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1. Introduction

Hadwiger’s Conjecture from 1943 suggests a far reaching generalization of the Four Color Problem, and it is one of the
most famous problems in the theory of graph minors. Hadwiger’s Conjecture states the following.

Conjecture 1.1 (Hadwiger [6]). For all k > 1, every k-chromatic graph has the complete graph Kj on k vertices as a minor.

For k = 1, 2, 3, this conjecture is easy to prove, and for k = 4, Hadwiger himself [6] and Dirac [5] proved it. For k = 5,
however, it seems extremely difficult. In 1937, Wagner [20] proved that the case k = 5 is equivalent to the Four Color
Theorem [1,2,14]. In 1993, Robertson, Seymour and Thomas [15] proved that a minimal counterexample to the case k = 6
is a graph G which has a vertex v such that G — v is planar. Hence, assuming the Four Color Theorem, the case k = 6 of
Hadwiger’s Conjecture holds. This result is the deepest in this research area. So far, the cases k > 7 are open.

The following question is motivated by Hadwiger’s Conjecture.

Question 1.2. Is it true that a minimal counterexample to Hadwiger’s Conjecture for k > 6 has a set X of k — 5 vertices such
that G — X is planar?

This is true for k = 6 as Robertson, Seymour and Thomas [15] showed. To consider a minimal counterexample to Hadwiger’s
Conjecture, one may try to prove the following conjecture.

Conjecture 1.3. A minimal counterexample to Hadwiger’s Conjecture is k-connected.

This is true for k < 7 as Mader proved in [11]. Note that Toft [19] proved that a minimal counterexample to Hadwiger’s
Conjecture is k-edge-connected. This is a strong evidence for Conjecture 1.3.
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Question 1.2 and Conjecture 1.3 lead us to the following question.

Question 1.4. Is it true that a K,,-minor-free k-connected graph for k > 6 has a set X of k — 5 vertices such that G — X is planar?

The case k = 6 is a well-known conjecture due to Jorgensen [7], and still open. If true, this would imply Hadwiger’s
Conjecture for the k = 6 case by Mader’s result [ 12]. The case k = 7 was conjectured in [10] as well.

Even though the case k = 6 of Question 1.4 is still open, Robertson, Seymour and Thomas [15] gave a result for searching
for a Kg-minor.

Theorem 1.5 (Robertson, Seymour and Thomas [15]). Let G be a simple 6-connected non-apex graph. If G contains three 4-cliques,
say, Ly, Ly, L3, such that |[L; N L;| <2 (1 <i<j < 3), then G contains a Ks as a minor.

In 2005, Kawarabayashi and Toft [10] proved the following theorem.

Theorem 1.6 (Kawarabayashi and Toft [10]). Any 7-chromatic graph has K7 or K4 4 as a minor.

This settles the case (6, 1) of the following conjecture known as the (k — 1, 1)-Minor Conjecture, which is a relaxed
version of Hadwiger’s Conjecture.

Conjecture 1.7 (Chartrand, Geller, Hedetniemi [3]; Woodall [21]). For all k > 1, every k-chromatic graph has either a K,-minor
ora I(L;%H%]-minor.

In [10], the following result is the key lemma, which gives a result for searching for a K;-minor.

Theorem 1.8 (Kawarabayashi and Toft [10]). Let G be a 7-connected graph. Suppose G contains three 5-cliques, say, Ly, Ly, L3,
such that |L; U Ly, U L3| > 12, then G contains a K;-minor.

In 2005, Kawarabayashi, Luo, Niu and Zhang [9] proved the following theorem.

Theorem 1.9 (Kawarabayashi, Luo, Niu and Zhang [9]). Let G be a (k 4 2)-connected graph where k > 5. If G contains three
k-cliques, say Ly, Ly, Ls, such that |L; U L, U L3| > 3k — 3, then G contains a Kj., as a minor.

Our work is motivated by Theorem 1.5, and the main result of this paper is the following theorem which generalizes
Theorems 1.5, 1.8 and 1.9.

Theorem 1.10. Let G be a (k + 2)-connected, non-(k — 3)-apex graph where k > 2. If G contains three k-cliques, say Ly, Ly, L3,
such that |[Li N Lj| < k —2(1 <i < j < 3), then G contains a Ky, as a minor.

Theorem 1.10, which generalizes Theorems 1.5, 1.8 and 1.9, implies that a (k + 2)-connected Kj,-minor-free graph
cannot contain three “nearly” disjoint k-cliques.

A remark about the extreme case in Theorem 1.10: (k — 3)-apex graph: a (k 4+ 2)-connected graph may contain many
copies of k-clique, but not necessarily a Ky ,-minor. For example, the graph G = Kj,_3 + G, where G; is a 5-connected planar
graph, is obviously K., ,-minor-free and contains many copies of k-clique, many pairs of which overlap with each other with
only (k — 3) vertices (in Ki_3).

We hope our result could be used to prove some results on 7- and 8-chromatic graphs. In fact, in [8], Kawarabayashi
proved that any 7-chromatic graph has K7 or K3 5 as a minor by applying Theorem 1.9. We expect that Theorem 1.10 would
be useful in the proofs of some h-chromatic cases of Conjecture 1.1 or Conjecture 1.7 for some larger integers h. Note that
Theorem 1.9 would imply the 7-chromatic case of Hadwiger’'s Conjecture (Conjecture 1.1) if one could find three copies of
5-clique not to overlap too much with each other, since Mader proved that the connectivity of such a counterexample is at
least 7 [11].

The following was conjectured by Seymour and Thomas.

Conjecture 1.11. Forevery p > 1, there exists a constant N = N(p) such that every (p — 2)-connected graph on n > N vertices
and at least (p — 2)n — W + 1 edges has a K,-minor.

Note that the connectivity condition and the condition of the order of graphs are necessary because random graphs
having no Kj-minor may have average degree k./log k, but all these graphs are small. So if a graph is large enough and highly
connected, we do not know any construction of infinite family of counterexamples. This conjecture is true for p < 9. For
p < 7, these conjecture was proved by Mader [11]. For p = 8, Jorgensen [7] proved it. Very recently, Song and Thomas [17]
proved the case p = 9. Note that all of these results do not require the connectivity condition in this conjecture.
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2. Terminology and notations

All graphs considered in this paper are finite, undirected, and without loops or multiple edges. The complete graph (or,
clique, as a subgraph) on n vertices is denoted by K;, and the complete bipartite graph such that one partite set has n vertices
and the other partite set has m vertices is denoted by K;, ;.

