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For an arbitrary sequence {«,} of nonnegative real numbers there is no known
necessary and sufficient condition that for almost all x (in the sense of Lebesgue
measure) there are infinitely many fractions p/g satisfying | x — Pl < /g
With a restriction on {«,} weaker than any previously used, except in a recent
result of Erdos, we solve this problem and the analogous problem where p and
g are required to be relatively prime.

Let {o,} be a sequence of real numbers. We consider the question of
when almost all real numbers x, in the sense of Lebesgue measure, can be
approximated by infinitely many fractions p/q such that

| x —plg | < alg, 1

and when almost all x can be so approximated when p/q is required to be
reduced. We assume that a, < 1/2 for all g, but not necessarily that {o,}

is decreasing.
‘Let the sequence {8.,(«)} (also denoted {B.,.}) be defined as follows.

Bn(x) = max(ay, , dpn/2,...; Xinfiye..). 2)
Also, let the sequence B,(a, m) be determined by
B, m) = max(o, , tgn/2,..., Ain/k), 2)

where kn < m < (k -+ 1) n. Furthermore, we define {y,(«)} (also denoted
{ya} so that

Yn(e) =0 if a,/n < ayp/kn for some k; 3

= a, otherwise.

Thus, by (2) and (3), we see that B,(a) = B,(y).
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It is our purpose in this paper to consider the following problems.

QuEestioON 1. Is tﬁe divergence of Y o, ¢(n)/n a necessary and sufficient
condition that for almost all x the relation (1) holds for infinitely many
relatively prime p and ¢g?

QuEsTION 2. Is the divergence of Y B,(«x) ¢(n)/n a necessary and
sufficient condition that for almost all x the relation (1) holds for infinitely
many p and g, not necessarily relatively prime?

The answer to each of these questions has been conjectured to be
affirmative; in [2], we showed that these questions are equivalent. The

first was conjectured by Duffin and Schaeffer [3], who showed that
Question 1 is true when {«,} satisfies the condition

k

Y ad(m)fn >c 2 oc‘n‘

n=1

for some ¢ > 0 and arbitrarily high k. The second question was first
raised in [2]. Substantial progress toward affirmative answers to these
questions was made by Erdds [S]. It is easy to show that divergence is a
necessary condition in both problems. In this paper we shall prove the
following result.

THEOREM. For all sequences {o,,} such that

Y, Bu(@) pm)in > Y yal®) (4)

n=1 n=1

for some constant ¢ > 0 and certain arbitrarily high k, Questions 1 and 2
may be answered affirmatively.

An example of a sequence {«,} for which (4) is not satisfied will be given
following the proof of Theorem 1.

Work on the question of how many fractions satisfy (1) for a given x has
been done by Erdés [4], LeVeque [7], Schmidt [8, 9], and others. Gallagher
[6] has studied analogous problems in simultaneous approximation.

Since our proof of the equivalency of Questions 1 and 2 [2, Theorem 3]
remains valid when condition (4) is imposed, we shall only consider
Question 2 in our proof. Also, we only need to prove this theorem in the
interval (0, 1).

The method of our proof is based on the proof of the result of Duffin and
Schaeffer [3, Theorem I] cited above. Before we can give our proof, we
must give several definitions and lemmas. :
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Let &,* denote the intersection of (0, 1) with the union of open intervals
having width 2«,/n and centered at m/n, where m = 0, 1,..., #n. Then the
measure of &%, denoted | &, | , is 2a, . Also, x satisfies (D) if and only if
x € &2. Furthermore, let E,* be defined as &, is, except that m and n are
required to be relatively prime.

LemMmA 1. Let M and N be given positive integers. The number of
positive integer pairs {x, y} satisfying '

0<|xN—yM| <A,

where 1 < x < M, 1 <y < N, is not greater than 24.

The proof of this is straightforward, and shall be omitted.
We shall use an asterisk (x) to denote the intersection of intervals of
&, and &,,” that are not concentric.

