskskg)?.
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Since we only need to dominate the negative summands in the coefficient K1 of zox3 (whose sum

is ksks + ksksks = ksks(1 + kg)), a simpler sufficient condition for the injectivity of r(-, k) is

(28) 16k1k2k7 (1 + ko) (1 + kg) > k2ESk2 (1 + kg)?,
i.e.,
(29) 16koky > kik2(1 4 kg).

On the other hand, since (1,1) = £(0,0) + £(2,0) + (1,2), then, according to Proposition

another sufficient condition for injectivity of r(-, k) is

1/4 1/4 1/4 1/4 1/2 1/2
@ (i) (o) Ge,) <
Koo/Ki1 Kso/Ki1 Ki2/Ki1

ie.,
1 - Koo0K20K7,
64 K,
or Kfl < 64K070K270K12’2. As above, since we only need to dominate the negative summands in

K 1223, another condition for injectivity of r(-, k) in terms of the coordinates of k is
ktkska (1 + kg)* < 64(1 4 ko) (1 + ka)(1 + k5) (1 + kg)k1ks(1 + kg) 16k3k3k2,

or equivalently,

Ekskd (14 kg)? < 1024(1 + ko) (1 + k) (1 + ks)E2.

There are two more similar inequalities that represent sufficient conditions for injectivity of r(-, k),
corresponding to the two other ways of choosing exponents that may dominate zox3 shown in
Figure Q Note also that, while the sufficient conditions for injectivity in terms of K ; are relatively
simple, they may become complicated when written in terms of £;’s, because the K;;’s are in

general high degree polynomials in k;’s.

Example 3. Finally, suppose we are trying to create a multistable system based on the reaction
network and, in a setting often encountered in synthetic biology [23 28], we have some freedom
in choosing the size (i.e., order of magnitude) of some parameter k; in the system . Then we need
to make sure that such a choice of k leads to a reaction rate function (-, k) which is not injective,
i.e., det(Jac(r(-,k))) does change its sign on RS, for this value of k. For example, suppose that we

know that k; = O(1) for ¢ # 5, and that we have biochemical tools that allow us to assume that
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ks >> 1. Then, by looking at the equations we conclude that, under these assumptions, we
will have K17 < 0, and that there will be no terms in the expansion of det(Jac(r(x, k))) that can
dominate K1 12273 on the whole positive orthant ]R6>0, because k5 does not appear in any set of
K; ;’s corresponding to a set of monomials that may dominate the monomial zox3. On the other
hand, K1 2z223 also cannot dominate all other terms in the expansion of det(Jac(r(x, k))). Then
it follows that det(Jac(r(-,k))) has both positive and negative values on RS, so it must vanish
somewhere on RY . Therefore, r(-, k) is not injective on RS .

This is not the case if we consider the same scenario with k3 instead of k5, because k3 does appear
in a set of K ;’s corresponding to monomials that may dominate the monomial zoz3 (see and
Figure . In other words, it follows that if we are trying to create a multistable system based on
the reaction network and we have the biochemical means to increase either k3 or ks, we must

choose ks.

5. DISCUSSION

The global inequalities discussed in this paper may also be used for designing sufficient conditions
for injectivity and uniqueness of equilibria using the P-matrix criteria developed in [I, B]. These
methods can also be used in the design of Lyapunov functions for the study of boundedness and
persistence [I1] and global stability [I2] of mass action systems. We have also described how one
can use methods developed in this paper for the design of functional modules in systems biology
and synthetic biology.

Note also that Theorem 2 may be used even if such inequalities do not actually hold on the
whole positive orthant RZ;, but only on some set 2 C RZ,, where n is the number of species.
Then, it follows that r(-, k) is injective on any convex open set ' C 2, so the system (2) cannot
have multiple equilibria on any such domain '. In particular, these methods are amenable to the
use of interval analysis [I8, 22], and may allow us to derive information about the dynamics of a

mass-action system given only approximate measurements of parameter values.
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