A graph H is a minor of a graph G if H can be obtained from G by deleting edges and vertices and contracting edges.

For a vertex x of a subgraph H; of G, the neighborhood of x in H; is denoted by Ny, (x). And, for a vertex v € V(G) and a
vertex subset (or a subgraph) Y of G, dy(x) = [{v € Y : xv € E(G)}|. A graph G is k-chromatic if G is vertex-k-colorable but
not vertex-(k — 1)-colorable. Let V; and V, be subsets of V(G). The symmetric difference of V; and V,, denoted by V; AV,, is
the set (V] @] Vz) — (V] N Vz)

Let us say a graph G is k-apex if G — X is planar for some subset X C V(G) with |X| < k. By the definition, if k < 0, then
a k-apex is planar. (For technical reason, a k-apex with negative k is mentioned sometime in this paper. Note that, there is
no subset X with negative order. Hence, a k-apex with k < 0 is actually a planar graph: since G is already planar after the
deletion of a subset X that does not exit.) Furthermore, (a) for k > 1, a graph G is non-k-apex if G — X is not planar for every
subset X C V(G) with |X]| < k; (b) for k = 0, a graph G is non-k-apex if G itself is not planar; (c) for k < 0, a non-k-apex
graph is either planar or non-planar. (Similar as above, for a graph G to be a non-k-apex with k < 0, it is necessary that there
is a subset X of order at least 0 such that G — X is planar.)

AsubsetX C V(G)isafragment of Gif X # () and X induces a connected subgraph of G. Subsets X, Y C V(G) are adjacent
inGifXNY = ¥ and some x € X is adjacent in G to somey € Y.

A cluster in G is a set of mutually adjacent fragments G, and it is a p-cluster if it has cardinality p. Thus G has a K,-minor
if and only if it has a p-cluster. Given a subset Y C V(G), a p-cluster is said to traverse Y if p = {X1, X3, ..., Xp} insucha
waythatX;NY # B (1 <i<p).

Let vy, vy, v3 be mutually adjacent vertices of a graph G. We say G is triangular with respect to vy, vy, v3 if G is simple and
either

(i) for some i (1 < i < 3), G — v; has maximum degree at most 2, and either G — v; is a cycle or it has no cycle, or

(ii) all vertices of G have degree at most 3, there is at most one vertex v of degree 3 with v # v, v,, v3,and G—v; —v, —v3
has no cycle, or

(iii) all vertices of G have degree at most 3, there is a triangle C in G — v{ — v, — v3, every vertex of degree 3 is in
{v1, vy, v3} UV(C), and every cycle except for the two triangles {vq, v, v3} and C contains both a vertex in {v1, vy, v3} and
V(0).

3. Lemmas

3.1. Good paths
One of the key lemmas in our proof is Mader’s “H-Wege” Theorem, which was proved in [13].

Lemma 3.1 (Mader [13]). Let G be a graph, let S C V(G) be an independent set, and k > 0 be an integer. Then exactly one of the
following two statements holds.

(1) There are k paths of G, each with two distinct ends both in S, such that each v € V(G) — S is in at most one of the paths.
(2) There exists a vertex set W C V(G) — S and a partition Yy, ..., Y, of V(G) — (SU W), and asubset X; C Y;, 1 <i < n,
such that
@) W+ X L5 1Xil) <k,
(b) no vertex in Y; — X; has a neighbor in V(G) — (W U Y;) and,
(c) every path of G — W with distinct ends both in S has an edge with both ends in Y; for some i.

LetZi,7Z,, ..., Zy besubsets of V(G). A path P of G with ends u, v is said to be good if there exist distincti,jwith1 <i,j <h
suchthatu € Z;and v € Z;.
As Robertson, Seymour and Thomas pointed out in [15], we can deduce the following lemma from Lemma 3.1.

Lemma 3.2 (Robertson, Seymour and Thomas [15]). Let G be a graph, let Zy, Z,, . . ., Zy be subsets of V(G), and let k > 1 be an
integer. Then exactly one of the following two statements holds.

(1) There are k mutually disjoint good paths of G.

(2) There exists a vertex set W C V(G) and a partition Y1, ..., Y, of V(G) — W, and a subset X; C Y;, for 1 < i < n such that
(a) |W| + Z]gignL%p(iH < kv
(b) foranyiwith 1 <i < n, no vertex in Y; — X; has a neighborin V(G) — (W U Y;) and Y; N (Ujf':1 Zj) € X;, and
(c) every good path P in G — W has an edge with both ends in Y; for some i.
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3.2. Cluster

Lemma 3.3 (Robertson, Seymour and Thomas [15], page 291). Let v4, v,, v3 be mutually adjacent vertices of a 4-connected
simple non-planar graph G. Let I < V(G) with vy, v, v3 € 3 such that J is not triangular. Then there is a 5-cluster
o = {{v1}, {v2}, {v3}, X1, X2} in G such that e traverses <.

The following lemma is an immediate corollary of a result by Robertson, Seymour and Thomas in [15] (page 288).

Lemma 3.4. Let G be a 4-connected graph and 3 C V(G) with |3| = 4. Then either

(i) there is a 4-cluster in G traversing <, or
(ii) G can be drawn in a plane so that every vertex in J is incident with the infinite region.

3.3. The 6-cluster lemma

The following lemma deals with an extreme case of our main theorem. Since the proof of the lemma is relatively long
and complicated, we present it here as an independent lemma and its proof in Section 5. Readers may postpone the reading
of the proof of Lemma 3.5 until after the proof of the main theorem.

Lemma 3.5. Let x;,y;,z; (1 < i < 3) bedistinct vertices of a 6-connected simple graph G, such that {x1, y1, z2, Z3}, {X2, Y2, Z3, Z1},
{x3,y3, z1, 2o} are 4-cliques. Suppose, that there is a partition Y1, Y5 of V(G) —{z1, 22, z3} With x1, Xo, X3 € Y1, and y1, y»,y3 € Yo,
such that x;y; (1 < i < 3) are the only edges of G with one end in Y, and the other in Y,. Then G has a 6-cluster traversing
{x1,¥1, 21, X2, Y2, 22, X3, 3, Z3}.