LemmA 2. If m 5 n then
| &% € | < 8YnYm -

/S ,
_Proof. Suppose I’ is an interval of &,” and I” an interval of &, such
that I, I” have nonempty intersection but distinct centers. Then if i/m is the
center of I’ and j/n is the center of I”, we have:
0 < |ijm — jn| < ym/m + yaln
or

0<lin—jm| <ny, +my,.
Without loss of generality, we may assume that

'ym/m < ‘Y'n/n,

whence
N 0<|in—jm!| <2my,.
By Lemma 1, there are no more than 4my, solutions of this inequality.

Hence, the overlapping of these two sets &,” and &7, not counting the
overlap of concentric intervals, is not greater than

(4m'}’n)(2'ym/ m) = 8')/n')’m .
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LemMA 3. If A is a given set in (0, 1) consisting of a finite number of
intervals and {«,} is a given sequence, then

| AE | < | A E;#|(1 + en™1/%),

where c is a constant which depends only on the set A.

A proof of this appears in [3, pp. 247-248], and will not be repeated
here.

LeEMMA 4. Suppose that B(o, m) = B(y, m). Then

m -1 .m -1
2 Z|EiBEa'B|< Z Z[‘O@iy*éaa‘y',
i=n+1 j=n i=n+1 j=n

where 3 denotes B(x, m), as defined in (2').

Proof. Let If, denote the interval of E; centered at k/i; let £}, ; denote
the interval of &, centered at s/p. It follows from the definition of
{B.(y, m)} (which can be substituted for {8,(x, m)}) that for every pair i, k
there is a pair p, s (with ti = p < m, tk = s for some integer ) such that
I, = 7 .. Note that this correspondence of intervals of elements of
{E,?} to equal intervals of elements of {&,*} is injective: specifically, if
J? . is equal to any interval I£, , then this latter interval is determined
uniquely by setting ¢ = ged(p, 5), i = p/t, k = s/t.

It follows that there is an injective correspondence from intervals of
E# N E# to equal intervals of &,” = &,” (the asterisk is justified by the
observation that E;? and E; have no intervals with a common center,
since i # j). From this injective relationship, the lemma follows.

Proof of Theorem. Let {«,} satisfy the conditions of the theorem.
" Assume that X7 B;$(i)/i diverges, so that the condition of Question 2 is
satisfied. Let )

E=Y EZ.

1

If the measure of E is 1, then for almost all x there is at least one pair of
coprime p and g such that

|x —plg| <PBdg 5)

holds. We suppose that | E| < 1 and show that this gives a contradiction.
Given a small positive number 8, let

A=E’+ E’+ - + EZ,
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and choose ¢, so large that
|A| > |E|—6.

Then A consists of a finite number of intervals; hence, if g, is sufficiently
large, we have from Lemma 3 that

|AES | <|A|EFI(1 +38), q=gx4,3) (6)

Let n be greater than ¢, + ¢, . Let

4

o = a; ifi <m;

=0 otherwise,

where m is chosen large enough so that the following two relations are -
satisfied. :

sp13

yi = 15 (7)

Y ES | > 'Y y (o) (8)

for some constant ¢’. We show that these relations can be satisfied. By (4),
m . m n-—1

S ERe | =Y B(a) $0)i > e Yy (@) — 3. Bd@i. ()

n : 1 1

- By summing over k in both sides of

Y El=167],

|k

we get an equality in which some terms | E;f | may appear more than once
on the left side. Hence, ' '

X ESIS Y 6],

k=n k=n

~ so that

S B <3y
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Therefore, 3 y; diverges, so that (7) follows and so that ¢ 3} v,(a) in (9)V
can be made twice as large as Z?_l B:#(i)/i. This gives

m m
2| EZFD > de Y ),
n 1 :

from which (8) follows.
Let

B=EnB+E2+1+.“+EmB7 m>n>q1+q2:

where the superscript 8 denotes B(«’, m). It follows from the definition of o
that B(a’, m) = B(y, m). Now,