Note that, Robertson, Seymour and Thomas gave a result in page 293 of [15] similar to Lemma 3.5. However, in order
to obtain a sharper and more general result in our main theorems (Theorems 1.10 and 4.1), we need a stronger result in
Lemma 3.5 (for 6-cluster instead of 6-minor), which is approached differently from that in [15].

4. Proof of the main theorem

The main theorem (Theorem 1.10) is to be proved in this section. Here we prove a theorem that is slightly stronger than
the main theorem (Theorem 1.10).

Theorem 4.1. Let G be a (k + 2)-connected, non-(k — 3)-apex graph where k > 2. If G contains three k-cliques, say Ly, Ly, Ls,

such that |L; N Lj| <k —2(1 <i < j < 3), then one of the following holds,

(1) G contains a (k + 2)-cluster traversing Ly U L, U L, or

(2) (an exceptional case) |T| = k — 2 where T = L1 N L, N L3, and G — T is a planar graph with alledgesinL; — T (i=1, 2, 3)
around the exterior face. In this case, G contains a (k + 2)-cluster{{v1}, ..., {vi}, B, I} where Ly = {vy, ..., v}, Bis the set
of all vertices of G — T around the exterior face except for those in Ly, and I is the set of all interior vertices of G — T.

Note: readers might be confused by a non-(k — 3)-apex graph if k = 2. Recall that a graph H is a non-t-apex if G — R is planar
for some vertex subset R, then R must be of order at least t 4 1. Hence, a non-(k — 3)-apex graph for k = 2 can be any graph,
planar or non-planar.

Proof. Let G be a counterexample to the theorem with k as small as possible.
4.1. We claim thatk > 3

For otherwise, we may assume k = 2, G is 4-connected graph, and G contains three disjoint 2-cliques, say L, L, Ls.

Since L and L, are disjoint 2-cliques, |L; U L,| = 4. Note that G is 4-connected, by Lemma 3.4. There are two cases:

(1) There is a 4-cluster in G traversing L; U L. In this case, by the definition of cluster, this 4-cluster in G also traverses
L1 ULy U L3, a contradiction, hence we are done.

(2) G can be drawn in a plane so that every vertex in Ly U L, is incident with the infinite region. In this case, since G is
4-connected, the edges of L, and L, must be around the exterior face. If one vertex v of L3 is not incident with the infinite
region, then there are four internal vertex-disjoint paths from v; to L; U Ly, hence we get a 4-cluster traversing L; U L, U L3,
a contradiction. Therefore two vertices of Ly must be incident with the infinite region. Note that G is 4-connected, G has a
4-cluster {{v1}, {v.}, B, I} where L; = {v1, vy}, Bis the set of all vertices of G around the exterior face except for those in L,
and I is the set of all interior vertices of G (it is easy to see that I and B both are connected), a contradiction. ®

4.2. Weclaimthat |Ly NL, NL3| =0

For otherwise, we assume |[L; N Ly NL3] # 0.Letx € Ly N L, NL3and G = G — {x}, then G’ is a (k + 1)-connected
non-(k — 4)-apex graph. By minimality of k, there are two cases:
Case (1): There is a (k + 1)-cluster g of G — {x} traversing L1 U L, U L3 — {x}. Let o = go1 U {{x}}, then g is a (k + 2)-cluster
traversing L U L, U L3, a contradiction.
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Case (2): |T'| = k— 3 where T’ = (L; NL; NL3) — {x},and G’ — T’ is a planar graph with all edges of (L; — {x}) — T’ around
the exterior face. G’ contains a (k + 1)-cluster ' = {{vq}, ..., {vk_1}, B, I} where {x, v1, ..., vi._1} = L; and B is the set of
all vertices of G’ — T’ around the exterior face except for those in Ly, and I is the set of all interior vertices of G’ — T'.

In order to show that p = {{x}, {vq}, ..., {vki_1}, B, I} is a (k 4+ 2)-cluster of G, it is sufficient to prove that x is adjacent
to every other fragment. (i) it is obvious that v; € N(x) since x € Lq; (ii) it is similar that N(x) N B # {4 since x € L, and
L, N B # @; (iii) N(x) N I # @ for otherwise, the vertex x can be embedded into the exterior face of G’ — T’ and therefore,
G — T’ is planar. This contradicts that G is non-(k — 3)-apex.

4.3. We claim that k > 4

For otherwise, by (4.1), we may assume k = 3. That is, G is a 5-connected non-planar graph, and G contains three 3-
cliques, say Ly, L, L3, such that [L; N L;] < 1(1 <i <j < 3).By (4.2), we have [Ly N L, N L3] = 0.

LetZ = Ly UL, U L3 and vy, vy, v3 € Ly. Then Z is not triangular with respect to vy, vy, v3. By Lemma 3.3, there is a
5-cluster g in G such that p traversesZ. ®

4.4. Weclaimthat |[L; N L] <1for1<i<j<3

For otherwise, we may assume |[L1NL;| > 2.Let B C Ly NL, with |B| = 2.By(4.2),BN L3 = @ since L{ "L, NL; = @. Since
G — Bis k-connected, there exist k disjoint paths from L3 to L; UL, —B.Letx,y € Band Py, P, ..., P, be a set of disjoint paths
fromL3toL; ULy, — B.Then g = {P1, Py, ..., Py, x, ¥} is a (k + 2)-cluster that traverses L; U L, U L3, a contradiction. ®

4.5. Apath P of Gwith ends u, v is said to be good if there exist distinct i, jwith 1 <1i,j < 3suchthatu € Lyand v € L;

4.6. We claim that there do not exist (k 4+ 2) mutually disjoint good paths in G

Let Py, P, ..., Py be a set of disjoint good paths of G. Then g = {Pq, P5, ..., Pri2} is a (k 4+ 2)-cluster that traverse
LULUL;. =N
By Lemma 3.2 and (4.6), we have the following structure of G:

4.7. There exists a vertex set W C V(G) and a partition Y1, ..., Y, of V(G) — W, and a subset X; C Y;, for 1 < i < n such that

@) Wl + Yoz L3IXl) < k41,
(b) forany i with 1 <i < n, no vertex in Y; — X; has a neighborin V(G) — (W UY;)and Y; N ( L) € X, and
(c) every good path P in G — W has an edge with both ends in Y; for some i.

Let M = (L; N'Ly) U (L, NL3) U (L3 N Ly), and choose W and Y4, X1, ..., Yn, X, such that |W| is as large as possible.
Without loss of generality, we can assume that Y; = ¢ for any i € {1, 2, ..., n}. By the definition of W, M and (4.7)(c), we
have the following immediate observations:

4.8
(@) M € W by (4.7)(c).
(b) |L1 ULy ULs| = |L{| + |L2| + |L3| — |M] by definition of M and (4.2).
(c) IM| < 3 by (4.2 and 4.4).
(d) ILUL] >k+2for1 <i<j<3.
(4.8)(d) is proved as follows: by (4.4) and k > 4 (by (4.3))

|Li ULj| = |L1| + |Lj| - |L,‘ ﬂle =2k—1>k+2.
The following claim (e) follows from assumption (4.7 )(b).
(e) WuUuxiuU.---UX, DL UL ULg,and |W| + Z?:l |Xl| > |L1 Ul UL3|

4.9. We claim that X; # ¥ for all i

Suppose that X; = ¢ for some i. Since |W| < k 4+ 1(by (4.7)(a)) and |L; U L, U L3| > |L1 U Ly| > k + 2 (by (4.8)(d), there
is an integer j (j # i) such that X; # @ (by (4.8)(e)). Hence n > 2. Since Y; is not empty, W is a cutset that separates Y; and
non-empty X; and is of cardinality at most k 4 1. This contradicts that G is (k 4 2)-connected.

4.10. We claim that |X;| is odd for all i

Suppose that |X;| is even, then by (4.9), [X;| > 2. Letv € X4, W* = W U {v}, Y] =Y, — v, X] =Xy —vand X/ =X
Y = Y;for2 < i < n.The partition {W*, X}, ..., X*, Yy, ..., Yy} of V(G) satisfies (4.7)(a)-(c), contradicting the choice
that |W| is as large as possible.
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4.11. We claim that

(Qyn>=k—2
(b) if n = k — 2 then

|W|=|M| and WUX]UX2UUXn=L1UL2UL3

Since |[Ly UL, ULs| > |L{ ULy| > k+ 2 (by(4.8)(d)) and |W| < k + 1 (by (4.7)(a)), we have n > 1. By (4.7)(a), (4.8)(a)
and (4.8)(b), we have

20k+1) > 2 (|W|+ > L%mu) =2/W[+ Y IX|—n

1<i<n 1<i<n
> W+ [LULUL—n>|M|+[LiULUL3| —n
= |L| + |La| + |L3] = n =3k —n.
Thus,
n>k—2
and if n = k — 2, then all equalities hold and therefore,

Wi= M| and [W[+ Y Xl =L UL ULs].

1<i<n

4.12. Definition of A; (fori =1, 2, 3)

Let G” be the subgraph obtained from G — W by deleting all edges contained in any Y;. Let A; be the union of the vertex
subsets of all components of G’ containing some vertex of L; for each i € {1, 2, 3}.

4.13. Properties of {A1, Ay, As}

Properties of {A1, A, As} are to be studied in this subsection. The first property is immediate by (4.7) and the definition
OfAi.

(@ Li—W CA CV(G) —Wfori=1,2,3.
Note that each Y; — X; is an independent set of G”, and by (4.7)(b), we have the following properties.
(b) A CXyU---UX,fori=1,2,3.
(c) A1, A, A3 are disjoint by the definition of A; and (4.7)(c).
(d) Every path of G — W from A; to A;« (for 1 < i < i* < 3) has at least two vertices in X; for some j.
Proof of (d). Suppose there exists a path P from v € A; tou € A; in G — W. By the definition of A;, A;, we can take
two disjoint paths Q and R such that Q is a path from some vertex x € L; to v in G[A{] and R is a path from some vertex
y € L, tou in G[Ay]. Both Q and R have no edges with both ends in Y; for any j by definition of A;. Then we have a path S
from x to y by using Q, P, R. Since S is a good path by (4.7)(c), S has an edge e = x;y; € Y, for some j. Note thate ¢ E(Q)
and e ¢ E(R). This implies e € E(P) and x;,y; € V(P). Note that, by (4.13)(b), both v and u belong to X; U - - - U X;,. By
(4.7)(b), the part of P from v to x; must contain a vertex from X, and likewise the part of P fromy; tou. ®
(e) |Al <k+1—|W|for1<i<3.
Proof of (e). Suppose |A1| > k + 2 — |W|. It is obvious that |W| < k 4 1 (by (4.7)(a)). Hence, A; # (. We also have
that L, U L3 — W = @ since |L, U L3| > k + 2 (by (4.8)(d)) and |W| < k 4+ 1 (by (4.7)(a)).
Since |L, U L3| > k + 2 (by (4.8)(d)), we have that |[L, U L3 — W| > k+ 2 — |W]|. Note that G — W is (k + 2 — |W])-
connected, there are (k + 2 — |W|) disjoint paths from A; to L, U L3 — W each of which is of order at least k + 2 — |W|.
By (4.13)(d), every path P; contains at least two vertices of X; for some i. Hence, ) >, _;_, L% |Xil] > k+ 2 — |W|.Thisis a
contradiction to (4.7)(a). The other cases follow by the similar arguments. ®

4.14. We claim that |W| < 3. If equality holds then M = W and |A;| = k+ 1 — |W|

This claim is to be proved in two steps in this subsection. First we show that
(@) Yo, ILiNW| < W[+ 3,
Note that 3> | |[L; N W| < |W| + |[M|.Hence, Y_,_, Ly N W| < |W| + 3 since [M| < 3by (4.8)(c). =

(b) By (4.13)(a), (4.13)(e) and (4.14)(a), we have the following inequality:

3 3
Sk=) Il = ) (Al+ILNAW] <3(k+1— W)+ |W|+3=3k+6—2/W|.
i=1 i=1

Hence, |W| < 3.Andif [W| =3thenM =W and |A;| =k+1—|W|. &
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4.15. We claim that, for 1 <j < n,if W UX;| < (k+ 2) thenX; =Y;

Suppose that X; # Y;. First we claim that V(G) — Y; — W is not empty. Since [W U X;| < k4 2and |[L; UL, UL3| =
3k — [M| > 3k — 3 > k+ 3 (by (4.8)(b) and (4.8)(c)), (L1 U L, U L3) — (W UX;) # @. Hence V(G) — Y; — W which contains
(L1 ULy UL3) — (W UX;) is not empty.