m m m -1
YIEA| = |BI =Y |EfI— Y Y |EFEF],
n n t=n+1 j=n
so by Lemma 4,
m cm i-1
| B | >Z|Ez’B|— Z Z | &7 x &y,
n i=n+1 j=n !
whence, by Lemma 2
m m 2
xB|>zJaﬂ—4(2wy (10)
It follows from (6) that
|AB1<§HAEJM<L4(ZL&Hy1+SL an
We can see that
|E|>|A+B|=|A4|-+|B|—|A4B]|; (12)

hence, using (10), (11), and (12), we have

|E|>|A|+(§|aﬂﬁ1—|AK1+8n—4(§yaf (13)

n

Choose 6 so small that | 4 |(1 + 8) < 1.
Substituting (8) into (13), we obtain

[E[>]A]+[1 =141+ 8)]t — 47, (14)
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where ¢ represents 3, y{a’). The right side of (14) is an expression of the
form | A | + bt — 4¢%, where

=c[l—1411+8] © <b‘< 1);

the maximum of this expression occurs when ¢ = b/8.

In order to satisfy the condition t=5/8, we proceed as follows: obviously,
a decrease in the length of some of the intervals will not cause an increase
in E. Let z be a real number in (0, 1). Let E_® be the set in (0, 1) consisting
of open intervals, each of length 2z8,/q, with centers at p/q, where p and ¢
are coprime and 0 < p <gq. Since z <1, E? C EZL. Keepmg A the same
as before we use in place of B the set

B,=Ep -+ +Ep.
Proceeding as before, (14) becomes

|E| >|A|+b(22yi)——4(22y,-)2.

n n

Choose z such that S zy; = b/8. By (7) and the definition of b, z is in
(0, 1), as it should be. Thus,

|E|>[A4]+(c*16)[1 — | 411 + 9)]~
Letting 6 approach 0 we must have | 4 | approach | E |, so that
|E| =1 E|+ (c*/16)(1 — | E )%,

implying that | E| = 1.

We have thus shown that for almost all x in (0 1), (5)is satisfied for at
least one pair of coprime p and g.

To show that (5) is satisfied for arbitrarily many coprime p and g for

almost all x, let m be some natural number, and let {«,*} be a new sequence
defined by

*=0 if g<m
=a, if g>m.

Then the sequence {«,*} satisfies the divergence condition if {a,} does, so
for almost all x there is at least one set of p and g such that

| x —plg | < og*/g.
Hence, (5) is true for some ¢ > m. Let D, (n =1, 2, 3,...) be the setsin’

P
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(0, 1) for which (5) is true for at least one pair of p, g with ¢ > m. Let D
be the set common to all D,, . Then the measure of each D,, 1s 1, so the
measure of D is 1. It follows that (5) is true for infinitely many coprime p
and g for almost all x. By [2, Theorem 1], this is equivalent to the assertion
that for almost all x, (1) holds for infinitely many p and g. This proves the
theorem.

Next, we give an example to show that (4) does not hold for all sequences
{an}. Let p; = 2, p, = 3, p; = 5,... denote the prime numbers in ascending
order. Let M, = Hf=1 Dpi, where k is chosen large enough so that
Z:;l 1/p; > 2. Let My = [1;- .1 p: , Where m is chosen large enough so
that [Ty, 1/p; > 22, and for any natural number j, let M; be the product

~of enough of the next few successive primes so that Y 1/p, > 2’, where
the sum is over these next few primes. Let

oy — n/M; if n = M,/p; for some i and j;

(15)
=0 otherwise.
This implies that
Ba(a) = max (0tp;/i) = n/M; ifn| M;,n < M, for some m;
=0 ~ otherwise.
Then we have
Mt N t .
Y Badm)in=73 M;i* Y $(d)
2 i=1 a|M;
1<d<M;
(16)
- _
= Z [1— Mf_l - 95(Mf)/Ma]
1
i
<Y l=t,
1
and
M, t | t
Yva= Y (SUp) >y 2 =211, an
2 j=1 1 .

where the third summation in (17) is over the reciprocals of primes which
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divide M;. Hence, by (16) and (17), we see that for the sequence {o,}
defined by (15), the condition '

Y. Bup(m)n > c Y yn

does not hold for any constant ¢ > 0.
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