Note that G is (k 4 2)-connected and by (4.7)(b), W U X; is a vertex-cut separating Y; — Xj and V(G) — Y; — W neither of
which is empty. It follows that [W U X;| > (k + 2), asrequired. ®

4.16. We claim that, for 1 <j < n,if |Xj| < 3thenX; =Y;

By (4.15), it is obvious that X; = Y; if |X;| < 3 since k > 4 (by (4.3)) and |W| < 3 (by (4.14)).
417. LetZ = (X1 U---UXp) — (L1 UL, ULs)

4.18. Some vertex-cuts of G

Suppose that X; N L; # ¢ for somei € {1,2,...,n},j € {1,2,3}. By (4.7)(c), (4.13)(a) and (4.13)(d), any path joining
XiNLjand L; UL, ULy — W — L; must use a vertex of W or Z or X; AL;. Therefore, (X;AL;)) UW UZ is a cutset of G separating
Xi ij fromL, UL, ULy — W — Lj.

4.19. We claim that |X;| > 3for1 <i<n

This claim is to be proved in several steps in this subsection.

(a) First we show that,for 1 <i < 3,1 <j <n,if[X;] = 1, thenA; N X; = 0.
Suppose Ay N X; # 0. LetX; = {v} and N = Ng(v). Since G is (k 4+ 2)-connected, |[N|] > k + 2. Hence
IN — W| > k+ 2 — |W|. Note that |A;] < k+ 1 — |W| by (4.13)(e), this implies N — A; — W # (. Take a vertex
x € N —A; — W.Since |Xj| = 1, we have X; = Y; = {v} by (4.16). Note that xv € E(G), x is in A; by the definition of A;,
a contradiction. Hence Ay NX; =¥. M
(b) Second we show that,for 1 <i < 3,1 <j <n,if [Xj| = 1, then A; N No(X;) = ¥.
Suppose that [X;| = 1and x € A;NN¢(X;). Hence, by (4.13)(b), x € X; for somei # 1.Since |X;| = 1, by the definition
of A (defined in (4.12)), X; C A;. This contradicts (4.19)(a) since |[X;| =1. =
(c) Since |X;| is odd for each i (by (4.10)), let m be an integer such that m < nwith [X;| = 1for1 <i <m <nand |X;| > 3
form<j<n.

By the definition of A; and (4.8), we have

3
D Al = L UL ULs| — [W| =3k — M| — |W| (1)
i=1

Also, by (4.7)(a),

1 1
D=3 3 LK =3 ) LI <3G+ 1— W) (2)

m<j<n m<j<n 1<j<n
Assume X = X; UX, U---UX;; and N = Ng(X) — X. Then we can get the following.

(i) NCWUXp 1 U---UX, by (4.7)(b) and (4.16).
(ii) NNA; =NNA, = NNA; = @by (4.19)(b).
(iii) |[N| = k 4+ 2 since N separates X from A; U A, U A3 (by (4.19)(a) and (4.19)(b)) and G is (k+2)-connected.

Hence, we have

n
INI+ [A1] + |A2] + 1As] < W[+ D IXl. (3)
i=m+1

By (iii), (1)-(3), we have
(k+2) + Gk — M| — [W]) < [W]+3(k+1—[W])
= 3k+3 - 2|W]|.
Hence,

W| <14 M| —k.
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By (4.8)(a),

Wl <1+ |W|—k
That is,

k<1.

This contradicts k > 4 (4.3) and completes the proof of (4.19). &

4.20. We prove some inequalities for |Z|
(1)
|Z| <3k+3-3|W|—|[{UL,UL; — W],
and the equality holds if and only if |X;| = 3 foreveryj € {1, 2, ..., n}.
(ii)
1Z] <3+ M| —2|W],

and the equality holds if and only if |X;| = 3 foreveryj e {1,2,...,n}and W C L UL, ULs.
Let s = |Z|. Then, by (4.17),

IX;U---UXy| =5+ |L, UL, ULy — W|.
But, by (4.19), |Xj| < 3[31Xj|J for 1 <j < n, and therefore
31;ntg|xju > UZ Xl =s+IL1 UL ULy — W],
with equality if and only if |X;| = 3 foranyj € {1, 2, ..., n}. By (4.7)(a), we have
3(k+1— W) >s+|LUL UL — W|.
That is,
s<3k+3—3W|—|LUL UL — W],

and the equality holds if and only if |X;| = 3 forany j € {1, 2, ..., n}. That completes the proof of (4.20)(i).
Note that, by (4.8)(b), we have

L UL ULy — W[ > |[{ UL UL3| — [W| =3k — [M| — W],
and the equality holds if and only if W C L; U L, U L3. Hence, by (4.20)(i),
s <3k+3-3W|—-|[1UL ULy —W|<3k+3-3|W|—-Bk—|M|—|W])
=34 |M| —-2|W|,

and the equality holds if and only if W € Ly U L, U Ly and |X;| = 3 for everyj € {1, 2, ..., n}. This completes the proof of
(4.20)(ii). m

4.21. (i) JANXj| < 3IX|for1 <j<nand1<i<3

Suppose that |[A; N Xq| > %lel. Since |X;| > 3 by (4.19), there exists a vertex v € A; N Xj. Since |L, U L3 — W| >
L, ULs| — [W| > k+ 2 — |W]| by (4.8)(d),and G — W is (k + 2 — |W|)-connected, there are (k + 2 — |W|) paths of G — W
between A; and L, U L3 — W, disjoint except possibly for v. Choose them with no internal vertex in A;. By (4.13)(d), each has
at least two vertices in X; for some j, but at most L% |X;|| of them have two vertices in X; for each j # 1. Note that by (4.7)(a),
we have

1 1
—1X;| | <k 1—|W|—| =X .
ZZ L2|,|J_<+ W DnJ
<j<n

Thus, at least 1+ L% |X1|] of them have two vertices in X;. But each has only one vertex in A, and so has a vertex in X; which
does not belong to A1, and all these vertices in X; — A are different. Hence [X; — A{| > 1+ L% |X1l], a contradiction. M
(i) [L; N Xj| < %|Xj| for1 <j<nand1 <i<3by(4.13)(a)and (4.21)(i).
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4.22. We eliminate the case of k = 4 and |W| = 3

In this case, by (4.11)(a),n >k —2 = 2.
Moreover, by (4.7)(a), we have

1
Wi+ Y LSl <k+1=5.

1<i<n

2 ‘:l — 2

1<i<n
We have n = 2 and |X;| = |X3| = 3 (by (4.19)). Hence, Z = ) by (4.11)(b).

Next we claim that [L; N Xj| # 0 fori € {1, 2, 3} andj € {1, 2}. For otherwise, we may assume that Ly N X; = @. Then by
(4.21)(ii), L, N X1] < 1and |L3 N X;| < 1.This implies thatZ > X; — (L1 U L, U L3) = X; — L, U L3 # (. This contradicts
thatZ = (.

Therefore, by (4.21)(ii), we have |L; N X;| = 1fori € {1,2,3}andj € {1, 2}. And by (4.11) (b), we have W = M and
WUX;UXy, =L ULy ULs. Hence, |W N L =2forie{1,2,3}.

Next, we will apply Lemma 3.5 to find a 6-cluster in G traversing L; U L, U Ls.

Let X; = {X1, X2, X3},X2 = {y],yz,y3}, W = {Z1, 27, Z3}, let {x,-,y,-} C L fori e {1, 2, 3}, and z1 € LhyNLs,zp € L1 N L3,
z3 € L1 N L, (by (4.2)).

Hence, we get the description of graph G as in Lemma 3.5: x;, y;, z; (1 < i < 3) are distinct vertices of 6-connected
graph G, and Ly = {x1,y1, 22,23}, Ly = {X2,¥2, 23, 21}, L3 = {x3, V3, 1, 2o} are 4-cliques, and there is a partition Y;, Y, of
V(G) —{z1, 22, z3} with X; C Y1, X5 C Yy, and x;y; (1 < i < 3) are the only edges of G with one end in Y; and the other in Y>.

Therefore by Lemma 3.5, G has a 6-cluster traversing L; U L, U Ls. This is a contradiction.

4.23. We claim that, for 1 <j < n,if |Xj| = 3 thenX; =Y;

By (4.14), |W| < 3.By (4.15), it is obvious that X; = Y; if k > 5 or |W| < 3. Hence, the only remaining case is k = 4 and
|W| = 3, which was eliminated in (4.22).

4.24

(i) We claim that if v € A; N X; for some i € {1,2,3} and somej € {1,2,...,n}, thendy,_, (v) > 2, and the equality
holds if and only if dg(v) = k + 2, W UA; € Ng(v) U {v}and |A]| = k+ 1 — |W].
By the definition of A; (4.12), we have

Ne(v) — (Y; — A) CAUW — {v}.
Since G is (k 4+ 2)-connected and |A;| < k+ 1 — |W| (by (4.13)(e)), we have:
INeW)N(Y; —A)| = (k+2) = [AAUW — {v}| = (k+2) — (k+ 1— W[+ |[W[-1) =2

and the equality holds if and only if d(v) = k 4+ 2, W UA; € Ng(v) U {v}and |A;| = k+ 1 — |W|.

(ii) We claim that if v € A; N X; and |X;| = 3 for some i € {1,2,3}and some j € {1,2,...,n}, then dxj(v) = 2,
WUA; C Ne(v)U{v}and [A] =k+1—|W]|.

Note that |X;| = 3. By (4.23), we have Y; = X;, and therefore,

de*A,‘(U) = de*Ai(v) <2
On the other hand, by (4.24)(i), we have dy,_, (v) > 2. Hence, dy,_, (v) = 2. By (4.24)(i) again, we are done.

4.25. We claim that if |X;| = 3 for some j then

(i) 1X; N A;| = 1foreachi € {1, 2, 3}.
(ii) X; induces a clique of G.
(iii) W C Ng(v) forany v € X;.

Proof of (i): For otherwise, we may assume that |X; N A;| # 1. By (4.21)(i), |X; N A;] = 0, |A; NX;| < Tand [A3 NX;| < 1.
This implies that there exists x € X;, and x ¢ A; U A, U As. Since |X;| = 3, we have X; = Y; by (4.23), and by the definition of
A; (4.12), we have Ng(x) € W U (Z — {x}) U (X; — {x}). Note that, by (4.20)(ii), (4.14), we have

W+ 1Z = {x} + X — {x}| = W[+ B+ M| =2[W[-1) +2 =4+ [M| — [W].

Note that [M| < |W| by (4.8)(a). Hence, we have |Ng(x)| < 4. This contradicts that G is (k + 2)-connected where k > 4 (by
(4.3)).
Proof of (ii) and (iii). (ii) and (iii) are immediate corollaries of (4.25)(i) and (4.24)(ii).
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4.26. We claim that there exists some j € {1, 2, ..., n} such that |X;| > 5

By (4.19), we may assume |X;| = 3 forallj € {1,2,...,n}.

By (4.25)(i)-(ii), every vertex of (L; — W) N X; (forallj € {1,2, ..., n})is adjacent to a vertex of A, N X; and a vertex
of A3 N X;. By (4.25)(i) and (4.25)(iii), every vertex of L; N W is adjacent to some vertex of A, and some vertex of A3, hence,
g = {ug, Uy, ..., Uy, Ay, As}is a (k+2)-cluster that traverses L1 UL, UL; where {uq, u,, ..., ux} € L;.This is a contradiction.

4.27. We claim that |X;| > 5 foreveryj e {1,2,...,n}

For otherwise, by (4.19), we may assume |X;| = 3. By (4.25)(i), |A; N X;| = 1for eachi € {1, 2, 3}. Hence, by (4.24)(ii),
|Ail = k+ 1— |W]|foreachi € {1, 2, 3}.
Furthermore, by (4.13)(b), (4.13)(c), we have

1Z] = |A1] + |A2] + |As| — L1 UL, ULy = W[ = Bk + 3 =3[W|) = [[L UL, UL — W].
However, by (4.20)(i), we have
|Z| =3k+3 -3|W|—|[{UL, UL — W]|.
The equality of (4.20)(i) implies that |X;| = 3 foralli € {1, 2, ..., n}. This contradicts (4.26). &

4.28. We show some inequalities for n
By (4.27) and (4.7)(a),

5n< Y Xl < 2% (k+1— W) +n=2k+2+n-2W|. (4)

1<j<n
The inequality (4) can be simplified as
2n <k+4+1—|W]|. (5)
Note that the equality (4) (and (5), as well) holds if and only if |X;| = 5 for every i.

4.29. We claim thatn =k — 2

For otherwise, since n > k — 2 by (4.11)(a), we may assume thatn > k — 1.
By (5), we have

2k—2<2n<k+1—|W|. (6)
That is,
k<3—|W|.

Note that k > 4 by (4.3). This is a contradiction.

4.30. The final step of the proof

By (4.29), n = k — 2. By (4.11)(b), we have
W=M and LiULUL;=WUX;U---UX,.
Hence,
Z=9. (7)
By (5) of (4.28), we have
2k —4=2n<k+1—|W|.
That is,
k<5—|W|. (8)
Note that k > 4 by (4.3). Therefore, there are only two cases: k = 5 and k = 4 (by (7) and (8)).
Case 1: k = 5. In this case, |[W| = 0. By (4.29),n = k — 2 = 3. The equality of (5) of (4.28) implies that
IXi] = |Xa = IX3] = 5.
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By (4.21)(ii), without loss of generality, we assume |L; N X;| = 2. By (4.18), (X;AL,) is a vertex-cut of order at most 6
since Z = ¥ and W = (. This contradicts that G is (k + 2)-connected where k = 5.

Case 2: k = 4. In this case, n = k — 2 = 2 (by (4.29)). There are two subcases: |W| = 1 and |W| = 0 (by (8)).
Subcase 1: |[W| = 1. The equality (5) of (4.28) implies that

[Xi] = |Xa] = 5.

Without loss of generality, we assume W C L; and |[L; N X;| = 2. By (4.18), (X;AL,) is a vertex-cut of order at most 5
since Z = ¢y and W C L,. This contradicts that G is (k + 2)-connected where k = 4.

Subcase 2: [W| = 0.

Since Z = # by (7), we have

n
D OIXil =L UL ULs| = 3k = 12. 9)
j=1
Therefore, the only possibility in this subcase is that |[X;| = 5 and |X3| = 7 (by (4.10) and (4.27)).
Without loss of generality, we assume |L; N X;| = 2. By (4.18), (X;AL,) is a vertex-cut of order at most 5 since Z = ¢J
and W = . This contradicts that G is (k + 2)-connected where k = 4.
This completes the proof of main theorem.

5. Proof of Lemma 3.5
The following two lemmas will be useful in the proof of Lemma 3.5.

Lemma 5.1 (Whitney [4]). Any two planar embeddings of a 3-connected graph are equivalent.

Let G = (V,E)isagraphand A C V(G), we denote the set of vertices on V(G) — A which are adjacent to some vertex in
Aby T (A). Thatis T(A) = N(A) — A.

Lemma 5.2 (Seymour [16], Thomassen [18]). Let sy, ty, So, t; be distinct vertices of a graph G = (V, E). Then just one of the
following is true:

(i) there are paths joining s to t; and s, to t, respectively, vertex-disjoint.
(ii) for some k > O there are pairwise disjoint sets A1, ..., Ay € V(G) — {s1, S2, t1, t} such that
(a) for i #j, T(A) NA; =9,
(b) for 1 <i <k |T(@A)| <3
(c) if Gis the graph obtained from G by (for each i) deleting A; and adding new edges joining every pair of distinct vertices
in T (A;), and also for j = 1, 2 adding an edge e; joining s; to t;, then G may be drawn in the plane with no pairs of edges
crossing except ey, e; which cross once.

Proof of Lemma 3.5. Let G be a counterexample to the lemma with least number of vertices. Let W = {z1, z5, z3}, X1 =
{x1, x2, x3}, Xo = {y1,¥2, y3}. Let J;; = {z;} U X; and G;; be the subgraph induced by {z;} UY; where 1 <i<3and1<j <2.
Let f1, f, f3 be the edges with ends z,z3, z3z1, and z;z, respectively.

5.1. We claim that G — {f1, f>, f3} is not planar

Since G is 6-connected, |[E(G)| > 3|V (G)|. Therefore |[E(G — {f1, f>, fs})| = 3|V(G)| — 3. Note that a planar graph with
n > 3 vertices has at most 3n — 6 edges. Hence G — {f1, f>, f3} is not planar.

52

The strategy of the proof is to prove that G’ = G — {f1, f2, f3} is planar (hence contradicts 5.1). The planarity of G is
yielded by showing that each G; = G'[W U Y;](1 < i < 2) has a planar embedding with vertices z1, x,, 23, X1, 25, X3 for
i = 1(orzy,Yys,23,¥1,22,y3 for i = 2, respectively) around its exterior face (Lemma 5.2 is applied here). And the planar
embedding of G; is constructed from the unique embedding of the 3-connected graph H; = Y; U E; (1 < i < 2) where
Eq = {X1x2, X1X3, X2x3}, and E; = {y1V», y1V3, ¥2y3}, and planar embeddings of other subgraphs of G; U E;.

5.3. We claim that |Y4], |Y2| > 4

For otherwise, we may assume |Y;| = 3. That is, Y; = Xj. Since G is 6-connected, d;(x1) > 6. Hence W U {y1, x», X3} C
Ng(x1). With the similar argument, we have W U {y3, X1, X2} < Ng(x3) and W U {y,, x1, X3} < Ng(x»). Therefore,
© = {{x1}, {x2}, {x3}, {z1}, {2}, {z3}} is a 6-cluster traversing {x1, y1, Z1, X2, ¥2, Z2, X3, V3, 23}, a contradiction.
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5.4. We claim that the subgraph induced by Y; is connected fori =1, 2

For otherwise, we assume that the subgraph induced by Y; is not connected. Let D be a component not containing X,
then {x,, X3, z1, zo, z3} is a 5-cutset separating D and Y5, it contradicts that G is 6-connected.

5.5. We claim that there is no 4-cluster in G;; traversing J;; where 1 <i < 3,1 <j <2

For otherwise, we may assume that there is a 4-cluster g7 in G traversing J11. Let o = g1 U {{z3, z3}, {Y2}}, then p is
a 6-cluster in G traversing {x1, y1, Z1, X2, Y2, Z2, X3, ¥3, Z3}, a contradiction.

5.6. We claim that both X; and X, are independent sets of G

For otherwise, without loss of generality, we assume that x;x, € E(G). There is a vertex x € Y; — X; by (5.3) and there
are 4 internally disjoint paths Py,, Px,, Px;, P, of G — {21, 2} since G — {z;, z,} is 4-connected where P, is the path joining x
and u € {x1, X2, X3, Z3}.

Now since x;y; (1 < i < 3) are the only edges of G with one end in Y; and the other in Y,, we have P, N Y, = (J where
u € {x1, X2, X3, z3}. Hence o = {Py, — X, Py, — X, P, — X, Py, } is a 4-cluster in G3; traversing J3. This contradicts (5.5).

5.7. We claim that there are no two vertex-disjoint paths in Gq; joining z; to x1 and x; to x3 respectively

For otherwise, let P; and P, be the paths joining z; to x; and x, to x3 respectively. Let A; and A, be disjoint fragments
of the subgraph induced by Y; with Py — {z;} € A, P, C A,, and A; U A, maximal. Since the subgraph induced
by Y; is connected by (5.4), Ay and A, are adjacent. Therefore o = {{z1}, {z2}, {z3}, A1, A3, Y2} is a 6-cluster traversing
{x1,¥1, 21, X2, ¥2, 22, X3, Y3, 23}, a contradiction.

5.8

(i) We claim that G, can be drawn in a plane so that every vertex in J1; is incident with the infinite region and z1, x», X1, X3
are around its exterior face in this order, and this embedding is denoted by 71.

By Lemma 5.2 and (5.7), there exists some k > 0 and there are pairwise disjoint sets Ay, ..., Ay € V(G) — {z1, X2, X1, X3}
such that

(@)fori #j, T (A) NA =0,

(b)for1<i<k |T(A)| <3,

(c) if Gy; is the graph obtained from G;; by deleting A; and adding new edges joining every pair of distinct vertices in
T (A;), and adding an edge e; joining z; to x; and an edge e; joining x; to x3, then G{; may be drawn in the plane with no
pairs of edges crossing except ey, e; which cross once.

We claim that k = 0. For otherwise, 7" (Ax) U {z3, z3} is a cut set of order at most 5 separating A, and Y5, it contradicts
that G is 6-connected.

Hence we have Gy; = Gq; — {e1, e}, and result follows.

With the similar argument, we have

(ii) G371 can be drawn in a plane so that z,, x1, X5, X3 are around its exterior face in this order, and this embedding is
denoted by 5.

(iii) G3; can be drawn in a plane so that z3, X1, X3, X, are around its exterior face in this order, and this embedding is
denoted by 3.

5.9. Let G; be the graph obtained from the subgraph induced by W UY; and deleting edges f1, f>, f3 for 1 < i < 2, and let GT be the
graph obtained from G, by adding edges x1X,, X1X3, X2X3, let G;r be the graph obtained from G, by adding edges y1y», Y1¥3, Y2¥3

In next few subsections, we are to show that G}L has a planar embedding such that the triangle xx,x3x; is a facial circuit.

5.10

(i) Let Hy; be the graph obtained from GT by deleting z; and z; where {h, i, j} = {1, 2, 3}. Obviously Hy, is also the graph
obtained from Gy; by adding edges x1X,, X1X3, X2X3. By (5.8), Gi1 has an embedding my,; with {x;, xp, X;, z4} in its exterior
face. Hence 7, can also be considered as an embedding of Hy; with the triangle x;x,x3 as the exterior face. We denote this
embedded graph by 7,1 (Hp1).

(ii) Let H; be the graphs obtained from the subgraph induced by Y; by adding edges x1x,, x1X3, X2X3. Obviously, H; can
also be obtained from Hj; by deleting z, for h € {1, 2, 3}. Hence 7; can also be considered as an embedding of H;, and we
denote this embedded graph by 71 (H7).
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5.11. We claim that H, is a 3-connected planar graph

Planarity is an immediate conclusion from (5.10)(ii). Next we will show that H; is 3-connected.

For otherwise, we assume that H; is not 3-connected. Let A be a cut set of order less than 3. Since {x1, x», x3} induces a
clique in the graph Hy, let D be a component of H; — A with x; & D for everyi € {1, 2, 3}. Then A U {zy, 23, z3} is a cutset of
G of order at most 5 separating D and Y>, it is a contradiction.

5.12. By Lemma 5.1, H; has only one embedding mq. That is, mg(Hy) = mp1(Hq) foreach h € {1, 2, 3}.

5.13. (i) We claim that G{r has a planar embedding such that the triangle x1x,x3x1 is a facial circuit

Let Cj; be the facial circuit of the embedded graph mo(H;) containing the edge x;x; other than the triangle x1x,x3x;. Let Fj;
be the face of o (H;) bounded by C; where 1 <i < j < 3.

By (5.12), mg(H{) = m11(Hy), and by (5.10) (ii), r11(Hy) is obtained from 711(Hq1) by deleting the vertex z;, hence
z, must be inside the face F»3 of mg(H;), and all neighborhoods of z; must be in the facial circuit C,5. Similarly, for each
{h,i,j} = {1, 2, 3}, all neighborhoods of z, must be in the facial circuit Gj.

Note that Fy’s are distinct for 1 < i < j < 3 since H; is 3-connected by (5.11). Now we can get a planar embedding of GT
by adding the vertex z; and edges z,u into the face F; where u € Ng(z,) N Yi.

With the similar argument, we have

(ii) G;r has a planar embedding such that the triangle y,y,ysy1 is a facial circuit.

5.14. The final step of the proof

By (5.13) and (5.9), G; is planar with triangle z,z,z3 as the exterior face.

Now we identify z; of G; to z; of G, where 1 < i < 3, and join x; of G; to y; of G,, we get planar graph G — {f1, f>, f3}, it
contradicts (5.1).

This completes the proof of this lemma. =
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